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I. Heisenberg Manifolds

Definition. A Heisenberg manifold is a man-
ifold M together with a distinguished hyper-
plane H C T'M.

The most important examples of Heisenberg
manifolds are:

- Foliations;
- Contact manifolds:

- Cauchy-Riemann manifolds.



e CR manifolds

Definition. A CR structure on an orientable
manifold M2t js given by a rank n complex
subbundle Ty o CIcM so that:

- Ty o is integrable, i.e. [T1 0,71 0] C T1 0.
- Tl,O M TO,l = {0}, where Tl,O = T1,0~

Equivalently, H = R(1T7 o®1p,1) has the struc-
ture of a complex vector bundle of rank n.

Examples. 1. Heisenberg group H2"nt1,
2. Hypersurface M c C™.

3. Circle bundles over complex manifolds.



e Motivations for studying CR manifolds:

1. Important geometric objects (thanks to
work of Cartan, Chern-Moser, Kohn, Feffer-
man, Tanaka, Webster ...).

2. Step towards a geometric index formula
for complex manifold with boundary (i.e. bound-
ary version of the Riemann-Roch theorem).

3. Step towards the study of the NCG of
Lorentzian manifolds with Fefferman metric.



e Contact Manifolds:

Definition. A contact structure on an ori-
entable manifold M?2"t1 js given by a nonva-
nishing 1-form 6 such that dO0 is everywhere
nondegenerate on H = Ker 6.

Examples. 1. Heisenberg group H2"nt1
2. Nondegenerate hypersurface M C C™.

3. Boundary of symplectic manifold, e.g. co-
sphere bundle S*M of a manifold M.



e Motivations for studying contact manifolds:

1. Important geometric structure (thanks to
work of Elyashberg, Gromov, Rumin ...).

2. Step towards a geometric index formula
for symplectic manifold with boundary.



e Tangent Lie Group Bundle:

Lemma. T here exists a 2-form L : H x H —
TM/H so that

Ln(X(m),Y(m)) =[X,Y](m) mod Hy,

for sections X, Y of H near m € M.

Definition. The tangent Lie group bundle GM
is obtained by endowing the bundle,

(TM/H)® H
with the grading and product such that

t(Xo+ X)) =t’Xg+tX', teR,
(Xo+X).(Yo+Y') =
Xo + Yo + %ﬁ(X’, Y+ X' 4+Y

for sections Xq, Yo of TM/H and X', Y' of H.



Proposition. We have:

rk L = 2n <= GpM ~ H2"1 x RI727,

where H?"*1 the (2n+1)-dimensional Heisen-
berg manifold.

This result justifies the terminology Heisen-
berg manifold.

Heisenberg Chart:

Definition. 1) A H-frame is a local frame
Xo,X1,...,Xg of T'M such that Xq,...,Xy
span H.

2) A Heisenberg chart is a local chart for
M together with a H-frame on its domain.



Remarks (RP, arXiv ‘04). 1) We can char-

acterize the type of a Heisenberg manifold

(foliation, contact, CR) by means of the struc-
ture of its tangent Lie group bundle.

2) Using some privileged coordinates at every
point x € M we can interpret GM as the
Lie group of a Lie algebras span by jets of
the vector fields Xg, Xq,...,X, 4 of a H-fame
around x.

3) The privileged coordinates allows us to get
a straightforward construction of the tangent
groupoid, very much close to Connes’ original
construction of the tangent groupoid of a
manifold.



e List of Main Geometric Operators:

- 9y-complex and its associated Laplacian,
the Kohn Laplacian, on a CR manifold.

- Rumin’s contact complex and its associated
LLaplacian on a contact manifold;

- Horizontal (sub-)Laplacian A g on a general
Heisenberg manifold;

- Hormander (sub-)Laplacian A = —(X? +
...—I—Xz?) + Xg, where X1,...,X, span H.

