Renormalization and Motivic Galois Theory
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“I.a parenté de plus en plus manifeste
entre le groupe de Grothendieck—Teichmtiller
d'une part, et le groupe de renorma-
lisation de la Théorie Quantique des
Champs n'est sans doute que la premiére
manifestation d’'un groupe de symétrie

des constantes fondamentales de la phy-
sique, une espéce de groupe de Galois
cosmique!”

Pierre Cartier



(ac + mm) — Riemann-Hilbert correspondence
associated to Birkhoff decomposition ?

Starting point : Unit of mass u

dD_Zk' N ,LLZ dD_Zk'

Grading by loop number

Yeru(2) = 0p:(yu(2))  VtER, z=D—d

The V- in the Birkhoff decomposition

u(2) = 7, (2) L y,4.(2)

is independent of , %’yu_(z) = 0.



Let yu(2) € Difg(7) be the loop Uji(IN) and
Yu(z) = ’yu_(z)_lfyw_(z) its Birkhoff factoriza-
tion

0

— The counterterms of 7’ are polynomials in
massive parameters (u excluded).

— Only powers of log u could appear.

— Excluded by dimensional analysis.

log(p?/ 1?)

and

log(M?/p?)



Renormalization Group (ac+ dk)

Class L(G(C), u)

Vetu(z) = O (u(2))

0
@’YM—(Z) = 0.

. The loop v_(2) 0 (v—(2)~1) is regular at
z = 0.

. T he limit
Fy = ;'_Qﬂo v (2) O (v—(2) 1)

is @ one-parameter subgroup of G(C), and
F;(X) is polynomial in t, X € H.

3. Generator of Fy is B :=Y Res 7,

. ’ym_(z) positive part of Birkhoff of ~,(z)

Vet +(0) = Fyy,+(0), VteR.



Expansional

— Dyson Tela al®)dt

— Araki “expansional”

— Chen ‘iterated integrals”

— Parallel transport dh(u) = h(u) a(u)du

H = ®p>0Hn, G and a(t) € LieG(C)

Tt a(t)dt .

@)

1—|—Z/a a(sy) -+ a(sp) ds1---dsnp

1 <$1<--<sp<b



Theorem (ac+mm)

Let v,(z) be a family of G-valued loops in
L(G(C), ). Then there exists a unique (B €

LieG and a loop qreg(z) regular at z = 0 such
that

1 p—zlogu
yu(z) = Te Tzl 0t dtg 0 (yreg(2)).

Conversely, for any g and regular 100p ~reg(z)
this expression gives a solution.

Birkhoff factorization
Y+ (2) =

1 p—=zlogpu
Te = Jo O—B)dtg g u(reg(2))

v (2) = Te 2 Jo 0Bt



Principal bundle B

o. A\ — B

==

Principal bundle B, with group G,, = C*

/2

Vv =x"1({0}) C B,

B*= B~V C B.



P=Bxd{d

u(b,g) = (u(d),u’ (9)), Vu€Gn
v(z,u) € G(C) invariant iff
v(z,u) = u' y(z,1)

Two derivatives of ~,

1) () = W (=),

a(z) = (5 1) Tz 1)

1) (s w) = uY (=),

b(2) = v(2, 1) 1Y (v(2,1))



Flat equisingular connection

w = A(z,v)dz + B(z,v) ci_v,
Invariance @w(z,uv) = u¥ (w(z,v))
@(z,u) = u (a(=)) dz + u (=),

%—Y(a) ¥ [a.b] = 0.

Lemma
w extends to A* x C

restriction of w a A* x {0} is zero
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Monodromies and base point

M{Zo}XC*(w) =1

Solution with base point A* x {0}

Y(z,0) = Telo W ()

Invariant (base point is invariant)

v(z) = v(z,v)|p=1

¥(2) " tdy(z) = a(2)dz  and () "'Yy(z) = b(2)
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Flat equisingular connection

New section os(z) = (z,e%?) —
’Ys(z) — 982(7(2))

equisingular = ~s and ~v have same ~_

U

0]
v(z) = Te~z Joo 0-t(B) Yreg(2),

oY (Te 2 I 0-t(B)dty — o1 5 u"(8) %

v(z,v) = <Te_% Jo u* (8) %) vY (Yreg(2))
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W(zv) =Te = Jo v AL

