
F oliations

Manifold V and smo oth subbundle F of T V

a) Every x 2 V is contained in a submanifold
L of V such that

Ty( L ) = Fy 8 y 2 L :

b) Every x 2 V is in the domain U � V of a
submersion p : U ! Rq ( q = Co dim F ) with

Fy = Ker ( p� ) y 8 y 2 U :

c) C1 ( F ) = f X 2 C1 ( T V ) ; X x 2 Fx 8 x 2
V g is a Lie algeb ra.

d) The ideal J ( F ) of smo oth exterio r di�er-
ential fo rms which vanish on F is stable by
exterio r di�erentiation.
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Leaves

The leaves of the foliation ( V; F ) are the
maximal connected submanifolds L of V with

Tx ( L ) = Fx , 8 x 2 L

1) Though V is compact, the leaves L � , � 2 X
can fail to be compact.

2) The space X of leaves L � , � 2 X can fail
to be Hausdo r� and in fact the quotient
top ology can be trivial (with no non trivial
op en subset).
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Holonomy
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Inva riant measure fo r 
o ws

Assume dim F = 1 and F is oriented.

T ake X 2 C1 ( F + ). The leaves are then the
orbits of the 
o w  t = exp t X .

Measure = 0-dimensional current

h�; ! i =
R

! d� , 8 ! 2 C1 ( V )

Inva riance fo r X

 t � = � ( ) @X � = 0 ( ) d( i X � ) = 0

4



T ransverse measure fo r 1-dimensional
foliations

Assume dim F = 1 and F is oriented.

X ; X 02 C1 ( F + ) are related by X 0= ' X ,
' 2 C1 ( V ) + .

 0
t ( v) =  T ( t;v ) ( v) 8 t 2 R ; v 2 V :

 t � = � ( )  0
t � 0= � 0 � 0= ' � 1 �

C = i X �

i X 0� 0= i X �
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Ruelle-Sullivan Current

1) C is closed, i.e. dC = 0

2) C is positive in the leaf direction, i.e. if
! is a smo oth 1-fo rm whose restriction to
leaves is positive then hC; ! i = 0.

h�; f i = hC; ! i ; 8 ! 2 C1 (� 1 T �
C) ; ! ( X ) = f :
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T ransverse Measure

A transverse measure � fo r the foliation ( V; F )
is a � -additive map B ! �( B ) from Bo rel

transversals ( i.e. Bo rel sets in V with V \ L
countable fo r any leaf L ) to [0 ; + 1 ] such that

1) If  : B 1 ! B 2 is a Bo rel bijection and  ( x)
is on the leaf of x fo r any x 2 B 1 , then
�( B 1) = �( B 2).

2) �( K ) < 1 if K is a compact subset of a
smo oth transversal.
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The Ruelle-Sullivan cycle and the Euler
numb er of a measured foliation

( V; F ) equipp ed with a transverse measure �

dC = 0 thus C de�nes a cycle [C] 2 H k( V; R)

Let now e( F ) 2 H k( V; R) be the Euler class of
the oriented real vecto r bundle F on V

� ( F; �) = he( F ) ; [C]i

Poinca r�e and H. Hopf:

� ( M ) =
X

p 2 Zero X
! ( X ; p)

� ( F; �) =
Z

p 2 Zero X
! ( X ; p) d�( p)
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The degree of a vecto r �eld

In lo cal co ordinates, X = � ai @
@x i , the matrix

@ai

@x j ( p) is non degenerate and the lo cal degree
is the sign of its determinant
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Continuous Dimensions

Let B ; B 0 be Bo rel transversals, then if the two
bundles of Hilb ert spaces ( H L ) L 2 V=F , H L =
`2( L \ B ); H 0

L = `2( L \ B 0) are measurably iso-
mo rphic, one has �( B ) = �( B 0).