With the exception of the contact Laplacian
these Laplacians are sublaplacians, i.e. locally
of the form

A = —(X7+.. +XD+HXXo+u1 X1+ . AugXgtv,

for some H-frame Xg, Xq,...X,.
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II. Heisenberg Calculus

The Heisenberg calculus is the right pseudod-
ifferential tool to study the main differential
operators on Heisenberg manifolds.

It was independently introduced by Beals-
Greiner (‘84) and M. Taylor (‘84), extending
previous works by Dynin, Folland-Stein and
Boutet de Monvel.
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e Differential Operator of Order m

Continuous operator P : C°(M) — C°°(M)
locally of the form
10

a[<m

Associated to P is its symbol

p(z,&) = ) aa(z)E?,

a[<m

so that P = p(x, D) and we have

Pu(z) = 2m)™" [ e p(a, ©)a(€)de.
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e Classical Symbol of Order m:

Using this last formula we can define p(x, Dy)
for more general symbols such that

p~ > pm—js Pm—j(@AE) = N p(x, £),
720
i.e. for any N >0 as [{| — oo we have
DEDL(p— S pmy) (,€)| = O] ™)
J<J
for J > Jaﬁ large enough.
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e WDQO of Order m:

Continuous operator P : C°(M) — C°°(M)
locally of the form

P = p(SB, DCB) _I_ Ra

where p is a classical symbol of order m and
R is a smoothing operator.
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e Heisenberg Calculus (Local Theory)

Let U c R4t+1 pe a Heisenberg chart with H-
frame Xo,...,X,;. The Heisenberg calculus is
such that:

- Xo has order 2 and Xq,...,X, order 1;

- At any x € U the calculus is modelized by
that of homogeneous left-invariant convolu-
tion operators on the tangent group G;U.
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e Heisenberg Symbols of order m

Smooth functions on U x R4*+1 such that

q~ Z dm—j, Qm—j(:E) )\5) — )\m_qu_j(w,f),
720

where X.&€ = (A\2€p, Aé1, ..., AEY)

Since the vector fields X;'s are approximated
by left-invariant vector fields X}"s at any point
x € U we use them to quantize the Heisen-
berg symbols. Let o0;(z,§) be the classical
symbol of %Xj and set

O':(O'(),...,O'd) and XZ(Xl,...,Xd).

Then —iX = o(x, D) and we quantize a Heisen-
berg symbol ¢g(z, &) by letting

q(x, —1X) = q(x,0(x,Dz)).
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Definition. An operator@ : C*(U) — C°°(U)
is a W DO of order m when it is of the form

where q is a Heisenberg symbol of order m
and R is smoothing.

We let W' (U) denote the space of WDO's
of order m.
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e Model Operator and Symbolic Calculus

Definition. Let Q € W} (U). Then the model
operator of Q at x is the left-invariant W g on
GU given by

QY = g, (—iX™"),
where qF, = qm(x,.) and gqm(x,&) is the prin-
cipal symbol of Q).

Proposition. Forj = 1,2 let q; be a homoge-
neous Heisenberg symbol of degree mj. Then
there exists a homogeneous Heisenberg sym-
bol ¢ = q1 x go of degree m1 + mo so that

(g1 * q2)*(—iX") = ¢{ (—iX")g5(—iX").
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Remark. This convolution is local w.r.t. z,
but is neither commutative, nor microlocal
(i.e. local w.r.t. &).

Using the convolution for Heisenberg sym-
bols we get:

Proposition. Let Q; € \UZJ(U), j=1,2. Then
Q =Q1Q> is a VDO of order m1 + mo and
we have

dm1+mo — 9mq * Gmy and (Q1Q2)" = Q1Q3.
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Heisenberg Calculus (Global Theory):

Proposition (Beals-Greiner, Taylor). The
class of Wy DO's of order m is invariant by
the action of Heisenberg diffeomorphisms.

This allows us to define WyDQO’s of order m
on any Heisenberg manifold (M, H).

