1. Introduction

Let H be a separable complex Hilbert space, B(H )
be the Banach space consisting of all bounded

linear operators from H to H. A von Neumann

algebra M is defined to be a selfadjoint subalge-

bra of B(H ) which is closed in the strong operator

topology. Factors are the von Neumann algebras

whose centers are scalar multiples of the identity.

The factors are classified by means of a relative

dimension function into type I, Il, Il factors.

In this talk, we focus mainly on the type II; von
Neumann algebras. Some interesting examples
of type Il4 factors come from actions of the group
on a measure space and from complex group al-
gebras. (ref. [10])



1.1 Factors from complex group algebras

The Hilbert space H is I2(G). We assume that G
IS countable so that H is separable. For each g In
G, let Ly denote the left translation of functions in
1°(G) by g~ 1. Then g — L, is a faithful unitary
representation of G on H. Let L(G) be the von
Neumann algebra generated by {L, : g € G}.

Proposition 1 ([12]) If GG is an infinite conjugacy
class (i.c.c) group, then L(G) is a ll{ factor.

Examples:

1. L(F(n)), where F(n) is the free group with
n(> 1) generators.

2. L(IM), where I is the permutation group of Z
(consisting of those permutations that leave fixed
all but a finite set of Z.

3. L(SL(3,Z)), where SL(3,Z) is the 3 x 3
special linear group with integer entries.



1.2 Factors from actions of group on a mea-
sure space

The group-measure construction of Il factors in-
volves a (countable separated) measure space (S, S, m)
on which a countable group G acts freely. The al-

gebra Ag of multiplications by essentially bounded
measurable functions on L2(S, m) = H is max-

imal abelian in B(H). Each g gives rise to a
unitary operator U, on H that “normalizes” Ag

(that is, UgAgU; = Ag and A — UgAU is a

* automorphism of Ag). Let Hy be H and K be
Dgecty.

If we describe the elements of B(K) as matrices
with columns and rows indexed by the elements of
G and entries from B(H), those diagonal matri-
ces, with the same element of Ay at the each di-
agonal entry, form an abelian von Neumann sub-
algebra A of B(KC).



Let V,; be the matrix with 6, 4qUg at the p, g en-
try, where 0, 41S0if p = qgand I if p = ¢, and
R(Ap, G) be the von Neumann algebra gener-
ated by Aand {V; : g € G}.

Proposition 2 ([12]) If m(S) < oo, G acts ergod-
ically on S, and m has no atoms, then R(Ag, G)
Is a factor of type Il{ and A is a “Cartan subalge-
bra” of R(Ag, G).

A Cartan subalgebra A of a II{ von Neumann al-
gebra M is a maximal abelian von Neumann sub-
algebra of M, such that the normalizer of A, de-
noted by N (A), generates M, where

N(A) = {u € M|u unitary, uAu™ = A}.



1.3 Questions
A very natural question was asked:

Does every type Il; von Neumann algebra have a
Cartan subalgebra? What about L(F(n))?

By his theory of free entropy, Voiculescu ([17])
showed that L(F'(n)) has no Cartan subalgebra,
which answered the question negatively.



2. A Dbrief introduction to free probability and
free entropy theory

2.1 Free probability theory

In the early 1980s, D. Voiculescu began the devel-
opment of the theory of free probability and free
entropy. This new and powerful tool was crucial
In solving some old open problems in the field of
von Neumann algebras.

A noncommutative W* —probability space is a pair
(M, ) where M is a von Neumann algebra and
7 1S a normal state. We assume that M has a
separable predual and 7 is a faithful normal tracial
state. (So that M is a finite von Neumann alge-
bra). Elements of M are called non-commuting
random variables.



Definition 1 (From Voiculescu [19]) The distribu-
tion of a random variable A in (M, 7) is a linear
functional ;« on C[x], the polynomial ring with vari-
able x and coefficients in C, such that u(v(x)) =

(¢ (A)) for all ¢ (x) in C[x].