T yp e I I von Neumann algeb ra

It is the algeb ra of random op erato rs (mo dulo
null sets fo r �):

M = f ( TL ) L 2 V=F j TL 2 End L 2( ~L ) ; 8L 2 V=F g

~L is the holonomy covering of L .
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Real Betti numb ers

Theo rem (ac 1978)

a) For each j = 0; 1; 2; : : : ; dim F , there exists
a Bo rel transversal B j such that the bundle
( H j ( L; C)) L 2 V=F of j -th square integrable har-
monic fo rms on L is measurably isomo rphic to
( `2( L \ B )) L 2 V=F .

b) The scala r � j = �( B j ) is �nite, indep en-
dent of the choice of B j , of the choice of the
Euclidean structure on F .

c) One has � ( � 1) j � j = � ( F; �).
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Dimension t w o leaves

dim F = 2

H (0)
L = f square integrable harmonic 0-fo rms

on L g

As harmonic 0-fo rms are constant, there are
two cases:

If L is not compact, one has H (0)
L = f 0g.

If L is compact, one has H (0)
L = C.

Co rolla ry

If the set of compact leaves of ( V; F ) is �-
negligible then the integral

R
K d� of the in-

trinsic Gaussian curvature of the leaves is 5 0.

Pro of 1
2�

R
K d� = � 0 � � 1 + � 2 = � � 1 5 0.

Q.E.D.
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Longitudinal elliptic op erato rs

One sta rts with a pair of smo oth vecto r bun-
dles E1, E2 on V together with a di�erential
op erato r D on V from sections of E1 to sec-
tions of E2 such that:

1) D restricts to leaves, i.e. ( D � ) x only de-
pends on the restriction of � to a neigh-
borho od of x in the leaf of x ( i.e. D only
uses partial di�erentiation in the leaf direc-
tion).

2) D is elliptic when restricted to any leaf.
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The index theo rem fo r measured foliations

Theo rem (ac 1978)

a) There exists a Bo rel transversal B (resp. B 0)
such that the bundle ( `2( L \ B )) L 2 V=F is mea-
surably isomo rphic to the bundle (Ker D L ) L 2 V=F
(resp. to (Ker D �

L ) L 2 V=F ).

b) The scala r �( B ) < 1 is indep endent of the
choice of B and noted dim � (Ker ( D )).

c) dim � (Ker ( D )) � dim � (Ker ( D � )) =
: " hch � D Td ( FC) ; [C]i

( " = ( � 1) k( k+1)
2 , k = dim F , Td ( FC) = T odd

genus, � D = symb ol of D ) .
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`2 Betti numb ers fo r measured equivalence
relations

Theo rem (D. Gab oriau 2000)

The Betti numb ers � j ( F; �) of a foliation with
contractible leaves are inva riants of the mea-
sured equivalence relation R = f ( x; y) j y 2 leaf ( x) g.

0
@0 C (2)

0
@1 C (2)

1
@2 � � �

@n C (2)
n

@n+1 C (2)
n+1

@n+2 � � �

H (2)
n (� ; R ; � ) := K er@n=I m@n+1

� n(� ; R ) := dim � ( H (2)
n (� ; R ; � ))

is indep endent of the choice of a bounded n-
connected R -complex �.

(Cheeger-Gromov in the case of discrete groups
after Atiy ah's `2 Betti numb ers fo r covering
spaces).
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I I1 F acto rs and discrete groups

Group � I I1 F acto r M

Rep resentation Co rresp ondence
( M -bimo dule )

T rivial rep. Standa rd fo rm L 2( M )

Regula r rep. Coa rse : L 2( M ) H S
= L 2( M ) �
 L 2( M )

Amenable L 2( M ) � weakly L 2( M ) H S

Prop ert y T (k) L 2( M ) isolated (ac + vj)
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I I1 F acto rs and Betti numb ers (ac + ds)

By results of W. Luck fo r discrete groups �,

� (2)
� (�) = dim L (�) H � (�; L (�))

where H � stands fo r the algeb raic group ho-
mology .

L 2-homology of a von Neumann algeb ra M :

H (2)
k ( M ) = H k( M ; M �
 M o) :

Here H k stands fo r the algeb raic Ho chschild
cohomology of M .

H (2)
0 ( M ; � ) 6= 0 if and only if M is hyp er�nite.