Proposition (RP '04). To any P € W7 (M)
we can associate:

- A model operator P* at any point x as a
left-invariant convolution operator on GoM

- A principal symbol as a homogeneous smooth
function on g*M \ O.
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Proposition. For P ¢ W (M) TFAE:

(i) The principal symbol of P is invertible
(w.r.t. convolution for Heisenberg symbols).

(ii) P admits a parametrix Q € W " (M)
(i.e. we have QP = PQ =1 mod W—°(M)).

Moreover, if (i) and (ii) hold then P is hy-

poéelliptic, i.e. we have Sobolev estimates

lulls4my2 < CUIPulls + [[ulls) Yu € CZ(M).

The main geometric operators on Heisenberg
manifolds are hypoelliptic in the above sense,
except the Kohn Laplacian which has an in-
vertible principal symbol only outside forms
of some given bidegrees.
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ITII. Hypoelliptic Functional Calculus

In order to be able to make use of the NCG
framework we shall now construct complex
powers of hypoelliptic W ;DO's.

Here we’'re facing a big technical hurdle: due
to the non-microlocality of the Heisenberg
calculus we cannot carry through Seeley’s ap-
proach to the complex powers.

Instead we will rely on two new approaches:

1. Heat kernel approach: good for differen-
tial operators which are positive;

2. Almost homogeneous calculus: good for
general hypoelliptic WyzDO's.
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e Holomorphic Families of W yzDQO's

Let 2 C C be open.

Definition. A family (qz),cq of symbols is
holomorphic when:

- The order m, is an analytic function of z;
- (qz) is a hol. family of smooth functions;

- The bounds of q ~ > i>09,m,—j are locally
uniform in z.

Definition. A family (Q.) of Wy DQO'’s is holo-
morphic if it is locally of the form

Q: = Qz(an —iX) + Rz,

where (q,) is a holomorphic family of symbols
and (R;) is a holomorphic family of smooth-
ing operators.

23



e Heat Kernel Approach to Complex Powers

Let P be a differential operator of even Heisen-
berg order m such that:

- P is (semi-)positive, i.e. (Pu,u) > 0;
- P has an invertible principal symbol.

Then for any s € C we can define P° by stan-
dard L2-functional calculus.

Theorem (RP '04). The above complex pow-
ers form a holomorphic family of Wy DQO'’s.
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The proof is quite easy (and again new). It
relies on combining the Mellin formula,

P = I_(s)_lf

0
together with an extension of the pseudodif-

ferential representation of the heat kernel of
P due to Beals-Greiner-Stanton (JDG ‘84).

00 dt
tse_tPT, 3%3 > O,

This result applies to all our semi-positive ex-
amples (Kohn Laplacian, contact Laplacian)
and it has several interesting consequences:
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- Fill a gap in the proof of Julg-Kasparov of
BC conjecture for SU(n,1) (complex powers
of the contact Laplacian).

- Heat kernel asymptotics for hypoellip-
tic differential operators, extending results
of Beals-Greiner-Stanton for (positive) sub-
laplacians.

- Construction of weighted Sobolev spaces
Wz (M), s € R, interpolating Folland-Stein
spaces at positive integers and providing us
with sharp regularity estimates for W yDO's.
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e VDO Representation of the Resolvent

We can give a pseudodifferential representa-
tion of the resolvent using an “almost homo-
geneous” WyDO calculus with parameter.

In this context the parameter set is a pseu-
docone, i.e a subset A C C\O of the form
N = © U B with © conical and B bounded.
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Let A be an open pseudocone and let p € Z.

Definition. HolP(A) is the space of functions
f € Hol(A) so that for any closed pseudocone
N C A\ we have

FOOI < CA(L+ADP,  XeN.