D~ equisingular

new section v(z)o(z), v(0) =1

Yw(z) = Te_% f(;j(Z) u’ (8) %u

YWw(z) = (Te—% Jo uY(ﬁ)%‘) (Te_% () uy(ﬁ)%)

s— 14 s(v(z)—1) =u,

(14 s(v(z) — 1))71—1 B 1 —wv(z) 1
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Classification of equisingular flat connec-
tions

Two connections w and =’ on P* are equiva-
lent iff

o = Dh+ h~lwh,

with h a G,,-invariant map to G regular on B

Thanks to base point A* x {0} one has

7' (z,0) = (2, 0) h(z,v)

For any equisingular flat connection w there
exists a unique 8 € LieG(C) such that @ ~ D~
where

fy(z) fu) — Te_% f(;) uy(ﬁ) CZ_U
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Gm — B — A, Gy-bundle on A.

1) P = B x G* is G*-principal Gy,-equivariant
u(b,k) = (ub,uk)

2) £&(b) = (b,1), V — V(&) is an isomorphism
between Gy,-invariant, Lie G-valued connections
on P* and connections with values in Lie G on
B* such that

o(z,u(@)) = u¥ (w(z,v)), VueGn

3) Let v, B — G with

y(ub) = u¥ (v(b)), VueGp

L~(b, k) = (b, v(b) k) is an automorphism of
the G,,-equivariant G*-principal bundle P.

4) Equivalence of connections by L~ corres-
ponds to

@' =Dy ++ twy,
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€ . G*:GNGm—)Gm

Let e(P) the Gy-principal Gm-equivariant bundle
image of P and € : P — e(P),

1) A connection V on P* is LieG-valued iff
e(V) =d.

2) An automorphism of the G,,-equivariant G*-
principal bundle P is given by a v, B — G

v(ub) = uvy(B)ut, Vue Gp
iff it induces the identity on e(P).
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Extension to B = B xg, Gq

BOZBXGm{O}CEZ BXGmGa

1) The bundle P canonically extends to a G-
equivariant G*-principal bundle P on B.

2) Any invariant connection V on P* with (V) =
d canonically extends to an invariant connec-
tion V on P*. Its restriction to Bg is the trivial
connection d.

3) Any automorphism of the G,,-equivariant
G*-principal bundle P which induces the iden-
tity on e(P) extends to P and its restriction to
Bp is the identity.
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Classification of equisingular flat connec-
tions (geometric)

A flat connection V on P* with (V) = d is
equisingular iff for any flat section Vn = 0 the
unique isomorphism given by the trivialization
n between the restrictions of P* to sections
o: A — B with ¢(0) = yg is regular on A.

Thm (ac+mm)

Let V be an equisingular flat connection with
e(V) = d. There exists a unique 3 € LieG and
an automorphism p of the G,,-equivariant G*-
principal bundle P which induces the identity
on e(P) such that

(& du
Vp(y D=0, ~(z0)=Te = Jow DY
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W-connections

Let (E,W) be a filtered vector bundle with
base B

W YE) c W(E)
with a trivialization of associated graded
GrlV(E) = W ™(E)/W " 1(E).

A W-connection on E is a connection V on
E* = F|p+, such that

1. The connection V is compatible with the
filtration, i.e. preserves the W (E™).

2. The connection V induces the trivial connec-
tion on Gr'W (E).

Two W-connections V; on E* are W-equivalent
iIff there exists an automorphism h of E, pre-
serving the filtration, inducing the identity on
Gr"W (E) such that hoV{ = V5o h.
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Equisingular W-connection

V a Z-graded vector space V = @,z Vn, tri-
vial bundle £ = B x V, Gm-equivariant (from
grading) and filtered by W

W=(V) = @mZan

A W-connection V on E is equisingular iff it is
flat, G,,-invariant and for any fundamental sys-
tem of solutions of V&€ = 0 the corresponding
isomorphism of restrictions of E to sections
o:.: A — B with ¢(0) = yg is regular.
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The category £ of flat equisingular vector
bundles

Objects : Obj(E)

couples © = [V, V], with V a Z-graded vector
space and V an equisingular W-connection on
E* = B* x V. [V, V] is its W-equivalence class.