Example: A semicircular element A in M is one
whose distribution 4 satisfies the “semicircle law”
centered at a € R and of radius » > 0 where that
law 4, : C[z] — C is defined by

a—+r
() = o [T ()~ (t— o).

mwr a—r

Definition 2 (From Voiculescu [19]) The joint dis-
tribution of a family of random variables A;, i € Z,
in (M, 1) is a linear functional 1 on

C < x;,1 € T >, the noncommutative polynomial
ring with noncommuting variables x;, such that
,LL(’QD(CIZZ'l, ce ,CCZn)) = T(”(b(AZ'l, Ceey A’én)) for ev-
eryyinC < x;,1 €7 >.



Definition 3 (From Voiculescu [19]) The von Neu-
mann subalgebras M;,: € Z of M are free with
respect to the trace 7 if 7(A7 ... Ap) = O when-
ever Aj € M, i1 # ... # in and 7(A4;) =0
for1 <5 <nandeveryninN.



Theorem 1 Central Limit Law (From Voiculescu
[19]): Let (M, 7) be a noncommutative probabil-
ity space, and let (aj)ﬁl be a free family of ran-
dom variables in M such that:

1. ¢(aj) =0 \V/] 2 1;

2. sup;>1 |¢(a§)| < oo Vk > 2;
. 2

Then letting s, be %(al + --- 4+ an), the se-

quence (sp)o21 converges in distribution to the
semicircle law ~g ;..



Using the model of random matrices, D. Voiculescu
proved the following important theorem:

Theorem 2 (Voiculescu [19]) Letn > 2 and let S
be a set with at least two elements. Then
L(F(]S])) ~ Mp(C) ® L(F(n?(|S| — 1) + 1)).
In particular,

L(F(2)) ~ Mn(C) ® L(F(n® + 1))
L(F(2)) ~ M2(C) ® L(F(5)) |

Also by using the model of random matrices, Rad-
ulescu was able to show the following,

Theorem 3 (Radulescu [14]) The fundamental group
of L(F(00)) is RT. That s, in essence,

L(F(o0)) =~ Mn(C) ® L(F(c0)),

forany n > 1.



2.2 Free entropy

Let M, (C) be the k x k full matrix algebra with
entries in C and 7, be the normalized trace on
M, (C),i.e., 7, = 1Tr where Tr is the usual trace
on M (C). Let Mg“ denote the self-adjoint com-
plex matrices. The euclidean norm || |[c on (M;*)"
IS given by

I(A1,..., Ap)||2 = Tr (A + - + A2),

for each (A1,..., Ap) in (M7%)". Let A denote
the Lebesgue measure on (M;*)™ induced by the
euclidean norm || ||e.



Let (M, 7) be all; von Neumann algebra, X1,...,Xn
be self-adjoint elements in M. For ¢, R > 0,
m,k € N, let

Mp(X1,...,Xn,m,k,¢)

be a subset of (M7?)" consisting of all (A1, ..., An)
in (M7%)™ such that

|T(Xi1 “ e in) - Tk(Ail “ e A’én)| S €,

forall 1 <p<m, (i1,...,ip) € {1,...,n}Pand
4]l < R, 1< j<m.



Then, we define successively,

Xr(X1,..., Xn;m,k, )
= log A(Mp(X1,...,Xn;m,k,€)),
xr(X1,..., Xn;m,e)

= limsup (k‘QXR(Xl, o Xnomyke) + g log k) :

k— o0

— Iﬂf{XR(Xl,,Xn,m,e) . m < N7€ > 0}7

= Sup XR(Xla e ,Xn).
R>0



In [16], D. Voiculescu proved the following

Theorem 4 Basic Properties of x(X1,...,Xn),

1. One Variable Case

x(X) = // log |s—t\d,u(3)d,u(t)—|—§—|—% log 2,

where 1 Is the distribution of X.

2. Assume x(X;) > —oo,1 < j < n. Then,

X(X1,.-, Xn) = x(X1) + - + x(Xn)
Iff X1,...,X, are freely independent.

Therefore, for free group factor L(F(n)), there
are self-adjoint elements X+, ..., Xy, such that

x(X1,...,Xpn) > —oc0.



For technical reasons, D. Voiculescu [21] defined
modified free entropy x(X1,..., Xn : Y7,...,Ym),
as with x (X1, ..., Xn), using
I_R(X]_,,Xn Y]_,,Ym,m,k,e)

— prl,...,nrR(Xla s 7XTL7 Y]_a R Ym! m, ka 6)7

and successively.



