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Multivariate Stochastic Korovkin Theory Given Quantitatively

George A.Anastassiou

University of Memphis

ganastss@memphis.edu

We introduce and study very general multivariate stochastic positive linear operators
induced by general multivariate positive linear operators that are acting on multivariate
continuous functions. These are acting on the space of real differentiable multivariate
time stochastic processes. Under some very mild, general and natural assumptions on the
stochastic processes we produce related multidimensional stochastic Shisha Mond type in-
equalities of Lq type, 1 ≤ q < ∞, and corresponding multidimensional stochastic Korovkin
type theorems. These are regarding the stochastic q-mean convergence of a sequence of
multivariate stochastic positive linear operators to the stochastic unit operator for various
cases. All convergences are produced with rates and are given via the stochastic inequali-
ties involving the maximum of the multivariate stochastic moduli of continuity of the nth
order partial derivatives of the engaged stochastic process, n ≥ 0. The astonishing fact
here is that basic real Korovkin test functions assumptions are enough for the conclusions
of our multidimensional stochastic Korovkin theory. We give an application.

A Limit Theorem for Szego Polynomials with respect to Convolution

Michael Arciero

University of New England

marciero@une.edu

Two recently-proposed methods for estimating the m frequencies of a trigonometric
signal using Szego polynomials of fixed degree k > m consist of multiplying the moments
of the n-truncated periodogram by the moments of the Poisson kernel and the wrapped
Gaussian, respectively, in an effort to address the non-convergence of the polynomials as
n approaches infinity. These methods are seen to be equivalent to convolution of point
masses with approximate identities, suggesting a general method. We characterize the
limit polynomial for the case when the approximate identity is the Fejer kernel, extending
recent results of the author for the case of the Poisson kernel. Moreover, the limit is seen
to be the same as in the former case.
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Trivariate Spline Approximations of Divergence-Free Vector

Fields

G. Awanou* and M.J. Lai

Northern Illinois University and University of Georgia

awanou@math.niu.edu

We discuss the approximation properties of divergence-free vector fields by using
trivariate spline vectors which are also divergence-free. We pay special attention to the
approximation constants and show that they depend only on the smallest solid angle in
the underlying tetrahedral partition and the nature of the boundary of the domain. The
estimates are given in the max-norm and Lp norm.

Asymptotically optimal choice of knots for spline

interpolation and applications to numerical integration

Yuliya Babenko

Sam Houston State University, Huntsville, TX, USA

babenko@shsu.edu

In this talk we will discuss some questions of adaptive approximation by various classes
of splines (linear, multilinear, biquadratic). In particular, we will study the asymptotic
behavior of the optimal error of weighted approximation in different norms by interpolating
splines from these classes.

One of the standard applications of adaptive choice of knots is to design cubature
formulae which are optimal on the class of functions we consider and exact on a certain
subset of it.

An example of results obtained is a cubature formula for computing a weighted integral
with positive weight Ω ∈ C(D) of an arbitrary function f ∈ C2(D), D = [0, 1]2, such
that its Hessian H(f ;x, y) is positive and bounded away from zero. We shall present
estimate for the error as well. To introduce the formula for the error we shall construct
an asymptotically optimal triangulation 4∗

N where N is the number of vertices in the
triangulation. If E(f,4∗

N) denotes the error of the cubature formula then we show that

E(f,4∗
N) ≤ ‖Ω‖1/p

p

C+
p
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∫
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p

, p ∈ [1,∞],

where C+
p is a certain constant which will be characterized. This formula is exact on the

piecewise linear functions corresponding to the partition 4∗
N .
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Algebraic Spline Molecular Models from Electron Microscopy

Chandrajit Bajaj

University of Texas at Austin, Austin, Texas, USA

bajaj@cs.utexas.edu

In this paper I shall describe an intertwined signicant set of image processing, compu-
tational geometry, computational topology and algebraic spline approximation algorithms
to reconstruct molecular structural models of molecules from Electron Microscopy (EM)
Imaging. I shall also allude to the increased use of these molecular models in approximating
binding energetics, a necessary step towards computational drug discovery.

Minimal energy splines for hole filling on planar and

spherical domains.

V. Baramidze* and V. Raevskaya

Western Illinois University and University of Northern Iowa

vbaramidze@gmail.com

We conduct numerical investigation on how degree, smoothness, density of the data
affects minimal energy splines used to fill holes. We experiment with both planar and
spherical domains, convex and nonconvex.

Uniform approximation by weighted polynomials

David Benko

Western Kentucky University, Bowling Green, KY

dbenko2007@yahoo.com

Let w(x) be a continuous non-negative weight on the real line which decays faster
than 1/|x|. The topic of uniform approximation by weighted polynomials w(x)nPn(x) was
introduced by Saff. He conjectured that w(x)nPn(x) (n = 0, 1, 2, ...) are dense on the
support of the equlibrium measure, assuming logw(x) is concave. This was proved by
Totik. In the talk we give other sufficient conditions on w(x) which imply denseness.

On Durrmeyer Type Operators and Quasi-Interpolants

E. E. Berdysheva

University of Hohenheim, Stuttgart, Germany

elena.berdysheva@uni-hohenheim.de

In the talk we present our recent results on the Durrmeyer type operators and quasi-
interpolants. Our consideration includes the Bernstein-Durrmeyer operator in the Lp-
spaces with Jacobi weights on the d-dimensional simplex, the Baskakov-Durrmeyer and
the Szász-Mirakjan-Durrmeyer operators in the Lp-spaces on the half-line.
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A formula for the error of finite sinc-interpolation

with an even number of nodes

Jean-Paul Berrut

University of Fribourg, Switzerland

jean-paul.berrut@unifr.ch

Recently we gave a formula for the error committed when truncating the sinc-series
of a function that does not decrease sufficiently rapidly for the discarded tails of the series
to be negligible. The main part of the formula is a polynomial in the distance between the
nodes whose coefficients contain derivatives of the function at the extremities.

The middle term of a sinc-series usually corresponds to the origin, so that its symmetric
truncation contains an odd number of terms, one for every node. In our talk we give the
formula for the case of an even number of nodes.

Tree-based Adaptive Learning Algorithms

Peter Binev

University of South Carolina, Columbia, SC

binev@math.sc.edu

We consider an adaptive process of solving a nonlinear approximation problem in
which the adaptive decisions are organized in a tree. In each step the decision is based
upon the information gained via certain queries about the function f to be approximated.
The function f itself is known only through a number of samplings drawn independently
according to an unknown probability measure for which f is the regression function. Thus,
the queries can be based only on these m samplings and the approximation results should
be statistical in nature. LetN be the number of parameters used to define the approximant.
It should be clear that a smaller N would result bad approximation, while if N is too large
the probability of a failure would be unacceptably high. The goal is to design an algorithm,
linear in N , which finds a near-best approximant with high probability.

