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(M, τ) tracial von Neumann algebra.

The law µX1,...,Xn of (X1, . . . , Xn) ∈ (M, τ) is the collection of moments

τ(Xi1 · · ·Xip), 1 ≤ p < ∞, i1, . . . , ip ∈ {1, . . . , n}

L is the space of all laws of all possible self-adjoint n-tuples.

W ∗(µ) von Neumann algebra generated by X1, . . . , Xn with law µ,
L2(µ) = L2(W ∗(µ)).

M(µ) is the space of all possible laws of generating n-tuples in W ∗(µ).

L is foliated by leaves M(µ) through µ ∈ L
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Free Brownian Motion.
µ = µX1,...,Xn. S free semicircular element, free from X1, . . . , Xn.

µ 7→ µX1,...,Xj+
√

tSj,...,Xn

free Brownian motion at time t.

More generally, T =
∑

ai ⊗ bi ∈ L2(µ)⊗̄L2(µ), let

T ∗ S =
∑

aiSbi.

For ~T = (T1, . . . , Tn) ∈ (L2(µ)⊗̄L2(µ))n, consider

µ 7→ µX1+
√

tT1∗S,...,Xn+
√

tTn∗S

free Brownian motion of “variance” ~T .
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Tangent space to M.

Idea (Voiculescu): ~T ∈ TµM if ∃~ξ~T ∈ W ∗(µ) so that

µ ~X+
√

t~T∗S = µ ~X+ t
2
~ξ~T

+ O(t2).

Fact. ξ~T exists iff 1 ⊗ 1 ∈ dom∂∗~T , where ∂~T : C[X1, . . . , Xn] →
(L2(µ)⊗̄L2(µ))n is given by

∂~T (Xj) = Tj.

Moreover, ξ~T = ∂∗~T (1⊗ 1).

Since ~T 7→ ∂~T is clearly linear, we have that ~T 7→ ξ~T is linear.
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Singular Riemannian structure on TL.

We thus define

TµM = {~T ∈ TµL : ξ~T exists}
TµL

.

We can define a norm on TµM by

‖T‖Φ = ‖ξ~T‖L2(µ).

TµM = {T ∈ TµL : ‖T‖Φ < ∞}
TµL

Note:
∑

j ‖0, . . . , 1 ⊗ 1j, . . . , 0‖2Φ is exactly the free Fisher information
Φ∗(µ).
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Fact. ‖~T‖Φ < ∞ if and only if ∃!D closable possibly unbounded on
L2(µ), so that 1 ∈ domD, D · 1 = 0, 1 ∈ domD∗ and [D,Xj] = Tj ∈
HS ∼= L2(µ)⊗̄L2(µ).

This is because

ξ~T = (D − JD∗J) · 1 = −JD∗ · 1.

Fact. ‖~T‖Φ < ∞, ai, bi ∈ C[X1, . . . , Xn] =⇒ ‖
∑

ai
~Tbi‖Φ < ∞.

This is because
∑

JaiJ D JbiJ is again closable with domain that in-
cludes C[X1, . . . , Xn].

Corr. TµM is a W ∗(µ)⊗̄W ∗(µ)o-bimodule.
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δ as the dimension of TµM.

Definition. δ(µ) = dimW ∗(µ)⊗̄W ∗(µ) TµM.

Remarks.

• δ(X1, . . . , Xn) := δ(µX1,...,Xn) is an invariant of C[X1, . . . , Xn], τ .
”Invariance under algebraic changes of generators”.
This is because

TµM = {D closable C[X1, . . . , Xn] ∈ domD}
‖·‖X1,...,Xn

where ‖D‖2X1,...,Xn
=

∑
j

‖[D,Xj]HS‖22

and these norms for different choices of generators are equivalent.

– Typeset by FoilTEX – 8



Examples

• For 1 variable X with law µ (measure on R),

δ(X) = 1−
∑
t∈R

µ({t})2.



Examples

• For 1 variable X with law µ (measure on R),

δ(X) = 1−
∑
t∈R

µ({t})2.

This is because T = [D,X] ∈ HS with D as above implies that T
can be approximated in HS by Ti = [Hi, X] with Hi ∈ HS.



Examples

• For 1 variable X with law µ (measure on R),

δ(X) = 1−
∑
t∈R

µ({t})2.

This is because T = [D,X] ∈ HS with D as above implies that T
can be approximated in HS by Ti = [Hi, X] with Hi ∈ HS.Hence

TµM = HS/ ker θ, θ(H) = [H,X]



Examples

• For 1 variable X with law µ (measure on R),

δ(X) = 1−
∑
t∈R

µ({t})2.

This is because T = [D,X] ∈ HS with D as above implies that T
can be approximated in HS by Ti = [Hi, X] with Hi ∈ HS.Hence

TµM = HS/ ker θ, θ(H) = [H,X]

δ = dimN(HS/ ker θ) = 1− dimN ker θ, N = L∞(µ× µ).
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• H = F(Cn) = CΩ⊕ Cn ⊕ Cn ⊗ Cn ⊕ · · · Fock space
h ∈ Cn, l(h), r(h) : H → H left and right tensor multiplication by h.
Xi = l(ei) + l(ei)∗. Dj = r(ej). Then [Dj, Xi] = δijP1, so (0, . . . , 1 ⊗
1, . . . , 0) ∈ TµM.