Let w € N* and let U be a Heisenberg chart
with H-frame Xg,...,X,;. We define para-
metric W yDO's on U as follows.
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e Parametric symbols of order m:

Symbols g,y € C®(U x R¥T1) @ HolP(A) with
an asymptotic exapansion,

a0~ 2 AN m—j)
720
where:
- gy € C°(U x (RYT1\ 0)) ® HolP(A) is
almost homogeneous of degree [, i.e. for any
t > 0 we have

Q(th),z(fﬂat-f)—tlQ(A),l(ica ¢) € SR HRHOIP(A);

- the sign ~ means a symbol asymptotics
whose bounds grow as O(|A|P) with .
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e Parametric W yDO's of order m:

The class \IJZ:?;(U) consists of families Q)
of the form,

Q) = o (z, —1X) + Ry,
where g,y is a parametric symbol of order m
and R,y belongs to W™°(U) ® Hol?(A).

Proposition. 1) If P; € \Um]’pj(U) j = 1,2,
then Py P> € wm1+m2’p1+p2(U).

2) The class WV H’w(U ) is invariant by Heisen-
berg diffeomorphisms.

Thanks to the 2nd part we can define para-
metric W yDQO's on any Heisenberg manifold.
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Let P be a Wy DO of order m and let L be
ray in C\ O.

Definition. L is a principal cut for P if near
any point x € M there are:

- a Heisenberg chart U,

- an open pseudocone N\ containing L,

such that on U x R4t1 x A the principal sym-
bol of P — )\ is invertible.

Remark. The definition depends only on the

principal symbol of P and implies the invert-
ibility of the principal symbol P.
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Definition. ©(P) is the union set of all the
principal cuts of P.

The principal set ©(P) is a cone which is
open when M is compact.

Assume ©(P) is not empty. Then:

Proposition (RP '04). 1) The spectrum of
P consists in a discrete and unbounded set
of eigenvalues.

2) The intersection of Sp P with any closed
cone © C ©(P) is finite.
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Let ©(P) be the cone obtained from ©(P) by
removing from it all its rays that are through
an eigenvalue of P and set

A(P) = ©(P)U[D(0, Rp) \ 0].
where Rp = dist(0,Sp P \ 0).

Theorem. 1) A(P) is an open pseudocone.
2) (P —X)"1 belongs to W™t (M; A(P)).
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Cayley Hamilton Decomposition:

Assume ©(P) nonempty. The characteristic
suspace and projector associated to an eigen-
value A € Sp P are

E)\(P) = Ukzo ker(P — )\)k,

M\(P) = /!u—/\|=’r(P — )y,

where r is small enough to isolate X\ from the
rest of the spectrum.

Proposition (RP ‘04). 1) Ny (P) is a smooth-
ing operator which projects onto E,(P) along
Ex(P*)*.

2) E\(P) is a finite dimensional subspace
of C°(M).
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We extend the previous definitions to the

eigenvalue A = oo by letting

Noo(P) = lim —1p=Lp - W) lau,
o(P) = IIm on—r" (P —p) "dp

Theorem (RP ‘04). For any s € R we have

L2(M) = Fxespufoo} EA(P),
Yo My(P)=1.

AESP U{oo}

This follows from a general result about the
Cayley-Hamilton decomposition of compact
operators and closed operators with compact
resolvent on Hilbert spaces (RP’' 04).
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e Partial Inverse:

Consider the characteristic space,

Ego(P) = +xe(spTuioco)\0EA(P).

Definition. The partial of P, denoted P~ 1,
is the bounded operator on L?(M) that van-
ishes on Eqg(P) and inverts P on E@\O(P).

Theorem (RP ‘04). 1) The partial inverse
P~1 s a WyDO of order —m.

2) We have

prpl=plp=1_nyP),
(PHY =P~ H)F k=12 .. ..