A prediction scheme for the adaptive approximation

of nonlinear functions of wavelet expansions

K. Bittner* and K. Urban

University of Ulm, Germany

kai.bittner@uni-ulm.de

A core ingredient of adaptive wavelet methods for nonlinear operator equations is the
adaptive evaluation of nonlinear functions. We present an efficient adaptive method for
approximately evaluating nonlinear functions of wavelet expansions using semi-orthogonal
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spline wavelets. Solving the two tasks of predicting an index set for the approximation in
terms of wavelets, as well as the approximative computation of the corresponding wavelet
coefficients, we are able to achieve the desired accuracy. The computational complex-
ity of the proposed method has the same asymptotic behavior as the best n-term tree
approximation.

On the construction of optimal cubature formulas

for r times differentiable functions on a ball

V. F. Babenko and S. V. Borodachov*

Dnepropetrovsk University, Ukraine and Georgia Institute of Technology, USA

borodasv@math.gatech.edu

We consider the problem of construction of the optimal formula of approximate in-
tegration along the ball B[0, R] in Rd which uses as information integrals of the function
along n spheres centered at the origin and contained inside this ball. The integrands be-
long to the class of continuous functions on B[0, R] whose generalized radial derivative of
order r ≥ 1 is in the unit ball of the weighted Lp-space on B[0, R], p ≥ 1, with the weight
|x|1−d.

This problem is reduced to the problem of the best approximation of the power func-
tion y(t) = tr+d−1 by linear combinations of truncated powers of order r − 1 in the space
Lp′ [0, R].

Using known results on spline approximation we study the asymptotic behavior as n
gets large of the error of the optimal cubature formula on the class of functions described
above.

Exact solution for the case r = 1 and p = 1 has been obtained earlier by the authors.

Asymptotic results for the weighted best-packing problem

on rectifiable sets

S. V. Borodachov*, D. P. Hardin, and E. B. Saff

Georgia Institute of Technology and Vanderbilt University, USA

borodasv@math.gatech.edu

We consider the limiting case of the problem of minimization of the weighted Riesz
energy on compact sets A ⊂ Rm which can be obtained as an image of a bounded set from
Rd with respect to a Lipschitz mapping (1 ≤ d < m). The asymptotic behavior of the
quantity

δw
N (A) := max

x1,...,xN∈A
min
i6=j

w(xi, xj) |xi − xj |

as N gets large is obtained for weights w(x, y) ≥ 0 which are continuous on the diagonal
D(A) of A×A at almost every point with respect to the d-dimensional Hausdorff measure,
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bounded in some neighborhood of D(A) and separated from zero on any closed subset of
A×A disjoint with D(A).

We also find the weak* limit distribution of asymptotically optimal sequences of N -
point configurations as N gets large.

These results are also obtained for the case when w has a finite number of poles of
order less than one on D(A).

The support of the limit distribution of optimal

Riesz energy points on sets of revolution in IR3

J. S. Brauchart*, D. P. Hardin, and E. B. Saff

Vanderbilt University, Nashville, TN

johann.brauchart@Vanderbilt.Edu

Let A be a compact set in the right-half plane and Γ(A) the set in IR3 obtained by
rotating A about the vertical axis. We investigate the support of the limit distribution of
minimum energy point charges on Γ(A) that interact according to the Riesz potential 1/rs,
0 < s < 1, where r is the Euclidean distance between points. Potential theory yields that
this limit distribution coincides with the equilibrium measure on Γ(A) which is supported
on the outer boundary of Γ(A). We show that there are sets of revolution Γ(A) such that
the support of the equilibrium measure on Γ(A) is not the complete outer boundary, in
contrast to the Coulomb case s = 1. However, the support of the limit distribution on the
set of revolution Γ(R+A) as R goes to infinity, is the full outer boundary for certain sets
A.

A Normalization for the Riesz N-energy

Matthew Calef* and Douglas Hardin

Vanderbilt University, Nashville, TN

matthew.t.calef@vanderbilt.edu

We consider a compact set A of positive and finite d-dimensional Hausdorff measure
embedded in Rn. Potential theory has addressed the problem of finding a unique prob-
ability measure which minimizes the Riesz s-energy when s is less than d. In the case
when s is equal to or greater than d, established techniques break down because the Riesz
kernel is no longer integrable. For the case when d equals n, we provide a modified energy
which is finite and has a unique minimizing probability measure. Further, we show that
the minimizing probability measures for s less than n converge in the weak-star topology
to our minimizer as s approaches n from below.
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Approximation processes for resolvent operators

M. Campiti* and C. Tacelli

University of Lecce, Italy

michele.campiti@unile.it

In collaboration with Albanese and Mangino (2006, 2007), we have considered the
possibility of representing the resolvent operator of a C0-semigroup by means of iterates
of suitable approximation processes. More recently in collaboration with Tacelli (2007) we
have introduced suitable approximation processes for the resolvent operator and we have
studied their convergence providing also some quantitative estimates. The representation
formulas obtained in this manner are particularly useful in studying qualitative properties
of the semigroups, as we shall indicate with some applications.

Some consequences concerning with cosine functions is also considered.

Properties of regularization operators in learning theory

Andrea Caponnetto

The University of Chicago and the University of Genova

caponnet@uchicago.edu

We discuss the properties of a large class of learning algorithms defined in terms
of classical regularization operators for ill-posed problems. Popular algorithms from this
class, such as Regularized Least-Squares (RLS) and Landweber Algorithm were studied in
[1] and [2]. In particular, in [1], a minimax analysis was performed, and it was showed that
RLS attains optimal rates of convergence over a suitable family of priors. We describe
similar optimality results for general regularization operators in the supervised setting
of learning theory. We show that suitable data-dependent criteria for the choice of the
regularization parameter enforce adaptation over the considered family of priors.

[1] A. Caponnetto and E. De Vito. Optimal rates for regularized least-squares algo-
rithm. Foundations of Computational Mathematics, 2006.

[2] Y. Yao, L. Rosasco and A. Caponnetto. On early stopping in gradient descent
learning. to appear in Constructive Approximation.

n-Dimensional Spaces with Maximal Projection Constant

Bruce Chalmers

University of California, Riverside

blc@math.ucr.edu

The case n = 1 is the Hahn-Banach theorem. We will discuss n larger than 1 and
show in particular that the maximal projection constant for n = 2 is 4/3 in case the field
is real.
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Tight Wavelet Frames from Subdivision

Maria Charina* and Joachim Stöckler

Dortmund University, Germany

maria.charina@math.uni-dortmund.de

We show how to construct multivariate tight wavelet frame decompositions for scalar
and vector subdivision schemes with nonnegative masks. The constructed frame generators
have one vanishing moment and are obtained by factorizing certain positive semi-definite
matrices. The construction is local and allows us to obtain framelets even in the vicinity
of irregular vertices. Constructing tight frames, instead of wavelet bases, we avoid extra
computations of the dual masks. In addition, the frame decomposition algorithm is stable
as the discrete frame transform is an isometry on `2, if the data are properly normalized.

