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(1) Zeta functions of schemes over finite fields

X/, scheme of finite type, k =1F, finite field

Main Example

X ={{a=(a1,...,an) €K™ fi(a) =0, i=1,...7}
fi(X1,...,Xn) € k[X1,..., X,]
affine variety (e.g. X = A7)
a=(a1,...,a,) € k", fi(a) =0 Vi k-rational point
X(k) ={zeX: z=1(a1,...,an) € K"}, (JAZ(K)| =q")
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More in general: X — Spec(k), de&N

X (Fy) := Mory(Spec(F,.),X)| Fp-rational point

Fact: Lk; = qu, Ny = |X(]qu)| < o0

X :={z € X : k(x)/k finite}, k(xz) = residue field
N(z) = #n(z) = ¢?9®), deg(z) = [k(z) : K]

n; .= #{xEX' :deg(a:)zl}<oo, NdZZlnl

Ng = |X(kg)| Diophantine invariant of X,

d
2(Xye, T) = exp(3 Nar—) € Q7]
d>1

Zeta-function of X

sc€C, |(x(s):=2Z(Xu,q°)| Hasse-Weil zeta

carries the “complete package” of the Diophantine
information associated to the set {N,; : d € N}
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1)

2)

3)

Examples

Ple, Na=gq'+1

Z(IP)17T> — eXp(Zdzl(qd_l_l)%d) — (l—qT%(l—T) € Q(T)

Cpi(s) = (1—q %) 1(1 — g~ =D)L

m qd(m—l-l) — 1 md 2d d
Pl Na= A1 =q¢" "+ ... +tq¢" +q +1
1
Z(Pm,T) = e Q(T)

(1—g¢mT)---(1—qTH(1-T)

G (s) = [ (@ —q )

n=0

A,

Z(A™,T) = exp(P 4, ™ L) = (1= ¢™T)71 € Q(T)

Ng = q"

Can(s) = (1 — g~ (=)L



Main Facts

(1) 2(X;,T) =[] - T1do)

rxeX

absolutely convergent in  Re(s) > dim X

(2) Theorem [Dwork, Grothendieck 1959-64] The
zeta function of a scheme of finite type over a finite
field is rational

.(1—OéiT)
Z(X,T)z%EQ(T), a;, B € C

F:X(k)— X(k), F(a)=a" a=(ai), a; €k

Frobenius morphism

Ny=t#{x € X(k): Fia) =a} fixed points of F¢

a = description in local coordinates of x



Theorem [Grothendieck 1964] X, scheme of finite
type, smooth and proper over k£ =F,

2dim X ' '
Na= ) (U)'Tr((FY" H(Xp Q) =
1=0

2dimX

2y = 1] det(t - s 0, 00) 0
1=0

in Qullg~*]]l, Xz =X xpk, (,q) =1, £= prime

in 1964 it was not known in general (although
expected) that

det(1l — F*q % H,, (X%, Q) € Qg %]

independently of the auxiliary choice of the prime /¢

Theorem [Deligne 1974] Assume X, is smooth, and
proper (dimX = m)
P (T) - Py, 1(T)
PO(T) U PQm(T)

(1) Z(X),T) = in Q(T)

P(T) :=det(1 — F*T'; H'(X, Q) € Q[T]

In particular

Po(T)=1-T, Po(T)=1-q"T



(2) (functional equations)

mB,1 B,
Y Ml A 1
P, (T) = (1) __P,
om—i(T) = (—1) det(F= H) (qu)
Bi = dim Hi(XE,@g)
1 .
ZC ) = +q"PPTEZ(T),  E:=Y(-1)'B;

(3) Riemann Hypothesis

PZ(T) — H](l - aijT) S Z[T‘]7 Qi S @7 ‘Oéij‘ — qZ/Q

Example

E /i, smooth, proper elliptic curve

1 —aT + qT?

