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Why L2 Betti numbers for algebras?

Want to generalize the theory for groups to algebras

(Could then talk about Betti numbers for quantum groups)

Sorin Popa’s talk:

Γ1 ∼OE Γ2 vs. L(Γ1) ∼= L(Γ2)

There are now results (Popa) that for certain classes of algebras this is
the case.

Theorem (Gaboriau): Γ1 ∼OE Γ2 =⇒ β
(2)
i (Γ1) = β

(2)
i (Γ2).
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Algebra analogs

L2 cohomology counts L2 vs compactly-supported solutions to coho-
mology problems.

groups algebras
CΓ A⊗Ao

L(Γ) W ∗(A⊗A, τ ⊗ τ)
representation bimodule

group homology Hochschild homology

L2(Γ) corresponds to L2(A⊗A, τ ⊗ τ) and A⊗Ao corresponds to CΓ =
Cc(Γ).
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Lück’s formula

If Γ acts properly and co-compactly on contractible M , then

(ker ∂ : C(2)
k → C

(2)
k−1)/(Im∂ : C(2)

k+1 → C
(2)
k ) = Hk(Γ, `2(Γ)).

The problem is that this is not a Hilbert space.

Luck: can make sense of dimN H for H any module over a von Neu-
mann algebra N .

Theorem (Luck): β(2)
k (Γ) = dimL(Γ)Hk(Γ, L(Γ))
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H
(2)
k (A, τ) = Hk(A,M) (Hochschild homology)

0← A← A⊗A︸ ︷︷ ︸
C0

← A⊗A ⊗ A︸ ︷︷ ︸
C1

← · · · ← A⊗A ⊗ A⊗k︸ ︷︷ ︸
Ck

a0 ⊗ an+1 ⊗ a1 ⊗ · · · ⊗ an
∂7→ a0a1 ⊗ an+1 ⊗ a2 ⊗ · · · ⊗ an + (−1)na0 ⊗

anan+1 ⊗ a1⊗· · ·⊗an−1+
∑

j(−1)ja0⊗an+1 ⊗ a1⊗· · · ajaj+1⊗· · ·⊗an−1

Hochschield boundary operator.

Ck is a bimodule over A using the action

A(a0 ⊗ an+1 ⊗ a1 ⊗ · · · ⊗ an)B = Aa0 ⊗ an+1B ⊗ a1 ⊗ · · · ⊗ an
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H
(2)
k (A, τ) = H∗(M ¯⊗M ⊗A⊗A Ck) module over M⊗̄Mo

β
(2)
k (A, τ) = dimM⊗̄Mo Hk(A,M⊗̄Mo).

Properties.

A = CΓ, τ = τΓ then β(2)
j (A, τ) = β

(2)
j (Γ)

A II1 factor: β(2)
k (pAp, 1

τ(p)τ(p · p)) = 1
τ(p)2

β
(2)
k (A, τ)

β
(2)
k (⊕Aj,⊕αjτj) =

∑
α2

jβ
(2)
k (Aj, τj)

A abelian von Neumann algebra =⇒ β
(2)
j (A, τ) = 0 for all j.
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“Local” computations.

L2 Betti numbers can be found using computations of the following kind.

φ : (M ⊗Mo)n → (M ⊗Mo)m be an M,M bimodule map.

φ(2) : (M⊗̄Mo)n → (M⊗̄Mo)m be its extension.

β(φ) = dimM⊗̄Mo(kerφ2 	 kerφ).

Facts. (1) Can replace M ⊗Mo by FR and M⊗̄Mo by L2(M)⊗̄L2(M).
(2) If M is abelian, β(φ) = 0 for all φ
(3) Is same true if M is hyperfinite?
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Case of groups.

Let M = L(Γ).

If ψ : CΓn → CΓm is a module map, one can extend ψ to a map φ :
(M⊗̄Mo)n → (M⊗̄Mo)m using CΓ ⊂M⊗̄Mo = L(Γ× Γo).

Theorem. If β(ψ) ≤ β(φ) ≤ β1,2(ψ)

β1,2(ψ) = dimL(Γ) kerψ(2) − dimL(Γ) kerψ(2) ∩ `1.
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Zeroth homology

A a von Neumann algebra. Then

H0(A, τ) = A⊗A⊗Ao A⊗̄Ao.

H
(2)
0 (A, τ) = 0 iff A is not hyperfinite.

(If A is hyperfinite, can find a state on A⊗̄Ao so that φ((a ⊗ b)T ) =
φ((ab⊗ 1)T )for all a, b ∈ A, T ∈ A⊗̄Ao; this stats factors through to H0)

β
(2)
0 (A, τ) = 0 if A is diffuse. β(2)

0 (Mk×k(C), 1
kTr) = 1

k2.
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∆
(X1, . . . , Xn) ∈M self-adjoint set of generators

φ(T1, . . . , Tn) =
∑

[Tj, Xj], Tj ∈ FR.