One is led to consider the L 2-Betti numb ers,

� (2)
k ( M ) = dim M �
 M oH (2)

k ( M )

Problem For which groups do es one have

� (2)
� ( L (�)) = � (2)

� (�)
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F oliation 7! von Neumann algeb ra

It is the algeb ra of random op erato rs:

M = f ( TL ) L 2 V=F j TL 2 End L 2( ~L ) ; 8L 2 V=F g

jj T jj = EssSup jj TL jj

(mo dulo null sets fo r the smo oth (Leb esgue)
measure)

Examples

� Reeb Foliation 7! T yp e I1

� Kroneck er Foliation 7! T yp e II1 hyp er�nite

� Anosov Foliation 7! T yp e III1 hyp er�nite

� Flat connection 7! T yp e II1 non-hyp er�nite
(genus > 1)
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Inva riants of von Neumann algeb ras

TT : � ! � �
t

Theo rem (ac 1972)

� : R ! Out M = Aut M =Int M

( �  
t = Ad ut � �

t )

Inva riants

� S( M ) = \ Spec � ' � R+

� T ( M ) = Ker � � R

� W ( M ) = Flo w of weights.

( ) hyp er�nite non-ITPFI facto r)
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W eights on foliation algeb ra

For manifolds the positive measures in the \smo oth"
class are given by 1-densities,

Theo rem (ac 1976)

� Faithful normal weights ' on M corresp ond
to positive (unb ounded) random op erato r
one-densities

( TL;v ) L 2 V=F j TL;� v = � TL;v ; 8v 2 ^ qT ( V=F )

� Indep endently of v one has

� '
t = Ad T it

L;v

� Indep endently of v one has

( D  : D ' ) t = Sit
L;v T � it

L;v 2 M
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The Go dbillon-V ey inva riant

Let ( V; F ) be a transversally oriented compact
foliated manifold, of co dimension 1.

F = Ker ! ; ! 2 C1 ( V; T � ( V ))

d! = � ^ ! ; � = d� ^ �

GV := Class � 2 H 3( V; R)

Theo rem (ac 1983)(re�ning previous work of
Heitsch-Hurder)

Let M be the associated von Neumann algeb ra,
and W ( M ) be its 
o w of weights. Then if the
Go dbillon-V ey class of ( V; F ) is di�erent from
0, there exists an inva riant probabilit y measure
fo r the 
o w W ( M ).

( ) t yp e III)
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Homology of traces

Let B be a unital Banach algeb ra, view the dual
space B � as a bimo dule over B with ha'b; x i =
h'; bxai , 8 a; x; b 2 B .

Lemma Let � be a densely de�ned derivation
of B with values in B � . Assume that the unit
1B belongs to the domain of the adjoint � � of
� , then:

a. � = � � (1) is a trace on B .

b. The map of K 0( B ) to C given by � is equal
to 0.
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Homology � 0 gives 1-traces

De�nition Let B be a Banach algeb ra. By a
1-trace on B we mean a densely de�ned deriva-
tion � from B to B � such that

h� ( x) ; yi = �h � ( y) ; x i 8 x; y 2 Dom � :

Lemma Let � be a 1-trace on B , then:

a) � is closable.

b) There exists a unique map of K 1( B ) to C
such that, fo r any u 2 GL n(Dom �� ) (closure
of � ) one has:

' ( u) = hu � 1; �� ( u) i

hx; � ( a) i =
Z X

�
xg g( dag� 1) 8 x 2 C( S1) o �

implies K 1( C( S1)) � K 1( C( S1) o �).
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Higher jet bundle J +
k ( S1)

J +
k = bundle of positive frames of order k on

the oriented manifold S1.

Jet or order k, j k( f ), at 0 2 R of a lo cal orienta-
tion preserving di�eomo rphism f of a neighb or-
ho od of 0 in R to a neighb orho od of y = f (0)

S1 = R=Z with y the corresp onding co ordinate.
Then natural co ordinates in J +

k are ( y; y1; : : : ; yk),
y 2 R=Z, y` 2 R, y1 > 0.

f ( t ) = y + ty 1 + t2y2 + : : : + tkyk ; t 2 R :

J +
k is a principal Gk bundle over S1, where Gk is

the Lie group of k jets of orientation preserving
di�eomo rphisms of R which �x 0 2 R.

