Space-Time

Flat space (Poincae, Einstein, Minkowski)
ds? =  dt?+ dx?+ dy?+ dz?
Curved Space, gravitational potential
ds® = g dx dx
Action principle
Se[g 1= iz P g d*x
= G M
S = SE + SI\/IS

Classical ! Quantum (Feynman)

i S
e~
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Space X Algebra A
Real variable X Self-adjoint T
In nitesimal Compact
R .
Integral of = Coe cient of
In nitesimal log() inTr ()

Lilae element

g dx dx

ds = Fermion
propagator

Meter ! Wave length (Krypton (1967) spectrum of
86Kr then Caesium (1984) hyper ne levels of C133)







Spectral Triple

(A;H;D); ds=1-=D

Geodesic
equation

Sl = 1iDj (1)

Geodesic Flow

aitiDj

Geodesic
distance

dix;y)=3Sup fjf(x) f(y)]
f 2A : K[D:f ]k 1g

Volume form

R
f jdsj"

Einstein action

R
f jdsj" 2




Dim-Reg

The spaces Xz of dimension z (ac + mm)

make perfect sense in NCG

The t'Hooft-Veltman and Breitenlohner-Maison
prescription corresponds to taking the product

of the standard geometry of (Euclidean) space-

time by a very specic spectral triple Xz of
dimension z2 C; Re(z) > 0O

H®%= HH % D% D 1+ 5 D©

Dimension spectrum of Xz iIs reduced to the
complex number z.

Spectral triple whose D9%= D3 fullls

2 = =
Trace( e P )= 772 7¥2. g8 2R, :



Spaces Xz

Z

TrTn(@e(Z)) = dy

E

N| -

D= (z)Fjzjl™

1 y4 1
()= Z2(( 5+1)

Operator Dz fullls for z> 0

Tr N (& Dg): 2=2. 7=2. g8 2R,

and for z 6 0,
Tr N ((D2)57)

has a simple pole in s = z and is absolutely
convergent in Re( s=z) > 1.



Infrared Cuto

_ 1 = =
w0 ((D2) S2y= - 21yi2=zy s=2(g
"n((Dz) )= jyj>1( 1yi©™) y

Z

= S . u 5*%du= s_?
1 S Z
Z1 oo
R(;z)= 02 (e ‘W e CTUMT gy
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Fermions | Geometry
Fermions 2 H
Internal Int( A)
symmetries f 1 ufu
Gauge Internal
Bosons Fluctuations
P

A = a;[D;bi] aj;b 2A

11



Gauge Potential
(A;H;D) and E nite projective on A,

B=End A(E), H= E A H, D0=2

DY )= D +r()
r(a)=(r )a+ da; da=[D;a]
A = aj[D;bj]; aj;b2A! L oL (H)
D7'D+ A A=A
u(D+ A)u = D+ y(A);

u(A)= u[D;u ]+ uAu

12



Evanescent gauge potential

A a Z=2-graded algebra,

[D;a] = Da ( 1)99(3)3zp

A=fa+ bg A A ;a+ b 7! (a+ b;a b
Z=2-graded by
2 Aut( A) ; ()= : (a)= a; 8az2A
D=D 1; D= D,; D% D+ D
Evanescent gauge potential

B=[D® ] =2 D

E = %a[DOQ] = ab

13



Fermionic functional integral

Euclidian
L fermions = h; D 00;

with two independent variables and

graded gauge transformations

u( )= u u( )= (u)

Chiral symmetry u= ea

Ltermions = h; (i[D;a] +2 ia D) i

14



Anomalies I Local Index

Tadpole

i i

Self-energy graph

3

5

Triangle graph

15



Self-Energy in D=2

Hochschild Cocycle b

~apda; dan= '(ap;ai; ;an)

Z Z
la!: '!a 8a2A

Z

L ag[Diagl[DiazD 2

" 2(ap; az;az) =

Z
00 00
T(ED 'AD " YH= 2  Ada
2
Tadpole = 0 (or trace) ) ' o cyclic )
Z
TED "1AD" 1= 2  adA
2

16



ABJ triangle

3

00 00
TH(ED " 1aD " 1AD Y

17



ABJin D=2

Z
00 00 00
T(ED 'AD "'AD " H=2  aA?
2

1. ' o iIs a cyclic two cocycle In the local class.

2. Forall a2A and A

T(ED " 1AD " 1AD"Y T(ED " LADY
Z

=2  a(dA+ A%
2

one assumes tadpole = trace

18



Propagator = ds ! Fermionic Action
Bosonic Action = Spectral Action
(ac + A. Chamseddine)

{ It only depends upon the spectrum of D.
{ It is additive for direct sums of noncommu-
tative geometries.

It is given in general by the expression

Trace( f (D=))

where f is a positive even function of the real
variable and the parameter xes the mass
scale.