∆(X1, . . . , Xn) = 1 + β(φ) = 1 + dimM⊗̄Mo kerφ(2) − dimM⊗̄Mo kerφ.

dimM⊗̄Mo kerφ2 = dimM⊗̄Mo {(T1, . . . , Tn) ∈ HSn :
∑

[Tj, Xj] = 0}

= dimM⊗̄Mo{([H,X1], . . . , [H,Xn]) : H ∈ HS}⊥

= n+ 1− dimM⊗̄Mo ker(H 7→ ([H,X1], . . . , [H,Xn])) = n− 1

for M diffuse. So
∆ = n− dimM⊗̄Mo kerφ.
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β1

β
(2)
1 (M) = supX1,...,Xn generators infY1,...,Ym ∆(X1, . . . , Xn : Y1, . . . , Ym)

Here ∆(X1, . . . , Xn : Y1, . . . , Ym) is given by

n− dimM⊗̄Mo HSn ⊕ 0 ∩ {(T1, . . . , Tn, S1, . . . , Sm) :
∑

[Ti, Xi] +
∑

[Sj, Yj] = 0}.
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∆ vs δ?

Theorem δ∗(X1, . . . , Xn) ≤ ∆(X1, . . . , Xn).

Idea. Assume that D ∈ B(L2(M)) s.t. Qj = [D,Xj] ∈ HS. Then if∑
[Ti, Xj] = 0 we have

∑
Tr(TjQj) =

∑
Tr(Tj[D,Xj])

=
∑

Tr([Xj, Tj]D)

= Tr(
∑

[Xj, Tj]D) = 0.

So
(Q1, . . . , Qn) ⊥ (T1, . . . , Tn).
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Now given Tj ∈ FR with
∑

[Xj, Tj] = 0, let Xt
j = Xj +

√
t ~Q ∗ ~S. Then

can find Dt so that [Dt, X
t
j] = Qj.∑

Tr(TjQj) =
∑

Tr(Tj[Dt, X
t
j])

=
∑

Tr([Xt
j, Tj]Dt)

=
∑√

tTr([Sj, Tj]Dt).

Now take a limit as t→ 0 and find that if Q ∈ NµM the limit is zero.

δ∗ ≥ ∆.
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Consequences for ∆

Theorem (Voiculescu + Biane-Capitaine-Guionnet). If Y1, . . . , Ym ∈
W ∗(X1, . . . , Xn) then

δ∗(X1, . . . , Xn, Y1, . . . , Ym) ≥ δ0(X1, . . . , Xn).

In particular, if X1, . . . , Xn ∈ L(Fn) are free generators, then
δ∗(X1, . . . , Xn, Y1, . . . , Ym) ≥ n.

Corollary if X1, . . . , Xn ∈ L(Fn) are free generators, then
∆(X1, . . . , Xn, Y1, . . . , Ym) ≥ n.

This is evidence that β(2)
1 (L(Fn)) is non-trivial, but unfortunately there is

no control over ∆(· · · : · · · ).
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If Γ is a group one can show that ∆ ≤ β(2)
1 − β(2)

0 + 1. Hence:

Theorem If X1, . . . , Xn ∈ CΓ are generators, then

∆(X1, . . . , Xn) = δ∗(X1, . . . , Xn) = β
(2)
1 − β(2)

0 + 1.

In particular, if Γ is infinite and has property T , then

δ∗(X1, . . . , Xn) = 1.

This is open for non-group generators.
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1 , . . . , X

(k)
n may gener-

ate a larger algebra than X1, . . . , Xn

so dim
W ∗(X(k)

1 ,...,X
(k)
n )

V < dimW ∗(X1,...,Xn) V .

So can find a counterexample. u, v generators of F2.Let X(k) = uv,
Y (k) = u2, Z(k) = v2, W (k) = 1

ku.

Then δ(X(k), Y (k), Z(k),W (k)) = 2 but δ(uv, u2, v2, 0) = 3.If ψ : CΓn →
CΓm is a module map, one can extend ψ to a map φ : (M⊗̄Mo)n →
(M⊗̄Mo)m using CΓ ⊂M⊗̄Mo = L(Γ× Γo).
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HS

= TµM

{~T ∈ HSn : Et(T ∗ S)→ 0}
HS

= TµN⊥

{~T ∈ HSn : ∃D ∈ B(L2(M)) : Tj = [D,Xj]}
wk

∩HSn =
(

exact

1-cycles

)⊥
These are all the same for groups. Are they the same in general?
When? What are the semicontinuity properties of these spaces?
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