For any f 2 J +
k , g 2 Gk , the pro duct is just the

comp osition f � g of the jets.
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The one-trace d Log( ' 0) on A = C0( J +
1 ) o �

� acts on S1 by di�eomo rphisms.

`( g) 2 C1 ( S1) is the loga rithm of the Jacobian
of the di�eomo rphism associated to g 2 �:

` ( g) = Log
dg( y)

dy

1-co cycle ! 2 Z 1(� ; 
 2
J +

1
) given by:

! ( g) = d`( g) ^
dy1

y1

�
� X

Ug yg
�

=
X

Ug yg ! g

where fo r f 2 C1
c ( J +

1 ), f ! g is the element of
A � given by

hh; f ! gi =
Z

J +
1

h1 f ! g ; 8 h =
X

hg Ug 2 A
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Anab elian one-traces

De�nition Let � be a 1-trace on B , then � is
anab elian i� the domain of the adjoint � � con-
tains the center Z ( B �� ) and � � = 0 on Z ( B �� ).

Then fo r any h 2 Z ( B �� ) the pro duct h � is also
an anab elian one-trace.

Let � = d Log( ' 0) on A = C0( J +
1 ) o �, then

a) � is an anab elian one-trace.

b) � is inva riant under the action of G1 = R�
+ .

c) Any u 2 K 1( A ) de�nes a G1-inva riant nor-
mal linea r fo rm on W ( M ) by

L ( h) = hu� 1; h �� ( u) i ; 8h 2 W ( M ) � Z ( A �� )
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Assembly map (ac + pb)

Geometric group

K � ( V; �) is the K homology of the pair ( B � ; S� )
of the unit ball, unit sphere bundle of � = T V
over V� .

A cycle ( N ; F; g) is a triple where N is a com-
pact manifold without bounda ry, F 2 K � ( N )
a K -theo ry class, and g is a continuous map
from N to V� = V � � E �, which is K -oriented,
i.e. , such that the bundle T N � g� � is gifted
with a Spin c structure.

� : K � ( V; �) ! K � ( C0( V ) � �)

is the basic index construction of K -theo ry classes.
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Geometric examples

Let ( V; F ) be a foliated manifold, special cases
of the assembly map include

� Closed transversals N � V give elements of
K 0( C � ( V; F )).

� Analytic longitudinal index

Index( D L ) 2 K ( C � ( V; F ))

(is well de�ned in full generalit y, no trans-
verse measure (ac + gs)).
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Chern Cha racter

Let � = T V and H �
� ( V� ; Q) be the ordina ry sin-

gula r homology of the pair ( B � ; S� ) over V� ,
and with co e�cients in Q. The Chern charac-
ter

ch : K � ( V; �) ! H �
� ( V� ; Q)

is a rational isomo rphism.

Thom isomo rphism

� : H �
q+ n ( V� ; Q) ! H q( V� ; Q) ( n = dim V )

(where �( z) = p� ( U\ z), 8 z 2 H q+ n (( B � ; S� ) ; Q)
and where p is the projection from B � to the
base V� ).

Thus � � ch is a rational isomo rphism:

� � ch : K � ( V; �) ! H � ( V� ; Q) :
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Index pairing

Let � = d Log ( ' 0) on A = C0( J +
1 ) o �, then fo r

any x 2 K � ( J +
1 ; �) one has

h� ( x) ; � i = h� ch x; ( B � ) � GV i

where GV 2 H 3(W O 1) is the Go dbillon-V ey
class, and � : J +

1 o � ! G1 the natural homo-
mo rphism to the Hae
iger group oid.