2.3 Free entropy dimension The results apply-
Ing free entropy can be nicely stated in the lan-
guage of free entropy dimension (also developed
by the D. Voiculescu). (See [16]).

Definition 4 Let (M, 7) be a von Neumann alge-
braandthetraceonit. Let X1,..., X,,Y7,...,Ym
be selfadjoint random variables in (M, 7). The
modified free entropy dimension is defined by

50(X1,...,Xn : Yl,...,Ym) = n-+

lim sup

X(Xl +eS1,...,. Xn+ €5, 51,...,5n, Y7, ...

e—0 | 109 €]
where {S1,...,Sn} is a semicircular family and
X1y, Xn, Y7,...,Ymand {S1,...,Sn} arefree.
If m = 0, we write §g(X1,...,Xn).

Definition 5 Free entropy dimension of a von Neu-
mann algebra M, fdim(M) is defined as

fdim(M) = sup{dg(X1,--.,Xn),
X1 ...Xp Isafamily of generators of M}



2.4 Some earlier results

1. Voiculescu ([16]) showed that for any n in N

fdim(L(F(n))) > n.

2. Voiculesu [17] showed that if von Neumann
algebra M has a Cartan subalgebra, then

fdim(M) < 1.

3. The fifty-year-old question of Ambrose and
Singer was answered by Ge [4] (also using
Voiculescu’s free entropy) when he showed
that if the von Neumann algebra M has sim-
ple maximal abelian von neumann subalge-
bras, then

fdim(M) < 2.



4. Later, Ge [5] showed that if von Neumann al-
gebra M is not prime, i.e., is a tensor product
of two infinite-dimensional von Neumann al-
gebras, then

fdim(M) < 1.
In particular, L(F(n))(n > 1) is prime.

This also solves a very old question.

5. K. Dykema [3] computed the free entropy di-
mension for the von Neumann algebra with
property C.

6. M. Stefan [15] showed that the free group fac-
tors L(F(n)) don’t have nonprime subfactors
with finite index.



2.5 Our main result (Joint work with Liming
Ge)

Theorem 5 Let M be a type Il; von Neumann
algebra. If there is a sequence of “Haar” unitaries
{uj}ﬁl iIn M such that

1. {uj}%l generate M, and

2. uj_|_1uju;f+1 IS in the von Neumann subalge-
bra generated by {u1,...,u;} forall j > 1,

then
fdim(M) < 1,

where the unitary « is called a Haar unitary if 7(u") =
O for n # O.



Collorary 1 L(F(n)) has no Cartan subgebras
forany n > 2.

This is the result by Voiculescu in [17].

Collorary 2 L(F(n)) is not prime for any n > 2.
This is the result by Liming Ge in [5]

Collorary 3 fdm(L(SL(2n 4+ 1,7Z))) < 1.

This extends an earlier result by Voiculescu in [18].



3. A sketch of the proof of our main theorem

The idea of the proof of the our main result is mo-
tivated by the papers from Liming Ge [5] and D.
Voiculescu [17, 18].

Let k be a large integer and denote

(1 0 - 0 \

2mwifk ...
Wy = O e 0

\(:3 c:) eQm’(k:—l)/k)



For any integers g, p and any positive numbers
w, D, Dj;'s , inductively we define the following
constants:

= dy_1 = € :
9-1 7 13D/g g-1 7 Fg-1
0g—1
_ 9 p
— , o =€,
g—?2 45Dg—1 g—2 g—>2
)
45 D5
01
€0 = ——



Let M be a type Il; von Neumann algebra. We
assume that there is a sequence of “Haar” uni-
taries {uj}ﬁl iIn M such that

1. {uj}%l generate M, and

2. uj_|_1uju;f+1 IS in the von Neumann subalge-
bra generated by {u1,...,u;} forall j > 1.

Let X1, Xo, ..., X, be self-adjoint elements in

M with || X;|| < 1 forall j. Forany w > 0, as-
sume that there exist an integer g > 0 and non-
commutative polynomial W;(z1,...,x4),i = 1,...,n,
such that

X — Wiug, ..., ug)llo < w.