The Discovery of the Goldbach Conjecture Code

and the Proof of Goldbach Conjecture

Qing-Hui Chen

Goldbach Conjecture Research, Madison, WI, USA

y8271959@yahoo.com

It has been discovered in my research that there is indeed a hidden and unknown
real number (called Goldbach conjecture code) in the matching situation of Goldbach
conjecture. The discovery of Goldbach conjecture code makes the irregular order in the
conjecture be able to be transformed into very regular, so that it can be revealed the law
of Goldbach conjecture, or the regulation of distributions of Goldbach conjecture prob-
abilities, exists. It is based on the law, a exactly quantitative equation, that the proof
of Goldbach conjecture could be really and completely proved by the probability method
and basic mathematical principles and exact quantitative analytical methods. The proved
exact mathematical expression of Goldbach conjecture theorem is:

M1 =
A1A2

N/2 − d
≥
A1A2

N/2
≥ 1,

or

M1 ≥
1

ln(N/2)

(

N

lnN
−

N/2

ln(N/2)

)

≥ 1, N ≥ 30,

in which, M1 is the number of ways to write any even number greater than 2 as a sum
of two primes, N is any even number greater than 2 (or N ≥ 30), A1 is the number of
primes which are less than or equal to N/2, A2 is the number of primes which are greater
than or equal to N/2 but less than or equal to N − 1, and d is Goldbach conjecture code
(−N/2 < d < N/2).

The proof of Goldbach conjecture reveals that one of the features of prime distribution
regulation is the partial symmetric distribution which is related to even number and infinite
with even numbers infinite big.
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Lagrange Polynomial Interpolation

Ward Cheney and Debao Chen*

UT Austin and OSU Tulsa

cdebao@cs.okstate.edu

Lagrange polynomial interpolation at some well-known nodes, such as zeros of the
Chebyshev polynomials of first and second kinds, was extensively investigated. In this pa-
per, we provide a generalization of such investigations and study the Lagrange polynomial
interpolation at a special class of nodes. Each number in a closed interval of the real line
corresponds to a set of nodes in this class. Many well-known nodes fall into this class. In
particular, zeros of the Chebyshev polynomials of first and second kinds, and Chebyshev
extrema are the particular cases in this class. The equidistant nodes can be viewed as a
limiting case in this class.

From Interpolating Subdivisions to Representation of

Scattered Data

Charles Chui

University of Missouri-St. Louis and Stanford University

ckchui@stanford.edu

The mathematical contents of this presentation represent selected samples of recent
results obtained in an on-going joint research project with Qingtang Jiang on surface
subdivisions with matrix-valued templates. In this lecture, we will introduce this topic by
extending the cubic B-spline refinement equation to the bivariate setting, thereby arriving
at some re-formulation of Loop’s scheme with certain degree of freedom, which allows us to
extend Loop’s scheme to interpolating surface subdivisions, without increasing the cubic
polynomial degree and decreasing the C2 smoothness property. Subdivision templates for
extraordinary vertices of arbitrary valences are derived accordingly. An example from our
non-spline results to achieve one-ring templates will also be discussed. In a joint work with
Wenjie He, the subdivision templates for this example are adopted to construct minimum-
supported basis functions for bivariate scattered data interpolation.

Advances on Dislocation properties of Energy Minimizing

Configurations, Manifold Image Learning and Applications

S. B. Damelin

Georgia Southern University

damelin@georgiasouthern.edu

Consider the problem of minimizing the energy of a finite number of fixed particles on
a compact set in Euclidean space which interact pairwise via a symmetric, positive definite
kernel.
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(1) We will begin by discussing recent results of the author and his collaborators
on how this problem relates to Thompson’s best packing problem and the distribution
of charges on Wigner crystals. (2) Next we consider the related problem of learning
meaningful descriptions of a large number of data points which arise in ultrasound images
of the nerve plexus. We establish the equivalence of energy and discrepancy in this case
and prove corresponding bounds for fill distance (mesh norm) and diffusion metrics for the
related class of reduced learning kernels. (3) We conclude with a brief discussion on some
other interesting connections of this circle of ideas to imaging of neutrons in biochemical
assays and seperation estimates for Riesz configurations.

Applications of Curvelets in Computer Vision

S. Dekel

GE Healthcare and Tel-Aviv university, Israel

shai.dekel@ge.com

Curvelets [1] are a recent construction of a transform with good time-frequency-
direction localization. As a tight frame, it provides a stable representation of L2 functions.
There are also the closely related constructions of Contourlets [7] and Shearlets [3]. In
[2], the authors show similarities between Curvelets and new models of the human vision
system developed by researchers working in Natural Scene Statistics. So, the obvious ques-
tion is: can Curvelets be actually used as the low-level vision building blocks for high-level
computer vision algorithms? Indeed, usually the first part of a paper describing a computer
vision algorithm(e.g. [4], [5], [6]) deals with low-level vision aspects: Which local filtering
process to use? How to incorporate scale invariance? How to quantify saliency? How to
capture directionality? We note that in many cases the signal cannot be reconstructed
from the responses of the low-level vision system being used. In the talk we explain how
to use Curvelets as computational framework for low-level vision and present some initial
findings of work in progress.

1. E. Cands, L. Demanet, D. Donoho, and L. Ying, Fast Discrete Curvelet Transforms,
Multiscale Modeling and Simulation 5 (2006), 861-899.

2. D.L. Donoho and A.G. Flesia, Can recent innovations in harmonic analysis explain
key findings in natural image statistics?, Network: Computation in Neural Systems 12
(2001), 371-393.

3. K. Guo, G. Kutyniok, and D. Labate, Sparse Multidimensional Representations
using Anisotropic Dilation and Shear Operators, Wavelets and Splines (Athens, GA, 2005),
Nashboro Press, Nashville, TN (2006), 189-201.

4. T. Kadir and M. Brady, Saliency, Scale and Image Description, Comp. Vision 45
(2001), 83-105.

5. D. G. Lowe, Object Recognition from Local Scale-Invariant Features, Proc. IEEE
Comp. Vision 2 (1999), 1150-1157.

6. K. Mikolajczyk, A. Zisserman and C. Schmid, Shape recognition with edge-based
features, Proceedings of the British Machine Vision Conference (2003).
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7. D. Po and M. Do, Directional multiscale modeling of images using the contourlet
transform, IEEE Transactions on Image Processing 15 (2006), 1610-1620.

The method of cyclic projections: the rate of convergence

Frank Deutsch* and Hein Hundal

Penn State University, University Park, PA

deutsch@math.psu.edu

The convex feasibility problem is to find a point in the (nonempty) intersection of a
finite number of closed convex sets in a Hilbert space. This formulation includes many
interesting and important problems in a variety of areas such as solving linear equations
and inequalities, linear prediction theory, image restoration, and computed tomography.
The method of cyclic projections is an iterative technique for finding such a point by
cycling through projections onto the individual sets which comprise the intersection. In
this talk, we will describe what is known about the rate of convergence of the method.