In particular, P~ 1lisa parametrix for P.
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e Complex Powers:

Let Ly = {arg\ = 6} be a ray contained in
A(P). Then we can define a bounded oper-
ator on L2(M) by letting

1
Pi=—"—"| X((P-)N)"1d\, ®Rs<O.
0 2@7'(' |_0 ( ) >

Proposition. We have

s1+s S S
P01 2:P91P92,

PyMy=pP7F k=1,2...,

where P~ % denotes the partial inverse of PF.
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Proposition (RP ‘04). The family (Pj)rs<o
iIs a holomorphic family of Wy DQO’'s so that
ordPé9 = s.0ordP.

Thanks to this for s > 0 we can directly
defined Py as a Wy DO Dby letting

Pj = PPk,
where k is any integer > Rs. Then we get:
Theorem (RP ‘04). The family (P})scc IS

an analytic 1-parameter group of Wy DQO'’s so
that ordPg = s.ordP and

Pf=P, P;l=pP1 P)=1-nNg(P).
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e Consequences of this Approach:

- For 8 = = yields uniform boundedness re-
sults along vertical stripes a < Rzb in terms
of Wg-Sobolev spaces and the aperture of
A(P) around L.

- Existence and unicity result for the heat
equation,

{ oru(x,t) + Pru(x,t) = v(z,t),
u(x,0) = ug.

associated to Wy-data (v, ug).
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IV. Noncommutative Residue Trace

Let (M1 H) be a compact Heisenberg man-
ifold.

We can construct a noncommutative residue
trace on W ;DO'’s of integer order which is a
complete analogue of the celebrated Wodzicki-
Guillemin noncommutative residue trace.
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e Logarithmic Singularity

Proposition (RP ‘0O1). Let P € W (M), m €
Z.. Then:
1) Near the diagonal the kernel kp(x,y) of P
has a behavior near the diagonal of the form
—1

kp(z,y) = ) aj(z,¢a(y))
j=—(m+d+2)

—cp(x)log |9z (y)| + O(1),

where a;(x,\.z) = )\jaj(ac, z).

2) The coefficient cp(x) makes sense globally
as a density on M.
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e Analytic Extension of the Trace:

If ordP < —(d+ 2) then P is traceable and
we have

TrP=/k ).
MP(wa)

Using an analytic continuation of the map
P — kp(xz,x) we get:

Theorem (RP '01). 1) The trace has a unique
analytic continuation P — TR P to \IJ%Z(M).

2) TR[P]_, PQ] = 0 when ordP; + ordP> & Z.
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Let P be a WyDO of integer order m. Then
TR has essentially a pole at P:

Theorem (RP '01). Let (P,) be a holomor-
phic family of Wy DQO's such that:

- PO :P,'
-ordP, = z + m.

Then the map z — TR P, has a simple pole
at z = 0 in such way that

res,—g TRP, = — /M cp(x).
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Definition. The noncommutative residue of
PecWw&(M) is

Res P = /M cp(x).

From the construction of the functional Res
we obtain:

Proposition (RP '01, '04). 1) Res is a local
functional, i.e. is given by integration of a
density.

2) We have
ordQ.Res P =res,—g TR PQ,”

for any positive order W i DO Q) with principal
cut LQ .

3) Res is trace, i.e. Res[Py, P>] = 0.
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On the other hand, a famous result of Wodz-
icki (‘84) and Guillemin (‘93) is:

Theorem. If M is connected then any trace

on W(M) is proportional to the Wodzicki-
Guillemin noncommutative residue Res.

In the Heisenberg setting we get:
Theorem (RP '04). If M is connected then

any trace on W% (M) is proportional to the
(Heisenberg) noncommutative residue Res.
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e Some Consequences of this Construction:

- Short proof of a result of Hirachi (‘04)
on the logarithmic singularity of the Szego
kernel.

- Zeta functions and spectral asymmetry
of hypoelliptic WDQO's and connection with a
conjecture of Fefferman-Hirachi.

- Heat kernel asymptotics for general hy-
poelliptic W yzDQO'’s (via inverse Mellin trans-
form).