ED =G ona-ay

in Q(T)

1—aT+q7T?°=(1—-a1, 7)1 —a,T), |o1]|=q"?

a=ai, + a1, =Tr(F* HLY(E;,Q))) € Z



(2) Zeta functions of arithmetic schemes

X — Spec(Z) scheme separated and of finite type

X(=|X|) ={z e X : k(z) finite}, N(z) = |x(z)]

s eC, x(s) =] (@ = N(@)=)

xeX

Hasse-Weil Zeta function of X

Examples

1) X =Spee(Z),  Cx(s) = [L(1—p*)"t = ¢(s)

2) X = Spec(Z[Tx,...,Ty]) = A7

(x(s) =][J@-p ™)t =¢(s—n)

3) X =P
=[] -p ™) =[] ¢(s—m)
m=0

p m=0
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4) X = Spec(Ok), Ok = ring of integers of K/Q
number field

Cx(s) =Cx(s) = J] (1 = N(p)™*)"! Dedekind zeta
pCOk

Question on the asymptotic distribution of closed
points on X (i.e. x € X) can be translated into analytic
questions about (x(s)

Fact (x(s) is absolutely convergent (holomorphic)
in Re(s) >dimX

Expected: (x(s) has a meromorphic continuation to
C and a functional equation (once suitably completed)

More in general, consider
X 5 Spec(Og), = = proper

irreducible, arithmetic scheme, K = number field

X1 = 1] 1%

pCOK
pprime

Cx(s) = H Cx,(s), Re(s) >dimX

PCOK
pprime

: Xp = X ®o, (Ok/p)



Assume: Xg = X Xgpec(0,) Spec(K) (generic fiber)

is smooth and proper (dimXg = m)

Known: X, is smooth and proper for almost all p
(i.e. all p except a finite number)

2m
(x(s) = H Li(X, S)(—l)m
i=0

Li(X,s) == ] Pp(X,N@)™)~* x L{PV(X, s)

Xpsmooth

FACT: || P(X,N(p)~*)"' depends only on X

Lgbad)(X, s) depends also on X (the ‘“geometric
model” of Xg)

Pip(X,N(p)™) 1= det(1 — FyN(p)~* H'(Xg, Qo))

Xﬁ L= X}J Xn(p) wf q — N(p), Fp_l S Gal(@/’f@))

> Pp(X,N(p)™) =det(1 — FyN(p)~; H'(X5,Q))

because of the base-change theorem in étale
cohomology



> [Deligne] ] Puw(X, Np)™*) ! = L(px5)

Xpsmooth

px;i: G — Aut(H,(Xz,Qp)) Gi = Gal(K/K)

L(px.i,s) =[] Poo((Nv)™*)"*  Artin L-series
véS
Py p((Nv)~*) :=det(1 — F; ,N(v)~% H' (X, Q)

Fv_,pl € Gk(v) = Dw/pr ’LUl’U, P =P

v € 2 classes of normalized valutations of K

SCZXg, S={v: X, not smooth} U {v:archim} uU{w|¢}

px, factors through Gy =< F}, >

» [Deligne] The conjugacy classes {F, ,} describe a

system of (local) Galois reprentations which defines px;
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Because the infinite product

II P, NG

pCOK
Xpsmooth

is known to have in some cases (e.g. abelian varieties
with CM) meromorphic continuation to C and
functional equation, if completed at the bad and at the
archimedean primes

» One is led to study L;(X,s) “per se” as a function
associated to H'(Xg,Qy): the f-adic realization of the
(pure) motive h'(Xk)

» The definition of the Euler’'s factors at the places p

of bad reduction for X (i.e. where X, is not smooth) is

deduced by analogy with the case of a scheme defined
over a global field of positive characteristic

Main Point (Analogy with the function field case)

Y/, smooth, projective curve, K(Y) =K
X 5 Spec(K), Spec(K) Ly

F = jRmQ = . H(Xz,Q), (Lq) =1

ye Y], Fy=H(Xz, Q)" = H (Xg, Q)"

K, = completion of K aty, I, C Gk, inertia group
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Li(X,s) = ][ det(1 — FyN(y)~* H'(Xz, Q")
yelY|
2
Cy(F,s) =[] det(1 — F;N(y) ™% H' (Y, F)?
i=0
has functional equation (as Y)r, is smooth and proper)

)i+1

This result suggests to define in the number-field
case Lgb“d)(X,s) as a product of local factors such as