A Taste of Compressed Sensing

Ronald DeVore

University of South Carolina

devore@math.usc.edu

Discrete Compressed Sensing samples a discrete signal x ∈ IRN by n linear mea-
surements each an inner product of x with a vector from IRN . If n is the number of
measurements allocated to the sensor then the whole process can be represented by an
n × N matrix Φ. The vector y = Φ(x) represents the n samples we have about x. A
decoder ∆ is a mapping from IRn → IRN . The vector ∆(Φ(x)) is the approximation we
have to x from the information y. We will discuss how well such an encoding-decoding
scheme can perform given n,N . In particular, we ask whether there is a value k such that
‖x−∆(Φ(x))‖`p

≤ C0σk(x)`p
, where σk is the error in k-term approximation. If so we are

interested in the largest possible value of k given the vector length N and the information
budget n. We shall see that the answer to this question changes whether we want such
performance with certainty or just with high probability.

Some examples of orthogonal matrix polynomials

satisfying odd order differential equations

Manuel Domı́nguez de la Iglesia* and Antonio J. Durán

Universidad de Sevilla

mdi29@us.es

It is well known that if a family orthogonal scalar polynomials with respect to a
positive measure (supported on the real line) forms a set of eigenfunctions of a finite order
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differential operator, then its order has to be even. This property no longer holds in the
case of matrix orthogonal polynomials. The subject of this communication is to present
examples of weight matrices having orthogonal polynomials which are eigenfunctions of
certain differential operators of odd order. The weight matrices are of the form

W (t) = tαe−teAttBtB
∗

eA∗t,

where A and B are certain (nilpotent and diagonal, respectively) N ×N matrices. These
weights are the first examples illustrating this new phenomenon and are not reducible to
scalar weights.

Also, the behavior of the algebra of differential operators having these families of
orthogonal matrix polynomials as eigenfunctions is analyzed for the 2 × 2 case. In the
scalar case, the algebra reduces to the associated second order differential operator and
any polynomial in that operator. However, in the matrix setting we have discovered
families of orthogonal polynomials which are common eigenfunctions for several linearly
independent second order differential operators.

On an energy problem with Riesz external field

J. Brauchart, P. D. Dragnev*, and E. B. Saff

Vanderbilt University, Nashville, TN and IPFW, Fort Wayne, IN

dragnevp@ipfw.edu

In this talk we consider the minimal s-energy problem on the unit sphere in Rd+1

in the presence of an external field, induced by a point charge. The model interaction
is that of Riesz kernels 1/rs with d − 2 < s < d. The support and the density of the
corresponding equilibrium measure is given in terms of the distance R from the point
charge to the origin and its charge m. The solution utilizes a continuous version of the
iterated balayage algorithm.

Obreshkov interpolation polynomial and Hermite

corner cutting

Serge Dubuc* and Jean-Louis Merrien

University of Montreal, Montreal, QC, Canada

dubucs@dms.umontreal.ca

Obreshkov interpolation polynomial has been used for better integration formulae
and for efficient numerical solutions of differential equation. In any case, it provides more
precise approximations and can be useful in geometric modeling. For every positive integer
d, we consider two specific Hermite subdivision schemes of degree d. The first one is
interpolatory by solving a Hermite problem involving the values of a function and of its
derivatives of order ≤ d at two points. The second one is noninterpolatory and is a kind of
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corner cutting which is a generalization of the well known Chaikin’s algorithm. For each
of these schemes, for d = 1, 2, 3, we compute a subdivision matrix and we check that its
spectral radius is < 1.

Thin plate splines on the group SO(3)

Wolfgang Erb

Technische Universität München, Germany

erb@ma.tum.de

In the d-dimensional Euclidean space the thin plate splines introduced by Jean Duchon
constitute a powerful tool for the interpolation of scattered data points and for the ap-
proximation of functions.

In the talk we will extend the concept of thin plate splines to the rotation group SO(3).
We will construct splines which interpolate scattered data points on the manifold SO(3)
and which simultaneously minimize the seminorm of Sobolev spaces. We will show that the
thin plate splines on SO(3) similarly to the classical case can be regarded as fundamental
solution of a differential equation. Finally some of these splines will be presented explicitly.

Generalized Native Spaces

John F. Erickson* and Gregory E. Fasshauer

Illinois Institute of Technology

ericjoh@iit.edu

Given a positive definite kernel function, we will generalize the usual radial basis
function Hilbert type of native space construction in order to create Lp based Banach
space types of native spaces. We will obtain generalized generic power function error
estimates without using Hilbert space projection methods.

Bivariate Splines for Functional Regression Models Over a

Unit Square

B. Ettinger*, S. Guillas, and M.-J. Lai

Ettinger and Lai - University of Georgia, Athens Ga, Guillas - GA Tech Atlanta

breee@math.uga.edu

We explain how to use bivariate splines for the regression analysis of functional data
located on a 2D domain. We illustrate the approach on the functional linear model and
autoregressive model. We apply the methodology to the prediction of functions over the
unit square.
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Bivariate orthogonal polynomials in the Lyskova class

M. Alvarez de Morales, L. Fernández*, T. E. Perez and M. A. Piñar

Universidad de Granada, Granada, Spain

lidiafr@ugr.es

Classical orthogonal polynomials in two variables can be characterized as the poly-
nomial solutions of a matrix second orther partial differential equation involving matrix
polynomial coefficients. In this work, we study classical orthogonal polynomials in two
variables whose partial derivatives satisfy again a second order partial differential equation
of the same type.

Approximation on homogeneous spaces by de la Vallée

Poussin type operators

F. Filbir* and W. Themistoclakis

Institute of Biomathematics and Biometry, Neuherberg, Germany

filbir@gsf.de

Let Sd be the unit sphere embedded in Rd+1 with surface measure µd. We would like to
approximate functions f ∈ Lp(Sq, ωq) by convolution type operators Anf = Kn ∗ f , where
Kn is a suitable kernel. For this it is necessary to have operators which are uniformly
bounded with respect to n, and for which we have concrete estimates for the operator
norm. Moreover, we would like to have operators which reproduce spherical polynomials
up to certain degree. One important application is for example the construction of pos-
itive quadrature formulas on the sphere (see H.N. Mhaskar, F.J. Narcowich, J.D. Ward,
Spherical Marcinkiewic-Zygmund Inequalities and positive Quadratur, Math. Comp., 70,
2000) We show how to construct such operators in a quite general setting not restricted
to the sphere. Finally we show how this can be applied for the construction of quadrature
rules.

A smoothed distance function

based on mean value interpolation

Christopher Dyken and Michael Floater*

University of Oslo, Norway

michaelf@ifi.uio.no

Mean value interpolation has recently emerged as an attractive way to interpolate a
function defined on the boundary of a planar region enclosed by one or more boundary
curves, either smooth or polygonal. In this paper, we propose a ‘weight’ function as the
reciprocal of the denominator in the rational expression for the interpolant, and show that
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it behaves like a smoothed version of the distance function. We derive several properties
of this weight function, including upper and lower bounds, its normal derivative at the
boundary, and a minimum principle. We also give an algorithm for computing partial
derivatives of any order. We apply the weight function to the Finite Element solution of
elliptic PDE’s using the web-spline method of Hollig, Reif, and Wipper.