- Conformal variations of spectral invari-
ants associated to the conformal powers of
the Ag-sublaplacian on a CR manifold (re-
cently constructed by Gover-Graham (‘03)).

- Area of 3-dimensional CR manifold.
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e Quantized Calculus (Connes)

Let 'H be a Hilbert space. Then the following
table of equivalences holds.

Classical Infinitesimal

Quantized Calculus

Complex Variable
Real Variable
Infinitesimal Variable
Infinites. of order «

Integral [ f(x)dx

Operator on 'H
Selfadjoint Operator
Compact Operator
Compact Operator s.t.
pp(T) = O(k™%)
Dixmier Trace T
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Here:

- u(T) is the (k 4+ 1)'th characteristic value
of the compact operator T, that is

up(T) = (k4 1)'th eigenvalue of |T| = VvT™T.

- The Dixmier trace is defined on infinitesimal
operators of order > 1 and such that, for
T >0,

1
lim
N—oo log N

S ,uk(T):L:>][T=L.

k<N
Thus fvanishes on trace-class operators, hence

on infinitesimal operators of order > 1 (like
the integral).
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Theorem (Connes ‘88). Let M be a com-
pact manifold and let P be a WDO on M of
negative order —m.

1) P is an infinitesimal operator of order ﬁ.

2) If ordP = —dim M, then

1
][Pz _ Res P
dim M

where Res denotes the Wodzicki-Guillemin
noncommutative residue trace.
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Theorem (RP ‘O1). Let (M,H) be a com-
pact Heisenberg manifold and let P be a W g DO
on M of negative order —m.

1) P is an infinitesimal operator of order

m
dim M+1-
2) If ordP = —(dimM + 1), then

1
][Pz _ Res P.
dmM + 1
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Consequence:

We can integrate any Wy DO, even when it
IS not an infinitesimal operator of order > 1,
just by letting

Res P.

fpzmmM+1
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e Area of a CR manifold:

Let (M27t1 6) be a pseudohermitian mani-
fold and let Ay be its sublaplacian.

For any f € C®°(M) we have

][fAb_(n'H) — /M £(2)(dO)™ A 6.

Thus ds = /Ay recaptures the contact vol-
ume. This leads us to define

Areag M = ][dSQ.
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Theorem (RP ‘01). Ifdim M = 3 then
Areag M = ][ds2 = /M ras(x)df N0,

where r); denotes the Tanaka-Webster scalar
curvature of M.

Example. For S3 ¢ C2 we get

2

Areay S =~ _

2v/2

Potential Application: Should vield a spec-
tral interpretation of the Einstein-Hilbert ac-
tion of a Lorentzian manifold with Fefferman
metric.
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VI. Local Index Formula for Heisenberg Manifold

e The Local Index Formula in NCG

The local index formula ultimately holds in
a purely operator theoretic setting (Connes-
Moscovici '95).

This allows us to recover the Atiyah-Singer
index formula for Dirac operators, as well as
many other examples.

This framework uses two main tools:
- Spectral triples;

- Cyclic cohomology.
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e Spectral Triples:

A spectral triple is a triple (A, H, D) where:

- 'H is a Hilbert space together with a Z»-
grading v : Hy @ H- — H- ® H,;

- Ais an involutive unital algebra represented
in 'H and commuting with the Z»-grading ~;

- D is a selfadjoint unbounded operator on
H s.t. [D,a] is bounded Va € A and of the
form,

0O D~ . +
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Spectral Triple

The datum of D above defines an index map
indp : Kg(A) — Z so that

indple] = indeD e,
for anyselfadjoint idempotent e € M,(A).

- p-summability:

We say that D is p-summable when we have

up (DY = Ok~ 1/P)  as k — oo,
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- Dimension spectrum:

Let \IJ%(A) be the algebra generated by the
Zo-grading ~ and the 6%(a)’s, a € A, where §
is the derivation 6(T) = [|D|,T] (assuming A
is contained in Ng>gdom §%).