One has the same fo rmula replacing every-
where J +

1 by S1 and the 1-trace � by the fol-
lowing cyclic 2-co cycle � on C1

c ( S1 o �):

� ( f 0 ; f 1 ; f 2) =
X Z

f 0( 
 0) f 1( 
 1) f 2( 
 2) ! ( g1; g2)

! ( g1; g2) = d`( g1g2) ` ( g2) � ` ( g1g2) d`( g2)
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Ho chschild cohomology H � ( A ; A � )

b� ( a0 ; a1 ; : : : ; an+1 ) =

P
( � 1) j � ( a0 ; : : : ; aj aj +1 ; : : : ; an+1 )+

( � 1) n+1 � ( an+1 a0 ; : : : ; an)

Cyclic cohomology H Cn( A )

� ( a1 ; : : : ; an ; a0) = ( � 1) n � ( a0 ; : : : ; an ) ; 8 ai 2 A

Exact T riangle

H � ( A ; A � )
B . - I

H C � ( A ) S� ! H C � ( A )
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Densely de�ned co cycles on Banach alge-
bras

De�nition

Let B be a Banach algeb ra. By an n-trace on
B we mean an n + 1 linea r functional � on a
dense subalgeb ra A of B such that

a) � is a cyclic co cycle on A .

b) For any ai 2 A , i = 1; : : : ; n there exists
C = Ca1;:::;an < 1 such that fo r all x j 2 A ,

j �̂ (( x1da1)( x2da2) : : : ( xndan)) j � C kx1k : : : kxnk 8 x i 2 ~A :
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Chern cha racter fo r Banach algeb ras

Lemma

Let � be an n-trace on a Banach algeb ra B .
Then there exists a map ' of K i ( B ) ( i = n(2))
to C such that:

a) If n is even and e 2 Proj M q(Domain � ) then

' ([ e]) = � 
 T r ( e; : : : ; e) :

b) If n is odd and u 2 GL q(Domain � ) then

' ([ u]) = � 
 T r ( u � 1; u; u� 1; u; : : : ; u � 1; u) :
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F orms and Currents

Space X Algeb ra A

V ecto r bundle Finite projective
mo dule

Di�erential fo rm Ho chschild cycle

DeRham current Ho chschild co cycle

DeRham homology Cyclic cohomology

Chern W eil theo ry P airing hK ( A ) ; H C( A ) i
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Hopf algeb ra H 1 (ac + hm)

As an algeb ra H 1 is the universal enveloping
algeb ra of the Lie algeb ra f X ; Y; � n ; n � 1g and
brack ets

[Y; X ] = X ; [Y; � n ] = n � n ; [X ; � n ] = � n+1

[� k ; � ` ] = 0 ; n; k; ` � 1 :

As a Hopf algeb ra, the cop ro duct � : H 1 !
H 1 
 H 1 is determined by

� Y = Y 
 1 + 1 
 Y ; � � 1 = � 1 
 1 + 1 
 � 1

� X = X 
 1 + 1 
 X + � 1 
 Y

and the multiplicativit y prop ert y

�( h1 h2) = � h1 � � h2 ; h1; h2 2 H 1
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Action of H 1 on A = C0( J +
1 ) o �

J 1
+ ( S1) ' S1 � R+

j ( t ) = y + t y1 + � � � ; y1 > 0 ;

' ( y; y1) = ( ' ( y) ; ' 0( y) � y1) :

The action of H 1 is then given as follo ws:

Y ( f U �
' ) = y1

@f

@y1
U �

' ; X ( f U �
' ) = y1

@f

@y
U �

'

� n( f U �
' ) = yn

1
dn

dyn

 

log
d'

dy

!

f U �
'

The volume fo rm
dy ^ dy1

y2
1

on J 1
+ ( S1) is in-

variant under Di� + ( S1) and gives rise to the
follo wing trace � : A ! C,

� ( f U �
' ) =

8
<

:

R
J 1

+ ( S1) f ( y; y1) dy^ dy1
y2

1
if ' = 1 ;

0 if ' 6= 1 :
(1)
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The trace � is � -inva riant under H 1

The trace � is � -inva riant with resp ect to the
action H 1 
 A ! A and with the mo dula r char-
acter � 2 H �

1 , determined by

� ( Y ) = 1; � ( X ) = 0; � ( � n) = 0 ;

The inva riance prop ert y is given by the identit y

� ( h( a)) = � ( h) � ( a) ; 8h 2 H 1

The fact that S2 6= 1 is automatically cor-
rected by twisting with � . Indeed, eS = � � S
satis�es

eS2 = 1 :
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Hopf cyclic cohomology H C �
Hopf ( H )