Best conditioned bases in connection with

minimal projections

Simon Foucart

Vanderbilt University, Nashville, TN

simon.foucart@vanderbilt.edu

Norms of projections and interpolating projections can be estimated in terms of bases
condition numbers. These considerations turn into inequalities involving projection con-
stant, Banach–Mazur distance, and interpolating projection constant. Some situations
where the inequalities can or cannot become equalities are investigated. Examples in
small dimension are presented along the way.

Sobolev-type Approximation Rates for

Divergence-free and Curl-free RBF Interpolants

E. Fuselier

United States Military Academy, West Point, NY

edward.fuselier@usma.edu

Recently, error estimates have been made available for divergence-free radial basis
function (RBF) interpolants. However, these results are only valid for functions within
the associated reproducing kernel Hilbert space (RKHS) of the matrix-valued RBF. Func-
tions within the associated RKHS, also known as the “native space” of the RBF, can be
characterized as vector fields having a specific smoothness, making the native space quite
small. In this talk we present Sobolev-type error estimates when the target function is less
smooth than functions in the native space.

Invariance Theorems of Approximation for Locally

Compact Groups

Michael Ganzburg

Hampton University, Hampton, VA, USA

michael.ganzburg@hamptonu.edu

Let F be a closed linear subspace of a Banach space F and let {Ts}s∈G be a group of
continuous linear operators Ts mapping F into F , where G is a locally compact topological
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group. We prove that if f ∈ F is invariant under {Ts}s∈G, then under some conditions
on f, F, B, and G, there exists an element g∗ ∈ B of best approximation to f that
has the same property. In addition, we establish a version of this result when F is a
rearrangement-invariant space and B a subspace of entire functions of exponential type
from F . Two examples of application of invariance theorems to harmonic approximation
are discussed as well.

Smootness analysis of nonlinear multivariate Subdivision

Schemes

Philipp Grohs

TU Graz, Austria

pgrohs@tugraz.at

We present a method to analyze the smoothness of certain nonlinear multivariate
Subdivision Schemes defined on a manifold or Lie group. We also study some relations to
multiscale data processing.

WEB-Spline Finite Element Method

Weiqing Gu*, Thomas Grandine, Michael Franklin, Garret Heckel, Eric Johnson

Harvey Mudd College

gu@math.hmc.edu

This research is an investigation the use to weighted extended B-splines (WEB-
Splines) as a basis for the finite element method. Traditionally the finite element method
involves creating a mesh grid to discretize the domain of the problem which adheres closely
to the boundary. This is a very time consuming and memory intensive step in the process.
WEB-splines alleviate the need to create a mesh grid, and rely upon a uniform grid across
the domain. This fact, in addition to the approximation properties of B-splines make the
method highly desirable alternative to more tradtional finite elements.

Thin Plate Spline Approximation in the Disc

Thomas Hangelbroek

University of Wisconsin - Madison

hangelbr@math.wisc.edu

The prevailing approach in obtaining error estimates for thin plate spline approxi-
mation (a prominent type of RBF approximation) involves expressing interpolants as the
solution of a minimization problem (minimizing the seminorm of the “Native Space”, which
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for thin plate spline approximation is the homogeneous Sobolev space Ḣ2(IR2)). The cur-
rent state of the art for thin plate spline approximation delivers optimal error bounds
when the error is measured in L2, but when the error is measured in Lp for p 6= 2 we are
confronted with one of the following two challenges. Either:

1. to determine the saturation rate, because the known rate of approximation is lower
than a theoretical upper bound, or

2. to increase the space on which the saturation rate is attained, because it holds for a
too-small class of functions.

A further challenge stems from the well-known fact that the error is non-uniform over the
underlying domain. It is much larger in a small neighborhood of the domain’s boundary,
and these “boundary effects” are responsible for a dramatic loss of approximation power
when compared to the shift invariant setting.

In this talk, we discuss a new thin plate spline approximation scheme for functions
defined on the unit disc in IR2. Based on an integral representation involving low order
layer potentials, and utilizing direct approximation procedures that avoid native spaces,
we have shown that optimal approximation rates can be obtained for functions coming
from large smoothness spaces and that negative boundary effects can be overcome at no
additional computational cost, resulting in a striking increase in approximation order.

Algebra and combinatorics of box splines

Olga Holtz* and Amos Ron

UC Berkeley, CA, USA and TU Berlin, Germany

holtz@math.berkeley.edu

We explore connections between enumerative combinatorics, commutative algebra,
and box spline theory.

A Subdivision Scheme for Curves

Nira Dyn, Gershon Elber, and Uri Itai*

Technion Haifa Israel

uritai@fermat.technion.ac.il

In this work we extend the corner cutting Chaikin subdivision scheme for control
points to a subdivision scheme for non-intersecting, uniformly oriented, 3-D control curves.
Our scheme replaces averages between two control points by similar weighted averages
between two neighboring curves, based on a geometric correspondence between points on
the two curves. The resulting scheme converges and generates C1 surfaces. Examples
demonstrating surfaces generated by our scheme will be provided.
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Three-pencil lattices on triangulations

G. Jaklič*, J. Kozak, M. Krajnc, V. Vitrih, E. Žagar

FMF and IMFM, Ljubljana, Slovenia

gasper.jaklic@fmf.uni-lj.si

In contrast to the univariate case, uniqueness of the solution of a multivariate Lagrange
polynomial interpolation problem depends not only on the fact that interpolation points
should be distinct but also on their geometry. Lattices are perhaps the most often used
configurations of prescribed interpolation points.

In this talk, three-pencil lattices on triangulations will be considered. The explicit
representation of a lattice, based upon barycentric coordinates, will be presented. This
enables us to construct lattice points in a simple and numerically stable way and carries
over to triangulations in a natural way. The construction is based upon group action of
S3 on triangle vertices, and the number of degrees of freedom is equal to the number of
vertices of the triangulation.

Weighted Spline Wavelets

Mario Kapl* and Bert Jüttler

RICAM Linz, Austria* and Johannes Kepler University Linz, Austria

mario.kapl@oeaw.ac.at

We introduce the concept of weighted wavelets which are wavelets constructed by
using a lifting scheme and a weighted inner product. Furthermore we present a method to
get “lazy” wavelets which are used to construct weighted wavelets for periodic B-splines.
Finally these weighted wavelets are applied to the compression of implicitly defined curves.