Definition. The dimension spectrum of (A, H, D)
is the union set of the singularities of all the
zeta functions

C(P;z) =TrP|D|7%,P e Ww)(A).
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- Noncommutative residue trace:

Assuming p-summability and simple and dis-
crete dimension spectrum we define a non-
commutative residue trace on W (A) by let-
ting:

][P = Res,_o TrP|D|~* for P c WO (A).

This functional is local in the sense of non-
commutative geometry since it vanishes on
the elements of W%(A) that are traceable,

58



Theorem (Connes-Moscovici ‘95). Suppose
that (A, H,D) is p-summable and has a dis-
crete and simple dimension spectrum.

1) The following formulas define an even co-
cycle ocpm = (por) in the (b, B)-complex of
the algebra A.

- For k=0,

2
©o(a®) = finite part of Trvya%e P as t — o,

- For k # 0,
k() = S AP0 XD
84
Py = d°[D, aleal D, q2k)le2k]

where the c ,’s are universal rational con-
stants and the symbol TUl denotes the j'th
iterated commutator with D=.

2) We have:

indple] = (lecml, e) Ve € Kg(A).

where (., .) is the pairing of cyclic cohomology
with K-theory.
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e Index Formula for Heisenberg manifolds:

Here we consider:
- A (compact) Heisenberg manifold (M, H);

- A Zo-graded bundle S = ST & S~ over M
with grading #;

- An operator D € Wi (M,S) which anti-
commutes with v and such that the complex
powers of D? form a holomorphic family of
WV DO's;
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Using the complex powers of D2 and the non-
comutative residue for the Heisenberg calcu-
lus we get:

Proposition (RP ‘01). The spectral triple,

(C®(M), L*(M,S), D)

is (d+ 2)-summable and has a simple dimen-
sion spectrum contained in

{keZ, k<dmM 4+ 1}.

T herefore, the theorem of Connes and Moscovici
applies.

In this setting the index formula has a geo-
metric description as follows.
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Let £ be a Hermitian vector bundle together
with a unitary connection V. Then:

a) Since here A = C°°(M) the CM cocycle is
actually a current C'p whose pairing with the
K-theory class of £ is given by

([Cpl, [€]) = (Cp, Ch F®),

where Ch F€ = Tre—F° is the total Chern
form of the curvature F¢ of &.
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b) Using V we can twist D into Dy ¢ given
by the composition

rsee) &V rsermes) ™8 rse e,

mpl(fPdf) ® o] = fO[D, f'o.
This operator anticommutes with the grad-
ing of S ® £ and we have
indp[€] = ind DY ...

Therefore, we obtain:
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Theorem (RP ‘01). 1) There exists an even
de Rham current C'p on M such that for any
Hermitian vector bundle £ over M with uni-
tary connection V we have

ind DY o = (Cp, Ch F¥).
2) The components Co, k = 0,2,..., of Cp

are given by the following formulas.

- For k =0,
(Co, f°) = /M fo(x) Strsag(D?, ),
- For k = O,
(Cops P A NdFZRY =N e ][ka’a|D|—2(|oz|+k),
(87

Ppo = fOID, fHlenl D, p2klear]

where §denotes the noncommutative residue
for the Heisenberg calculus.
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e Geometric Operators

There is an obstruction to constructing sig-
nificant geometric operators for which the
previous index formula applies. Namely, we
cannot transplant into the CR and contact
settings the Dirac construction used by Aitiyah-
Singer, for it yields non-hypoelliptic opera-
tors. However, using a construction inspired
by that of the mixed transverse signature op-
erator of Connes-Moscovici (GAFA ‘95), we
can build hypoelliptic signature-type opera-
tors out of:

- the Kohn-Rossi complex (RP’' 01);

- Rumin’s contact complex (RP unpub-
lished).

The actual computation of the correspond-
ing currents is still in progress.
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