19



Spectral action

The spectral action can be expanded in de-
creasing powers of the scale in the form

Trace( f (D=))
X Z
fxk “iDj*+ @0 p@O+ oQ)
k2 *

where * is the positive part of the dimen-

sion spectrum . The function f only appears
through the scalars

1
2 0

Z 4

fio = f (v) vk=2 ldv

One lets

p(s)=Tr( jDj )

and reqgularity at s =0 is assumed.

20



{ In dimension 4 the variation of the spectral
action under inner uctuations gives the lo-

cal counterterms for the fermionic graphs
Z

p+a(0)  p(0)= AD 1+
Z Z Z
1 1,2 1 1,3, L 1\4
—  (AD —  (AD + — (AD
S (AD hHZ = (AD 1%+ o (AD Y
{ Assuming that the tadpole graph vanishes
the above variation is the sum of a Yang-

Mills action and a Chern-Simons action re-
lative to a cyclic 3-cocycle on A.

21



Fermionic Graphs

(Onin

Tadpole

wIery

Self-energy graph

22



3

5

Triangle graph

4-legs graph

23



Main Theorem

The variation under inner uctuations of the
scale independent terms of the spectral action

IS given in dimension 4 by
Z

p+A(0)  p(0)= (dA+ A%)?

Z
1 2
~  (AdA + =A%)
2 3

INJ

O(aO;al;aZ;aS;a4)

Z
a’[D:al1D 1[D;a?]D ![D;a®]D ![D;a%D 1

(ag;ag;ag;ag) =
12
> ( (ag)ar (az)az ap (az)az (az))

with  (x)= DxD 1
24



Ambiguity

Variation formula still holds after the replace-
ments o! o+ and ! + 3Bg for any
Hochschild 4-cocycle such that Bg is al-
ready cyclic i.e. suchthat ABg =4 By

The boundary operator Bp is de ned on nor-
malized cochains by

(Bo' )(ap;a1;  ;an 1)= '"(l;ap;a1; ;an 1)

and one has

d!

25



Yang-Mills action

The Yang-Mills action given by
Z

YM (A)=  (dA + A?)?

IS automatically gauge invariant under the gauge
transformations

A! u(A)= udu + uAu ; 8u2A;

as soon as IS a Hochschild cocycle since
F(A) = dA + A? transforms covariantly .e.
F( u(A)= uF(A)u.

26



Chern-Simons action

It is not in general invariant under gauge trans-
formations but one has the following more subtle
Invariance. Let be a cyclic three cocycle on

A . The functional
Z

2
CS (A)=  AdA + §A3

ful lls the following invariance rule under the
gauge transformation u(A)= udu + uAu ,

CS (u(A)= CS (A)+ %h;ui

where h;u i is the pairing between HC 3(A) and
K1(A).

27



Open questions

Let be the cyclic three cocycle of the varia-
tion formula then its pairing with the K 1-group
vanishes identically,

h;ui=0; 8u2Kq(A)

It is true under mild hypothesis that the vani-
shing of the pairing with the K 1-group

h;ui=0; 8u2Kq(A)

Implies that the cyclic cocycle IS homologous
to zero,

2BZ4AA)

Thus one can in any such case eliminate the
Chern-Simons term.

28



Positivity

In a similar manner the freedom given by the
ambiguity should be used to replace the Hoch-
schild cocycle o by a positive Hochschild co-

cycle

Z
N 0; 8 2 72
where the adjoint ! is de ned by
(agdas dap) = daydajag; 8a 2A

It then follows that the Yang-Mills action func-
tional ful lls

YM (A) 0; 8A2 1:

29
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Standard Model

1 1 1
Lsy = E@ga@ga gsf abC@gagbgc Zggf abcr adegbgcgdge+ E'gg(qi qj )ga

1
+ Ga@Ga_l_ gsf abC@GaGbgC @W+ @W M 2W+ W E@ZO@ZO

1 1 1 1
—M?2°2° Z@A @A Z@H@H -miH? * M2z *
5 ;@A @A S@H@H “miH® @ "@

2
1@ 0@0 LM 0 O h 2M + 2MH+£(H2+ 00+2 + )
2 2¢§, 92 9 2
2M 4 .
+ el igcw(@Z°(W*W  W'w ) zZ%wr@ew w @w?')

+Z2%(Wre@w W @W?')) igsw(@A (W'W  W*'W )
AWr@W W @W*')+ A (W'@w W @W™))
%gzw+w W* W +%QZW+W W*W +g?c2(z°w*zw  z%Z2%°w*w )
+g?s2(A WrAW A AW'W )+ g®spcw(A ZO%(WHW WHTW )
2A Z°W*W ) g M H3®+H ©C%+2H 7

%92 h H4+( O)4+4( + )2+4( 0)2 + +4 H2 + +2( O)ZHZ

gMW *W H 1gMzOon
27¢G
1 + + +
Sig W ( ‘@ @°% w(°@e @ 9
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1
+5g W' (H@ @H) W (H@ * *@H)