Local variational spline and subdivision curves and surfaces

S. Kersey* and M.-J. Lai

Georgia Southern Univ. and University of Georgia

skersey@GeorgiaSouthern.edu

We will discuss two problems: local variational spline interpolation and local varia-
tional subdivision, for both curves and surfaces. We show that the error between local
and global variational spline and subdivision interpolants decay exponentially over a fixed
interval as the support of local interpolants increase. By piecing together these locally
defined splines, one can obtain a very good approximation of the global variational splines
and subdivision schemes. Moreover, we observer that n-point schemes are the result of the
local variational subdivision schemes.
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Multiwavelet Decompositions for Denoising and Pattern

Matching in an Element-Recognition Application

Bruce Kessler*, Phil Womble, Alexander Barzilov, and Ivan Novikov

Western Kentucky University, Bowling Green, KY

bruce.kessler@wku.edu

This talk will show how the author has used multiwavelets to enhance the ability
of Western Kentucky Universitys Applied Physics Institute to detect compounds using
their method of pulsed fast/thermal neutron analysis. After bombarding an unknown
substance with neutrons, their machinery detects gamma-ray emissions at different energy
levels. Substances are detected by noting the Gaussian bumps in the reading that are
indicative of certain elements. This is complicated by a large amount of distortion caused
by the neutron bombardment, and by the fact that many elements have multiple bumps
that overlap those of other elements. The operator uses some numerical calculations to
determine the elemental composition of the compound, but those calculations are based on
values set by the experienced human operator, leaving the results open to interpretation.

The author has used an orthogonal scaling vector of four compactly-supported func-
tions, developed by Donovan, Geronimo, and Hardin in 1999, that generates a space con-
taining square-integrable cubic splines on integer knots. Orthogonality is maintained when
the scaling functions are restricted to a unit interval with integer endpoints, allowing the
construction of boundary scaling functions and wavelets. The talk will illustrate how the
wavelet decompositions of the signal and ideal signals for each element are used to find a
completely objective best-fit solution from a library of known compounds.

Time frequency representations of almost-periodic function

Yeon Hyang Kim* and Amos Ron

University of Wisconsin-Madison, Madison, WI, U.S.A.

kim@math.wisc.edu

In this paper, we characterize the space of almost periodic (AP ) functions in one
variable using either a Weyl-Heisenberg (WH) system or an affine system. Our observation
is that the sought-for characterization of the AP space is valid if and only if the given WH

(respectively, affine) system is an L2(IR)-frame. Moreover, the frame bounds of the system
are also the sharpest bounds in our characterization. This draws an intriguing and quite
unexpected connection between L2(IR) representations and AP representations.

19



Markov-type inequalities for multivariate polynomials

in Lp norm

András Kroó

Alfred Renyi Institute of Mathematics, Hungarian Academy of Sciences

kroo@renyi.hu

Markov-type inequalities provide estimates for magnitude of derivatives of polynomials
on the given set provided that the size of the polynomials on this set is known. The classical
univariate results proved for C and Lp-norms provide the order of magnitude O(n2), where
n is the degree of polynomials. Similar results have been obtained in the sup norm for
multivariate polynomials on convex bodies (and more generally sets without cusps), but
the methods used to handle the multivariate polynomials in C-norm were not suitable
for the Lp-case. In this talk we shall discuss Markov-type inequalities for multivariate
polynomials in Lp-norm. The order of magnitude O(n2) will be shown to hold for two
categories of sets in d-dimensional space: A) convex bodies, and B) star-like domains with
smooth boundary.

Shearlets: A Wavelet-Based Framework for

Geometric Multiscale Analysis

Gitta Kutyniok

University of Giessen

gitta.kutyniok@math.uni-giessen.de

Nowadays we are confronted with a deluge of multidimensional data, which calls for the
development of highly efficient tools for analyzing special geometrical features preferably
in a multiscale fashion. One main focus of current research is on the development of
directional representations which precisely detect orientations of singularities like edges
in a 2-D image while providing optimally sparse representations. Many approaches have
been untertaken during the last years, among which were the ridgelets, the curvelets and,
recently, the shearlets.

In the first part of this talk we will give an introduction to the theory of shearlets. The
shearlet systems are the first directional representation systems, which not only precisely
detect directions in the sense of resolving the wavefront set and providing optimally sparse
representations, but moreover possess a rich mathematical structure similar to wavelets. In
particular, shearlets are affine systems, i.e., they are generated by dilating and translating
one single generating function, where the dilation matrix is the product of a parabolic
scaling matrix and a shear matrix. We will also see that shearlet systems can be regarded
as generated by a unitary representation of the so-called shearlet group, which, for instance,
provides the possibility to employ the theory of uncertainty principles to study accuracy
of the shearlet parameters.
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In the last part of the talk the association of shearlet systems with a multiresolution
analysis will be discussed. We will present some very recent results on shearlet subdivision
schemes leading to a fast algorithm for shearlet decomposition using FIR-filters.

A geometric approach to irregular wavelet frames

Gitta Kutyniok

University of Giessen

gitta.kutyniok@math.uni-giessen.de

In wavelet analysis, irregular wavelet frames have recently come to the forefront of
current research due to questions concerning the robustness and stability of wavelet algo-
rithms. A major difficulty in the study of these systems is the highly sensitive interplay
between geometric properties of the sequence of time-scale indices and frame properties of
the associated wavelet system.

In this talk we will introduce the notion of affine density and show that it is a highly
effective tool for examining the geometry of sequences of time-scale indices. In particular,
we will derive a necessary condition on the relationship between the affine density, the
frame bounds, and the admissibility condition for an irregular wavelet frame. Several
implications of this relationship will be studied. For instance, this result reveals one reason
why wavelet systems do not display a Nyquist phenomenon analogous to Gabor systems,
a question asked in Daubechies’ Ten Lectures book. It also implies that the affine density
of the set of time-scale indices associated with a tight wavelet frame has to be uniform.
Finally, we show that affine density conditions can even be used to characterize existence
of wavelet frames, thus serving in particular as sufficient conditions.

Multivariate Splines for Data Fitting and Approximation

Ming-Jun Lai

University of Georgia

mjlai@math.uga.edu

I will first survey the recent results on multivariate splines for scattered data fitting
and approximation, i.e., the results how to compute such data fitting splines and how well
these splines approximate the given data. Then I will explain some new result on data
fitting and approximation when data have some special properties and structures.

Quadrature formulas and localized linear polynomial

operators on the sphere

H. N. Mhaskar and Q. T. Le Gia*

California State University, Los Angeles and University of New South Wales

qlegia@maths.unsw.edu.au

We describe and compare numerical algorithms for construction of quadrature formu-
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las on Euclidean spheres, exact for spherical harmonics of a high degree. Our formulas are
based on scattered sites; i.e., in constrast to such well known formulas such as Driscoll-
Healy’s, we need not choose the location of the sites in any manner. We are able to
construct formulas exact for spherical harmonics of degree 178. We also demonstrate the
use of these formulas in constructing localized, linear, quasi-interpolatory polynomial op-
erators based on scattered sites. The approximation and localization properties of our
operators are studied theoretically in deterministic as well as probabilistic settings. Nu-
merical experiments are presented to demonstrate their superiority over traditional least
squares and discrete Fourier projection polynomial appproximations.