PUD (X, N (p)~*) i= det(1 — BN (p) % HI(Xg, Q")

and assuming that the coefficients belong to Q and are
independent of ¢

Example X/K algebraic curve, K = number-field,
g(X) =g

H(g-t(XI_(7Q€) =~ TK(X) ®Z,g QK =" W(J) ~ Qgg
Tate’s module of the Jacobian J = Jac(X) of X
T)(X) := limy, Ker(J 5 J) ~ 229

Li(X,s) =[], Pip(X,N(p)~*)~* L-function of X

LO(Xas) :CK(S)v LQ(Xas) :CK(S_ 1)
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Cohomology classes are represented by cocycles (cells
for CW complexes)

Grothendieck conjectured that an analogue of the
CW-decomposition should exist for any algebraic
scheme.

The factorization of the zeta-function
2m 4
¢x(s) =[] Li(x, )0
i=0

should then be interpreted as an
arithmetic manifestation of a decomposition, holding
at the level of the geometric space, into more general
types of ‘“‘cells”:

the motives h'(X)

h*(X) are no longer algebraic schemes but elements of
a suitable abelian category constructed by enlarging
the category of smooth, projective schemes over K
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(3) Motivic L-functions

K, E = number fields
Mg (E) = category of (pure, mixed) motives over K
with coefficients in F, endowed with realization
functors
H} : Mg(E) — Vectg
these functors describe the realizations of a motive M

in a (Weil) cohomology theory with coefficients in
E: H; (M, E)

Example

H;‘t,e(M) = H}(Xg,Qr), X ,x = smooth, projective
K-scheme

/-adic realization, ¢ prime number

plp prime ideal in K, [K;: Q] < o

[p C GKp, (Pp - GKp/Ip! SOP('/'B) — :UN(p)’ Fp — Spp_l
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Fix £#p, 1:Q—C
E ® C ~ CHom(EC)  consider the functor
Mgk, (E) — FyModggc

FyModggc = category of (E ® C)[Fp]-modules of finite
rank over E® C

. Ip
M — MEI,L = (ME,L’O-)UGHOWL(E’C)

IP
M,

0,0

IP Ip — *
M," ®ggco C, M, = H} (Mg, Q)" ®q, C

Expected These functors are isomorphic for different

choices of ¢ and ¢

» This is in fact the case if M = h(Xkg,), and Xk, is
smooth, projective with good reduction (at p):

Hy (Mg, Q)" = H;(Xg,, Q) E=0Q
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In general

Ly(M,s) 1= (detc(1 — FpyN(p)~7; Mg{pL,g)_l)aeHom(E,C)

LP(Ma S) — (Lp(Ma g, S))UGHom(E,(C)

Expected to be independent of £ and ¢

If K is a number field, My a motive over K (with
coefficients in E)

Mg, := M Qk K, is a motive over the local field K,

L(M,s) =[] Lp(M, s)
p
expected to be independent of 4,.

To state the convergency properties of the motivic
L-function

consider the integer w,, := largest weight of M
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Example

wm = 2n, X;g = smooth projective algebraic variety,
dmX =n, M =h(X)

H LP(MIM 5)
p

FACT: this function converges absolutely in
Re(s) > %3 +1=n+1

Expected L(M,s) has meromorphic continuation to C

with functional equation holding for the complete
L-function

L(M,s) :=L(M,s) - Lo(M,s)
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The Archimedean factors Lo.(M, s)

Fe(s) :=22m) 5 (s), Tr(s) :=n:M(%)

Lo (M, s) depends on the isomorphic class of the
Betti realization

H?(M)®C

of the motive, endowed with the Hodge decomposition
and an involution F

Conjecture the completed motivic L-function L(M, s)
has a meromorphic continuation to C and

(functional eq) L(M,s) = e(M,s)L(M*,1 —s)

M* = dual motive, e(M,s) = epsilon factor
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» In all cases where the conjecture has been yerified,
the proof runs through the identification of L(M, s)
with an automorphic L-series!

If M is a pure, geometric motive of weight 7, then
M* ~ M (%) and the (expected) functional equation is

L(M,s) =e(M,s)L(M,i+ 1 —s)

Main Conjecture the zeroes of L(M,s) lie on
the line

Re(s) = Hél
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