Hopf algeb ra H , character � with

eS2 = 1 eS = � � S

Cn( H ) = H 
 n

Face op erato rs @i : Cn� 1( H ) ! Cn( H ) are

@0( h1 
 : : : 
 hn� 1) = 1 
 h1 
 : : : 
 hn� 1;

@j ( h1 
 : : : 
 hn� 1) = h1 
 : : : 
 � h j 
 : : : 
 hn� 1 ; 1 � j � n � 1 ;

@n( h1 
 : : : 
 hn� 1) = h1 
 : : : 
 hn� 1 
 1 ;

Degeneracy op erato rs � i : Cn+1 ( H ) ! Cn( H ) ;
are

� i ( h1 
 : : : 
 hn+1 ) = h1 
 : : : 
 " ( h i +1 ) 
 : : : 
 hn+1 ;

Cyclic op erato r � n : Cn( H ) ! Cn( H )

� n( h1 
 : : :
 hn) = (� n� 1 eS( h1)) �h2 
 : : :
 hn 
 1 :
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No rmalized bicomplex ( CC � ;� ( H ) ; b; B )

The Hopf cyclic cohomology is computed from
the bicomplex CCp;q, where:

CCp;q( H ) = �Cq� p( H ) ; q � p;
CCp;q( H ) = 0; q < p ;

with

�Cn( H ) = \ Ker � i ; 8n � 1; �C0( H ) = C;

b : �Cn� 1( H ) ! �Cn( H ) ; b =
nX

i =0
( � 1) i @i

B = A � B 0 ; n � 0 ;

where

A = 1 + ( � 1) n � n + : : : + ( � 1) n2
� n

n :

B 0( h1 
 : : :
 hn+1 ) = (� n� 1 eS( h1)) �h2 
 : : :
 hn+1

B 0( h) = � ( h) ; h 2 H
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Cha racteristic map H C �
Hopf ( H 1) ! H C � ( A )

One lets A � A be the smo oth subalgeb ra.

The map

� � ( h1 
 : : :
 hn)( a0 ; : : : ; an) = � ( a0 h1( a1) : : : hn( an ))

where h1; : : : ; hn 2 H 1 and a0 ; a1; : : : ; an 2 A ,
induces a characteristic homomo rphism

� �
� : H C �

Hopf ( H 1) ! H C � ( A ) :
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Cha racteristic map and Gelfand F uchs co-
homology

� �
1 : H � ( a1 ; C) '� ! P H C �

Hopf ( H 1) ;

The element � 1 2 H 1 is a Hopf cyclic co cycle,
which gives a nontrivial class

[� 1] 2 H C1
Hopf ( H 1) :

Mo reover, [� 1] is a generato r fo r P H Codd
Hopf ( H 1)

and corresp onds to the Go dbillon-V ey class in
the isomo rphism � �

1 with the Gelfand-F uchs co-
homology .
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Schw arzian derivative

Schw arzian derivative

f y ; xg :=
d2

dx2

�

log
dy

dx

�

�
1

2

� d

dx

�

log
dy

dx

� � 2
:

The element � 0
2 := � 2 � 1

2 � 2
1 2 H 1 is a Hopf

cyclic co cycle, whose action on the crossed
pro duct algeb ra A = C1

c ( J 1
+ ( S1)) o � is given

by the Schw arzian derivative

� 0
2( f U �

' ) = y2
1 f ' ( y) ; yg f U �

'

and whose class

[� 0
2] 2 H C1

Hopf ( H 1)

is equal to B ( c), where c is the follo wing Ho chschild
2-co cycle,

c := � 1 
 X +
1

2
� 2

1 
 Y :
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T ransverse fundamental class

The generato r of P H Ceven
Hopf ( H 1) is the class of

the cyclic 2-co cycle

F := X 
 Y � Y 
 X � � 1 Y 
 Y ;

which in the foliation context represents the
`transverse fundamental class'.

It is \integral" and is the Chern character in
K -homology of the spectral triple given by the
hyp oelliptic transverse signature op erato r:

Q =

 
0 Y 2 + X

Y 2 � X 0

!
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Lo cal index fo rmula (ac + hm)

� The equalit y
Z
� P = Resz=0 T race ( P jD j � z)

de�nes a trace on the algeb ra generated by
A , [D ; A ] and jD jz, where z 2 C.