1 1 2
+2g—(Z°(H@ ° °@H) igMzOow*  w *)
2 Cw C

W
. .1 2c¢?
+ igswMA (W™ w ) Ig—CWZO( C) @ ")
2Cw
. 1
+|gSWA ( +@ @ +) Zg2\N+W H2+( 0)2+2 +
1.1
Z92_22020 H2+( 0)2+2(2 S\%/ 1)2 +
1 5850 0/4p+ + 1. 5S40 + +
—g-—Z W + W —igc—Z"H (W W
-9 " ( ) -9 o ( )
1 1.
+ EgstA ‘‘wr o+ W )+ ElgstA H(W?* w )

gZSaW(ZCSV HZ°A T g'sRA AT
e (@+ mye @ u(@+ myu d(@+ myd
_ 2 1
+ igswA (e e)+ §(uj uj) §(di d;)

+iizof( 1+ %) H)+(e (483\, 1 Se)

Cw

(3% 1 u)e(d @ s 9d)g
F W (s e)s(y @+ 9C d)
FRW (e @ %) )+(dC xS

32



| me + 5 5
+ S 1 e )+ e (1+
iy (@ %e)+r (e@+ 5 )
g% H(ee)+ i %e %e)
i
P T myuC @ d)+ myuC @+ 9
i
Foobs Mg @ Au) myd e’ Oy,
gm gmy igmy ¢ 5 igmy 4 5
2w H) g PG o T ) Sy &)

2
LXH(@ MHXT+ X (@ MHX + X% I\%)X"
+Y@Y + igcyW* (@X°X  @X*X9+ igsyW' (@YX  @X*Y)
+igcwW (@X X% @X°X*)+ igswW (@X Y @YX")
+igcwZ?(@X XY @X X )+ igswA (@X*X* @X X )

1 1
—gM X*X*H+ X X H+ =X%°H
2 ct

1 2c2.
¥ SWigM X*XO * X XO
2Cw
1
+ —igM X% * XxOx*
2Cw

+igMsy XOX T xOx*

1.
+§|g|v| X*tx*t 0 x x 0
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Notations

Gauge Bosons : A ;W ;z9;¢?

Quarks u; ;dj and G = collective for quarks
Leptons : e ;

Higgs : H; O; *:

Ghosts : G2;X9;X*:X :Y, Feynman Gauge

Masses : m ;my,;Mg;Mp; M Mass of W

Coupling constants g = p4 ( ne struc-
m 2

ture), gs = strong, h = ﬁz

Tadpole Constant h

Sine and cosine of weak angle :  Sw;Cw

Cabibbo-Kobayashi-Maskawa C

Structure constants of SU g : f abc
34



Minimally coupled Standard Model

Le+ Lg* Loy + Ly + Lot + Lys

Spectral Action

Z
s=  dx"ga=23rR 3(H H)

+aC C + R?+ cg R R+ dgR;
+ e+1=4G" G' +1=4F F

+1=4B B +|D Hj* (RjHj*+ o(H H)?)

35



Q:

Standard Model

A= C H M3(C)

HeE= Q L Q L
!

u. Ur . | = L

d dr °’ €. €R

36



Action of A in Hg

a=(;qgm)2A; q=

auUp = UR aug = U d|_
adR:_dR ad|_: U|_+_d|_Z
af = f if f is alepton

af = mf if f is a quark

(fr)= fr (fL)= fL

37



Finite Space

.OY

> O

OOOM

OOMO

oNoNe,
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Inner Fluctuations !

P

A =

P
ai[ s

ai[D;aY

Dr;af !

Gauge Bosons

aji;al2 A

Higgs Fields
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ai[Dy 1;a% !  Gauge Fields

a=( i;g;mj), a=( %g®m)d
U(1) gauge eld = d D

SU(2) gauge eld Q= gqdg°

U3) gauge eld V = mjdm?.

40



Hypercharges

D7'D=D+A+JAJ 1 A=A

VOis an SU(3) gauge potential.

0 1
=+ VO 0 0 0
% 0 2+ VO 0 0 §
0 0 Q11 + % + VO Q12
0 0 Q21 Qu+ : + VO
0 1
2 0 0
© 0 Qi1 Q12 x
0 Q21 Q2
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Open Questions
1) beyond SM

Massive neutrinos
A|: = C H M3(C) I C H|_ HR |V|3(C)

Left-Right symmetric

He! Q L Q L

Q= u ur . | - L R
do dr €. €Rr

gives the spinors for an extension of the
group Spin 4.

Extension by quantum group at i,j3=1.
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2) Qg-Gravity

Spectral observables (Di -invariance)

Z
hi= N (D; )e S (P)Yh:D ippDID[ D[ ]!

Matrix Model
Constraints
Polynomial Equation of degree = dimension

U [D;U]=1 ! geometry of Si
X
ap [D;a1]  [Djag]= !
spherical manifolds (ac + mdv)

Unimodular gravity

43



3) The eld of \running physical constants”

a( )

Quantum physics is not done over eld C but
over a eld of functions : the \constants" which
In fact depend upon the energy level

Dressing of Geometry

QFT corrections to  ds which is now \running"

O
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