On Multidimensional Refinable Functions

Jian-ao Lian

Prairie View A&M University, Prairie View, TX, USA

unurbs@yahoo.com

Multidimensional refinable functions have many applications in diversified disciplines
such as multidimensional multirate perfect reconstruction filter bank design and computer-
aided geometric design. We are interested in a special family of functions in Rs that are
refinable with respect to any expansive sampling matrix A satisfying As = ±aIs, where
a = detA and Is is the identity matrix of order s. We will point out certain families
of refinable box-splines with finite masks. We will also demonstrate, in particular, some
bivariate and trivariate such refinable functions and highlight some of their interesting
applications.

Characterization of the Total Variation of Piecewise Smooth

Functions by Shearlets and Related Variational Methods

Wang-Q Lim

Lehigh University, Bethlehem, PA, USA

wql206@lehigh.edu

Variational methods have been extremely successful in a wide variety of image restora-
tion problems and exhibit the solution of these problems as minimizers of appropriately
chosen functionals which often involve the total variation. We show that ’shearlets’ com-
pletely identify the discontinuity curves of a piecewise smooth function in the 2 dimensional
case and this provides a shearlet characterization of the total variation of piecewise smooth
functions. Afterwards, we prove that variational models involving the total variation such
as the total variation denoising and the Mumford-Shah free-boundary segmentation model
can be reformulated in terms of shearlet decomposition. Finally, we discuss implementation
issues of our approach.
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Interpolation by entire functions

Friedrich Littmann

North Dakota State University, Fargo, ND

Friedrich.Littmann@ndsu.edu

The topic of this talk is interpolation by entire functions and best approximation by
functions of finite type on the real line (one-sided and ordinary). Such a best approximation
can often be described by the sign changes of the error function.

This suggests the following problem: Given a real function f(x) and a set of interpo-
lation nodes S on the real line satisfying

∑

a∈S a
−2, form the product

F (x) =
∏

a∈S

(1 − z/a) exp(z/a)

and define an entire interpolation A(x) to f(x) that satisfies f(x)−A(x) = F (x)H(x) with
a function H(x) which we would like to be non-negative.

The starting point is a representation 1 = F (x)L[g](x) in a vertical strip (L denotes
the two-sided Laplace transform, hence F determines g). In certain cases this leads to a
representation

A(x) − f(x) = F (x)L0[g1 − g2](x)

with explicitly computable g1 and g2. I will mainly limit myself to special functions
f(x) like xn

+, exp(−x2), cosh(x), and describe how far the procedure outlined above goes
through, and where the obstacles are to generalize this to function classes.

Prewavelet Solution to Poisson Equations

Ming-Jun Lai and Haipeng Liu*

University of Georgia Athen GA

hliu@math.uga.edu

Finite element method is one of powerful numerical methods to solve PDE. Usually,
if a finite element solution to a Poisson equation based on one level triangulation of the
underlying domain is not accurate enough, one will discard the solution and then refine the
triangulation and compute a new finite element solution at the refined level. We propose
a prewavelet method by keeping the original finite element solution and then adding a
prewavelet solution to obtain an approximation of the refined level finite element solution.
To increase the accuracy of numerical solution to Poisson equations, we can keep adding
prewavelet solutions.

Our prewavelets are orthogonal in the H1 norm and they are compactly supported
in a triangular domain and they are compactly supported except for one globally sup-
ported basis function in a rectangular domain. We have implemented these prewavelet
basis functions and used them for numerical solution of Poisson equation with Dirichlet
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boundary conditions. Numerical simulation demonstrates that our prewavelet solution is
much efficient than the standard finite element method.

Generalized Bivariate Quadratic B-splines:

An Empirical Study

Yuanxin Liu* and Jack Snoeyink

UNC Chapel Hill, Chapel Hill, NC

leo1978@gmail.com

Generalizing classic univariate B-splines into the multivariate setting is a long-studied
problem in spline theory. Previously, Neamtu provides an elegant solution to this problem
using Delaunay configurations. This solution, although elegant, has short-comings: The
use of Delaunay configurations not only involves fairly complicated geometric computa-
tions but also places what are perhaps excessive restrictions on the spline spaces that can
be constructed. Therefore, to improve, in a previous work, we generalize Neamtu’s con-
struction for the bivariate quadratic and cubic cases, so that the Delaunay criteria are no
longer needed. Here, as a follow-up to that work, we demonstrate that our generalization
is useful in practice. In GIS applications, input data often contain both scattered points
and line segments. The latter represent sharp features on the terrain. While most smooth
fitting methods do not use the line segments, we show how to do so with our quadratic
B-splines. In CAD applications, a modeler often creates a single surface by sewing together
a number of spline patches. We show how to join patches of quadratic box spline surfaces
smoothly by blending them around the patch boundaries.

A New Approach to Universality Limits

Doron S. Lubinsky

Georgia Institute of Technology

lubinsky@math.gatech.edu

Universality limits involving orthogonal polynomials are important in mathematical
physics and random matrices. We discuss a new approach to proving these, involving a
localization technique and a smoothing one. These work both in the bulk of the spectrum,
and at the edge, and can handle measures that are absolutely continuous only in a small
neighborhood of the region where universality is desired.

A Bernstein-Bezier basis for Hermite subdivision with shape

constraints on a rectangular mesh

T. Lyche* and J.-L. Merrien

University of Oslo, Oslo, Norway and INSA, Rennes, France

tom@ifi.uio.no

We study a two parameter version of the Hermite subdivision scheme introduced
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by Merrien and Dubuc in 1999 which gives C1 interpolants on rectangular meshes. By
introducing a Bernstein-Bézier basis and a corresponding control grid we can choose the
parameters in the scheme so that the interpolant inherits positivity and/or directional
monotonicity from the initial data. Several examples are given showing that a desired
shape can be achieved even if we use only very crude estimates for the initial slopes.

A general, multipurpose interpolation procedure:

the magic points

Y. Maday*, Ngoc Cuong Nguyen, Anthony T. Patera and George S. H. Pau

Laboratoire J;-L. Lions, Univ. Pierre et Marie Curie-Paris6, UMR 7598

maday@ann.jussieu.fr

Lagrangian interpolation is a classical way to approximate general functions by finite
sums of well chosen, pre-defined, linearly independent basis functions. It is much simpler
to implement than determining the best fits with respect to some Banach (or even Hilbert)
norms. In addition, only partial knowledge is required (here values on some set of points).
The problem of defining the best sample of points is nevertheless rather complex and is in
general not solved.

In this paper we propose a way to derive a hierarchical family of “empirical Lagrangian

interpolation” sets of points. We do not claim that the points resulting from the construc-
tion explained here are optimal in any sense. Nevertheless, we can state a theorem that
proves that, under certain hypothesis, the process does provide a convergent approxima-
tion. In addition our approach is very general and simple to implement,. Compared
to situations where the best behavior is known (polynomial approximation in 1, 2 or 3
dimensions), it is competitive.