• H = Fq(Cn)q-Fock space.h ∈ Cn, l(h), r(h) : H → H left and right
tensor multiplication by h.
Xi = l(ei) + l(ei)∗. Dj = r(ej). Then [Dj, Xi] ∈ HS, so can get a
lower bound on δ and the size of TµM.

• Random matrix models with a convex polynomial potential. Can find
D bounded with [D,Xj] = δijP1.
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Examples.

• γj =generators of a group Γ, c a cocycle with values in `2, tj = c(γj).
Let Xj = γj ∈ CΓ, τΓ Let Tj = diag(tj) ∈ HS. Then ∂~T is well-defined
and in fact ~T ∈ TµM.
This is becase c = δf where f is a (possibly unbounded) function on
Γ and one can essentially take D = diag(f). Now D is automatically
closable. Hence

`2-cocycles ⊂ TµM

L(Γ) `2-cocycles L(Γ) ⊂ TµM

Thus
δ(Γ) ≥ dimL(Γ) `2 = β

(2)
1 (Γ)− β

(2)
0 (Γ) + 1.
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The normal space.
In general, it could be that TµM = {0}.

Fact. Let µt = µ ~X+
√

t~T∗~S, Mt = W ∗(Xj +
√

tTj ∗ Sj : j = 1, . . . n) ⊂
W ∗(Xj, Sj : j = 1, . . . n). Then

‖~T‖Φ ≥ lim sup
t→0

1
t

n∑
j=1

‖EMt(Tj ∗ Sj)‖22.

Pick a pt-weak limit Ψ of EMt as t → 0. Thus

~T ∈ TµM =⇒ Ψ(Tj) = 0, j = 1, . . . , n.

Ψ : TµL/TµM → NµM
n− dimW ∗(µ⊗µ) NµM ≤ dimW ∗(µ⊗µ) TµM = δ.
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Non-microstates free entropy dimension.
Definition (Voiculescu) δ?(X1, . . . , Xn) = n− limt→0

∑n
j=1 ‖EMt(Sj)‖22

Motivation:

δ? = n− lim
t→0

tΦ∗(X1 +
√

tS1, . . . , Xn +
√

tSn),

L'Hospital's
= n− lim

t→0

χ∗(X1 +
√

tS1, . . . , Xn +
√

tSn)
log t1/2

which should be related to

n− lim
t→0

χ(X1 +
√

tS1, . . . , Xn +
√

tSn)
log t1/2

=
Minkowski content

of microstate spaces

dimW ∗(µ⊗µ) NµM≥ limt→0

∑n
j=1 ‖EMt(Sj)‖22

Theorem. dimW ∗(µ⊗µ) TµM≤ n− dimW ∗(µ⊗µ) NµM≤ δ?(X1, . . . , Xn).
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Free entropy dimension for groups.

Theorem. Let X1, . . . , Xn ∈ CΓ be generators of the group algebra.
Then

δ(X1, . . . , Xn) = δ∗(X1, . . . , Xn) = β
(2)
1 (Γ)− β

(2)
0 (Γ) + 1.

To prove this one needs control over the size of δ∗ from above.

Main fact: can produce L2 cocycles in the case that δ∗ is large; by pair-
ing with exact L2 cycles one can show that some cocycles vanish and
hence δ∗ can’t be too large.

Need theory of L2 cohomology.
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L2cohomology for groups.

M Riemannian manifold with a proper co-compact action of Γ

Ωk
(2) = k-forms ∈ L2(M).Ωk

c = k-forms of compact support.

d deRham differential

Hk
(2)(M) = ker d/Im d.Hk

(2)(M) is a Hilbert space

is a Γ-modulecocompact+proper =⇒ ⊂ `2(Γ)N

β
(2)
k (M,Γ) = dimL(Γ) Hk

(2)(M)
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Facts.

M contractible =⇒ β
(2)
k (M,Γ) depends only on Γ (indep. of Γ)

Don’t really need manifolds, can do CW-complex etc.

Can also do L2 homology instead.
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M contractible

N = L(Γ)

β
(2)
k (Γ) = dimN(ker d : Ωk

(2) → Ωk+1
(2) )− dimN(Im d : Ωk−1

(2) → Ωk
(2))

= dimN(ker d : Ωk
(2) → Ωk+1

(2) )− dimN(Im d : Ωk−1
c → Ωk

c)

= dimN(ker d : Ωk
(2) → Ωk+1

(2) )− dimN( ker d : Ωk
c → Ωk+1

c ).

Thus L2 cohomology counts L2 vs compactly-supported solutions to
cohomology problems.
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Example.

Γ a discrete group, G its Cayley graph.

f : edges → C is a cycle if the net flow through each vertex is 0.

β
(2)
1 (Γ) is the dimension of the space of `2 cycles vs the closure of the

space of compactly-supported cycles.

Γ = F2: no compactly supported cycles, but there exists `2 cycles.
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Algebra analogs

L2 cohomology counts L2 vs compactly-supported solutions to coho-
mology problems.
f ∈ Cc(Γ) ⇐⇒ f ∈ CΓ;
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