� Co cycle in the bicomplex ( b;B ) of A ,

' n( a0 ; : : : ; an) =
X

k
cn;k

Z
� a0[D ; a1 ]( k1) : : : [D ; an ]( kn ) jD j � n� 2jkj

� The pairing of the cyclic cohomology class
( ' n) 2 H C � ( A ) with K 1( A ) gives the Fred-
holm index of D with co e�cients in K 1( A ).
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Mo dula r Heck e algeb ra (ac + hm)

� � z =
az + b

cz + d
, j ( �; z) = cz + d

f jk � ( z) = det( � ) k=2 f ( � � z) j ( �; z) � k

Let � be a congruence subgroup. By a Heck e
op erato r fo rm of level � we mean a map

F : � nGL +
2 ( Q) ! M ; � � 7! F � 2 M ;

with �nite supp ort and satisfying the cova ri-
ance condition

F�
 = F� j 
 ; 8� 2 GL +
2 ( Q) ; 
 2 � :

( F 1 � F 2) � :=
X

� 2 � nGL +
2 ( Q)

F 1
� � F 2

�� � 1 j �

turns the vecto r space A (�) of all Heck e op era-
to r fo rms of level � into an associative algeb ra.
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Hopf action of H 1 on A (�)

The Hopf algeb ra H 1 admits a canonical action
on A (�).

Y ( f ) =
k

2
� f ; 8 f 2 M k :

X :=
1

2� i

d

dz
�

1

12 � i

d

dz
(log �) � Y

(where �( z) = � 24 = q
Q 1

n=1 (1 � qn) 24 with
q = e2� iz )

Y ( F ) � := Y ( F� ) ; 8 F 2 A (�) ; � 2 G+ ( Q) ;
X ( F ) � := X ( F� ) ;
� n( F ) � := � n;� � F� ;

where

� n; � := X n� 1( � � ) ; 8n 2 N :

� 
 ( z) =
1

2� i

d

dz
log

� 4 j 


� 4 :
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Z ( z) :=
2� i
3

Z z

i 1
� 4dz ;

dZ :=
1

3
� 4 dq

q
=

2� i

3
� 4 dz :
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J +
1 ( S1) L � 2

S1 � 0(1) nH �

� 2 R=2 � Z Z 2 C=�

ei � = cos� + i sin� ( } � ( Z ) ; } 0
� ( Z )) =

( 3p j ; � 2 E6
� 12 )

� ( � ) Z j 


� 0( � ) J ( 
 ) = dZ j 

dZ

( d
d� ) n Log ( � 0( � )) ( d

dZ ) n Log ( J ( 
 ))

48



Hopf Symmetry of Mo dula r Heck e Alge-
bras

Let � be any congruence subgroup.

10. The ab ove de�ne a Hopf action of the Hopf
algeb ra H 1 on the algeb ra A (�).

20. The Schw arzian derivation � 0
2 = � 2 � 1

2 � 2
1 is

inner and is implemented by ! 4 = � E4
72 2

A (�) , E4( q) := 1 + 240
P 1

1 n3 qn

1� qn :

30. The image of the tranverse fundamental
class [F ] 2 H C2

Hopf ( H 1) under the canoni-
cal map from the Hopf cyclic cohomology
of H 1 to the Ho chschild cohomology of
A (�), gives the natural extension of the
�rst Rankin-Cohen brack et f � ; �g1 to the
algeb ra A (�).
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Some available pap ers

Here are relevant pap ers that can be down-
loaded on the site

http://www.alainconnes.o rg/do wnloads.html

10. A survey of foliations and op erato r alge-
bras.

20. Cyclic cohomology and the transverse fun-
damental class of a foliation.

30. Hopf algeb ras, cyclic cohomology and the
transverse index theo rem (with Henri Moscovici).

40. Mo dula r Heck e Algeb ras and their Hopf Sym-
metry (with Henri Moscovici).

50. L 2 Homology fo r von-Neumann Algeb ras
(with D. Shly akhtenk o).
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