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e A. Connes + D.S., “L?-homology for von Neumann algberas”, to ap-
pear in J. Reine Angew. Math.

e I. Mineyev + D.S., “Non-microstates free entropy dimension for
groups”, to appear in GAFA.

e D.S., “Remarks on Free entropy dimension”, preprint, 2005.
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IS the space of all laws of all possible self-adjoint n-tuples.

von Neumann algebra generated by Xi,...,X, with law g,
= L2(W*(p)).

IS the space of all possible laws of generating n-tuples in W*(u).



D ~ L / b

IS the space of all laws of all possible self-adjoint n-tuples.

von Neumann algebra generated by Xi,...,X, with law g,
= L2(W*(p)).

IS the space of all possible laws of generating n-tuples in W*(u).

L is foliated by leaves M (u) through € L

— Typeset by Foil TEX — 2












TxS = Zaszz

For T = (Th,...,T,) € (L2(n)®L2(p))", consider

B Bx oty %8S, ..., Xy /T T % S

free Brownian motion of “variance” T.
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T = y
T T . N 9 o o o9 n



T = y
T T . N 9 o o o9 n

Moreover, {7 = 0%(1 ® 1).



(L2(u)DL2()" is given by

Moreover, {7 = 0%(1 ® 1).

Since T'— Oz Is clearly linear, we have that T — £z Is linear.
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ITlle = [1€7] 2()-

TuL
TM={TeT,L:|T|e <o} "



ITlle = [1€7] 2()-

TuL
TM={TeT,L:|T|e <o} "

Note: > . [[0,...,1®1,... ,0]|2 is exactly the free Fisher information
O*(1).
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Fact. |T|e < oo if and only if 3'D closable possibly unbounded on

L?(u), sothat 1 € domD, D -1 =0, 1 € domD* and [D, X;] = T, €
HS = L*(n)@L*(p).
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Fact. |T|e < oo if and only if 3'D closable possibly unbounded on
L?(u), sothat 1 € domD, D -1 =0, 1 € domD* and [D, X;] = T, €

HS = L*(n)@L*(p).

This is because ) Ja;J D Jb;J is again closable with domain that in-
cludes C[ X4, ..., X,].

Corr. T, M is a W*(u)@W*(1)°-bimodule.
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This is because

where DIk, x, = 3 1D, X;lsl3
J

and these norms for different choices of generators are equivalent.
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For 1 variable X with law p (measure on R),

§(X)=1-> p({th?*

teR
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For 1 variable X with law p (measure on R),

§(X)=1-> p({th?*

teR

This is because T' = [D, X| € HS with D as above implies that T
can be approximated in HS by T; = [H;, X| with H; € HS.Hence

T.M = HS/kerf, 6(H)=H,X]
0 = dimy(HS/kerf) =1—dimykerf, N = L*(ux p).
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e H = §,(C™q-Fock space.h € C", I(h),r(h) : H — H left and right
tensor multiplication by h.
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e H = §,(C™q-Fock space.h € C", I(h),r(h) : H — H left and right
tensor multiplication by h.
X, = l(e;) + l(e;)*. Dj = r(ej). Then [D,;, X;] € HS, so can get a
lower bound on ¢ and the size of T}, M.



e H = §,(C™q-Fock space.h € C", I(h),r(h) : H — H left and right
tensor multiplication by h.
X, = l(e;) + l(e;)*. Dj = r(ej). Then [D,;, X;] € HS, so can get a
lower bound on ¢ and the size of T}, M.

e Random matrix models with a convex polynomial potential. Can find
D bounded with [D, X]] — 57;jP1.
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v; =generators of a group T, ¢ a cocycle with values in 2, t; = ¢(v;).
Let X; = ~; € CI', 7 Let T; = diag(t;) € HS. Then 0 is well-defined
and in factT" € T\, M.
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v; =generators of a group T, ¢ a cocycle with values in 2, t; = ¢(v;).
Let X; = =5 € CI',mr Let T; = diag(t;) € HS. Then 0z is weII defined

and in fact T' € T}, M.

closable. Hence

(*-cocycles C T, M
L(T') £2-cocycles L(I') < T,M

Thus
8(T") > dimyy & = (1) — gSP(1) + 1.
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j=1
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t—0

j=1
Pick a pt-weak limit ¥ of Ej;, ast — 0. Thus

TeT M — U(T;)=0, j=1,...,n.

v:T,L/T,M — N,M



t—0

j=1
Pick a pt-weak limit ¥ of Ej;, ast — 0. Thus

TeT M — U(T;)=0, j=1,...,n.

U:T,L/T .M — N, M
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t—0 log t1/2
which should be related to

I x(X1 + VtSy, ..., X, + ﬂSn) Minkowski content
— lim =
" log t1/2 of microstate spaces

dimyy+(ueu) NpM 2 limg_g Z?:l ||EMt(Sj)||%



log t1/2
which should be related to

I x(X1 + VtSy, ..., X, + ﬂSn) Minkowski content
— lim =
" log t1/2 of microstate spaces

dimpy s+ (ugu) NpM > limg—o Y5 1B, (S5)115
Theorem. dimW*(M@w) T'u./\/l <n-— dimW*(M@,u) Nlu./\/l < 5*(X1, .. ,Xn)
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To prove this one needs control over the size of §* from above.

Main fact: can produce L? cocycles in the case that ¢6* is large; by pair-

ing with exact L? cycles one can show that some cocycles vanish and
hence §* can’t be too large.




To prove this one needs control over the size of §* from above.

Main fact: can produce L? cocycles in the case that ¢6* is large; by pair-

ing with exact L? cycles one can show that some cocycles vanish and
hence §* can’t be too large.

Need theory of L? cohomology.
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d deRham differential
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d deRham differential

Hy (M) = kerd/Im d.Hp, (M) is a Hilbert space
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d deRham differential

Hy (M) = kerd/Im d.Hp, (M) is a Hilbert space

(2)

is a I'-modulecocompact+proper = C ¢2(I")Y



d deRham differential

Hy (M) = kerd/Im d.Hp, (M) is a Hilbert space

(2)
is a I'-modulecocompact+proper = C ¢2(I")Y

2 .
) (M,T) = dimpry Hfy (M)
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= dimy(kerd : Q) — QF)") — dimp(



= dimy(kerd: QF . i
v(kerd: Qf — Q5" — dimy(kerd : QF — Q).



— dimy(kerd: QF, — QF — dimy(kerd : QF — QFL,
(2) (2) c c

Thus L? cohomology counts VS solutions to
cohomology problems.
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space of compactly-supported cycles.



B;”(T) is the dimension of the space of ¢? cycles vs the closure of the
space of compactly-supported cycles.

I' = [F5: no compactly supported cycles, but there exists ¢2 cycles.
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L?  compactly-supported

feC.(l') <— f eCI;
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