Morphisms : Homg(©, ")

linear map T : V — V/ compatible with the
grading

V. TV-VT v/ 0
m=(o ) 2= (5 9)
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Tensor product

(E.V)Q(E',.V)Y=(E®FE,V1l+1V)

Lie Algebra Ly and group U*

Let Ly = F(1,2,3,---)e denote the free gra-
ded Lie algebra generated by elements e_,, of
degree n, for each n > 0. Consider the Hopf
algebra

HU = U(f(172737 e ).)\/’

which is the graded dual of the universal enve-
loping algebra of Lyy. We denote by U the affine
group scheme associated to the commutative
Hopf algebra Hy, and by U* the semidirect pro-
duct U* = U x G,,,, with the action given by the
grading.
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Thm

Let £ be the category of equisingular flat vec-
tor bundles. Let w : &€ — Vecte be the functor
defined by w(©®) = V, for © = [V,V]. Then
£ is a neutral Tannakian category with fiber
functor w and is equivalent to the category
of representations Reppg« of the affine group
scheme U*.

23



Universal singular frame

1 v Y du
W(z0) = Te zdo WO cy

wl=zv)= >, >,

n>0 kj>0

e(—k1)e(—k2) - --e(—kn) S kj

(V)
ki(k1i+ ko) - (k1 + ko4 -+ kn)
Same coefficients as in

Local Index Formula in NCG (ac 4+ hm)
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Let © = (V, V) an object of £. There exists a
unique representation p = pg of U* in V, such
that the restriction of p to Gy, is the garding

of V and
Dp(yy) >V,

where ~¢; is the universal singular frame.

Let p be a representation of U* in V, there
exists a unique associated object of £.
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Morphisms

Let(V,V) an object of £.

1. For all S € Aut(V) compatible with the
grading, SV S—1is a flat equisingular connec-

tion.
_ ~1
2. P(B,svVS1) =SP(ENV)S
3. SVS 1~V e ppy)Sl=0.

T € Hom(©,0") & T pg = po T’
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Remark

U* ~ Gug(0), O = ZE]

Motivic Galois group (mixed Tate motives) of

the scheme S, of 4-cyclotomic integers

dz
a(z)dz = Z €a
acunyU{0} < a
Coefficient of (—1)™ ey, egt T ec, eg? "
in
1
v = Tefo a(z)dz
IS
Li kl,...,km(zla PIEE ,Zm) —
ni_no n
ki, ko k
O<ny<no<-<nm 1 M5° " Ny

km—1

) eCm €0
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Cosmic Galois Group (ac + mm)

Conjectured by Cartier (La folle journée, mul-
tiple zeta values)

He = U(F(3,5,7, o)

U universal symmetry group of renormali-
zable theories.

U—s Difg(T) -2 Diff

H= U(F(1,2,3, - )e)

Motivic Galois group (mixed Tate motives) of
the scheme S, of 4-cyclotomic integers

U* ~ Gug(0), 0= ZL][]

Renormalization Group C U

oo
e= Y e, rg:Gy,—U
1
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Diffeographisms and Diffeomorphisms

Difg(¢2) - Diff¢

~3/2
241 _ o0 I
[+5 sm) (-3 )

Theorem (ac+|dk)

et the unrenormalized effective coupling constant
gefr(2z) be viewed as a formal power series in g
and let

gerr (2) = gerr, (2) gerr_(2)
be its (opposite) Birkhoff decomposition in the
group of formal diffeomorphisms. Then the loop
geff_(2) is the bare coupling constant and geff_l_(O)
IS the renormalized effective coupling.
29
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La theorie de I'ambiguitée

“Tu sais, mon cher Auguste, que ces
sujets ne sont pas les seuls que j'aie ex-
plorés. Mes principales méditations de-
puis quelque temps étaient dirigées sur
I'application a l'analyse transcendante
de la théorie de I'ambiguité. Il s’agis-
sait de voir a priori dans une relation
entre des quantités ou fonctions trans-
cendantes quels échanges on pouvait
faire, quelles quantités on pouvait sub-
Stituer aux quantités données sans que
la relation pit cesser d’avoir lieu. Cela
fait reconnaitre tout de suite I'impos-
Sibilitée de beaucoup d’expressions que
I'on pourrait chercher. Mais je n’ai pas
le temps et mes idées ne sont pas en-
core assez développées sur ce terrain
qui est immense”
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Galois Group Gal(7) of a theory

Let 7 a renormalizable QFT. Its Galois Group
Gal (7) is the affine group scheme associa-
ted to the subcategory &7 of equisingular flat
bundles coming from 7. (one has to add subquo-
tients of D ®)

Proposition
Let 7 be a renormalizable QFT.

1) The theory 7 is finite iff its Galois group is
trivial Gal(7) = {1} (the prounipotent part).

2) If 7 is super-renormalizable, its Galois group
Gal (7) is finite dimensional.

Examples : ¢3 and ¢3 — Gal(7) = Gq x G,
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