In the von Neumann algebra M, we have
X1,X0,...,Xn

U, U2, . . ., Ug

Vo = ugulué
Vi = Uit 1 U U
g — Yj+1%%541
_ *k
and the relations:

Xi — wi(ula R 7“’9)”2 <w

wj1uj — vjujpl2 =0
vj — P;i(ul, ..., uj)|lo <6;/45




We have the correspondence between the von
Neumann algebra M and the matrix algebra M (C):

von Neumann algebra — matrix algebra
uj — K;
v; — 5;



So, we have the following lemma:

Lemma 1l For any
(A1,...,An, K1,...,Kg,81,...,54-1)
In
Mo/0(X1, .- Xn,u1, ... ug,v1, ..., Vg1, k, M, €)
and any given

W, €Qy---,€g—1,
we can choose m large and epsilon small enough
so that

1. HAZ — wi(Kla o ,KQ)HQ < w
2.for1 <j3<g-—1,
|Kj1K; — SjKjt1ll2 < €o,

5.
1S5 —j(K1,...,Kj)ll2 < z&

3. there is a family of unitary matrices U, V;
€ M (C), such that
|K; — U;W1U¥ |2 < eo and
15 = V;WiVil2 < eo



For any positive number 4,

Lemma 2 Assume that A, B, C are given elements
in M (C) satisfying:
1. A is conjugate to the unitary matrix W;
2. ||B]| <£2,||C]| £2and B is normal (i.e.
B*B = BBY¥);
3. ||AC — CB||> < 6.
Define the following two sets:

3>(A,B,6) ={G € M,(C) :
|Gl < 2,[|[AG — GBl|2 < d};
Q(A,B,§) ={H € M, (C) :
|H -Gl <e= 51/ for some G in (4, B,d)}

Then C € X (A, B,§) and the covering number
w(Q2(A, B,9d),6¢) of Q(A, B, d) with balls of ra-
dius 6¢ (with respect to the normalized trace norm

| ||2) satisfies

2 -3
w(S2(A, B, 5), 6¢) < (2)27k*8" P
€



We will use 7 (A, B, §) to denote a set of cover-
ing balls of radius 6¢ for 2( A, B, ¢) that has mini-

mal cardinality. So the cardinality of 7 (A, B,¢) is
1

1=
bounded by (2/¢)27k?0" P,

In our applications, we will be interested in a sub-
set, denoted by 77 (A, B,d), of T(A, B,d) con-
sisting of all balls that contain an element of the
form U*W1U for some unitary U in (k). in the
following, we will choose and fix such an element,
denoted by W, in each ball in 77 (A, B, J).



Our procedure for handling K’s
We proceed as follows:

1. For K4, we already know that there is a unitary
matrix Uy, such that

| K1 — U1 W1U7 |2 < eo.

2. From the relations:

| KoKy — S1K>5|2 < €g,

01
S1 — K < —
151 — ¥1(K1)]|2 5

we know that

|UT KUy W — p1 (W1)UTKoU1 |2 < €.

3. Apply our Lemma 2, we know that there is
some W from 77 (W1,4(W17), €1), 62) such that

|Wo — UTKoU1 |2 < 13e€q,



and

1
p

2 1-
Card(T (W1, ¥(W1), e1), 82)) < (aﬂﬂ‘*%

4. Repeating step 2 again, we can show that

Lemma 3 There are some unitary matriices Uq
and W; in U (k), such that

IW; — U K;Usl]l2 < 13¢j_1.
Therefore
|[UTA;Up — W ,;(W1, Wa,...,Wy)|l2 < 3w

for j = 1,...,g9, where W, and ¢; are all de-
scribed as above, and

1—

J
€j—1

ik Sy

# of choices of W; < ( (j>1).




Theorem 6
< 10g(8C) + g log(6er) + (n — 1) log w,

where C < 3737 is a constant.

With the von Neumann algebra M as above, we
have

Theorem 7 Suppose X1, ..., Xy are self-adjoint
elements in M that generate M as a von Neu-
mann algebra. Then the free entropy dimension

5(X17 X2,y . 7Xn) < 1.
Therefore,

fdim(M) < 1.
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