The interest of our approach is that it can be used for approximation by algebraic
polynomials, Fourier series, spherical harmonics, spline, rational functions, but also by
linear combination of any kind of basis functions.

Diffusion Multiscale analysis on metric measure spaces

M. Maggioni* and H. Mhaskar

Duke Univ. Durham, NC and Cal. State Univ. Los Angeles, Los Angeles, CA

maggioni.mauro@gmail.com

Motivated by applications to regression and approximation on low-dimensional sets
in high-dimensional spaces and on graphs, we present a construction of multiscale tight
frames on metric measure spaces. Typically we start from the eigenfunctions of a diffusion
semigroup on the space, and construct a multiscale by smoothed spectral projections.
We show that this allows a characterization of Besov spaces, and also prove localization
estimates for the associated kernels. We present an application to automatic handwritten
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digit recognition where we show our method outperforms current standard techniques.
This is joint work with H. Mhaskar.

Wavelet Decomposition for Adaptive Irregular Grids

Yu. K. Demjanovich, O. M. Kosogorov, and A. A. Makarov*

St.-Petersburg State University, Russia

toha m@mail.ru

Wavelet decomposition algorithms of singular numerical signals (i.e. numerical signals
with fast oscillations of variation velocity of module for difference of neighbour signal val-
ues) are developed. Qualitative processing of mentioned signals is used adaptive irregular
grid (the irregular grid which is adjusted to characteristics of incoming signals automati-
cally). Algorithms for construction of the grid are represented, relevant formulas of wavelet
decomposition and reconstruction are elaborated, calculation stability and approximation
properties are investigated. Obtained formulas are easily parallelized.

Shape Preserving Regions for Hermite Subdivision

P. Costantini and C. Manni*

Università di Roma “Tor Vergata”, Roma, Italy

manni@mat.uniroma2.it

In this talk we analyze connections between constrained Hermite subdivision schemes
belonging to the two parameters family introduced in [3] and analyzed by several authors,
and classical Hermite shape preserving interpolation methods. By means of this analysis,
for any set of monotone or convex data we determine (two-dimensional) subsets of the
convergence region of the subdivision scheme ensuring monotonicity or convexity preser-
vation.

In addition, we describe a general setting to construct families of shape preserving
Hermite subdivision schemes belonging to the Merrien’s class. The construction bases
on structural properties of four dimensional spaces used in shape preserving interpolation
related to the existence of a Bernstein like basis.

The proposed construction includes, as particular cases, the shape preserving families
introduced and analyzed in [4] and in [2]. Moreover, it provides new shape preserving
families, considering function spaces very popular in the context of shape preserving inter-
polation as exponential, rational, variable degree polynomial or parametric cubic functions.

Each family depends on one shape parameter. We provide explicit choices for this
parameter, we prove the convergence and analyze the performances of the schemes when
the shape parameters are selected adaptively during the subdivision process. Being this
selection strategy nonlinear, we are dealing with nonlinear subdivisions. It turns out that
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this nonlinear approach produces limit functions smoother than those built by the corre-
sponding stationary (shape preserving) schemes. In some salient cases the limit consists
in a finite, and a priori bounded, number of cubic (or piecewise quadratic) segments.

Finally, we discuss some possible extension of the analyzed subdivision schemes.

References

[1] S. Dubuc (2006): Scalar and Hermite subdivision schemes. Appl. Comp. Harmonic
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Bernstein-type bases via blossoming

M.-L. Mazure

University Joseph Fourier, Grenoble, France

mazure@imag.fr

Bernstein-type bases play a fundamental role in geometric design. Their existence is
equivalent to existence of blossoms, from which they naturally emerge, along with the fact
they are the optimal normalised totally positive bases. We also show how other classical
properties of such bases (such as recurrence relations - differentiation - dimension elevation)
are related to blossoms.

From Hermite Subdivision Schemes to Vector

Subdivision Schemes via Taylor Polynomials

Serge Dubuc and Jean-Louis Merrien*

INSA de Rennes, France

Jean-Louis.Merrien@insa-rennes.fr

A Hermite subdivision scheme H of degree d is a recursive scheme for computing a
function φ and its d derivatives φ′, . . . , φ(d). The initial state of the scheme is a vector
function f0 from Z to Rd+1. The first component of f0 is a control value for φ, the second
component, for φ′ and so on. The sequence of refinements fn : Z → Rd+1, n > 0, is recur-
sively defined through a family of (d+1)× (d+1) matrices {A(α) = (aij(α))i,j=0,...,d}α∈Z,
a finite number of them being non-zero, by

Dn+1fn+1(α) =
∑

β∈Z

A(α− 2β)Dnfn(β), α ∈ Z, n ≥ 0,
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where D is the diagonal matrix whose diagonal elements are 1, 1/2, . . . , 1/2d.
If H is non degenerate and if for every sequence fn : Z → Rd+1,

f (i)
n (α+ 1)/2in −

d
∑

j=i

1

(j − i)!
f (j)

n (α)/2jn = o(1/2dn) α ∈ Z, i = 0, 1, ..., d.

then for every k = 0, . . . , d, there exists a unique polynomial pk(x) of degree k with
its coefficient of xk equal to 1/k! such that the vector function vk : Z → Rd+1 where

vk(α) = (pk(α), . . . , p
(d)
k (α))T is an eigenvector of (A(α − 2β))α,β∈Z with the eigenvalue

1/2k (Spectral Condition)
Conversely, if H satisfies the spectral condition, we can associate a vector subdivision

scheme S. If moreover S is C0 with equal components then the Hermite subdivision scheme
is Cd.

Polynomials Orthogonal over a Level Set of a Hypocycloid

P. Dragnev and E. Miña-Dı́az*

Indiana-Purdue University Fort Wayne

minae@ipfw.edu

A hypocycloid Hm of m-cusps (m ≥ 3) is the image of the unit circle by the mapping

ψ(w) = w +
1

(m− 1)wm−1
.

Thus, Hm is a piecewise analytic Jordan curve having outer cusps at each of its m corners
me2πki/m/(m− 1), k = 0, ..,m− 1, and ψ maps the exterior of the unit circle conformally
onto the exterior of Hm. For R > 1, let LR be the level curve LR := {ψ(w) : |w| = R},
and let GR be the domain interior to LR.

We consider the sequence {Pn,R(z)}∞n=0 of polynomials that are orthonormal with
respect to area measure over GR. In this talk we will describe the asymptotic behavior
of these polynomials and that of their zeros, and we will highlight how such a behavior
depends on the magnitude of the level R of the orthogonality domain GR.

L-CAMP and other types of pyramidal representations

based on sampling

Sangnam Nam*, Amos Ron, and Vladimir Temlyakov

Univ. of Wisconsin-Madison, WI and Univ. of South Carolina, Columbia, SC

snam@math.wisc.edu

Wavelet pyramids are obtained by extracting detail coefficients from an MRA (Gauss-
sian) pyramid. Typically, the MRA resolution layers are generated by successive applica-
tion of the operation y 7→ (c ∗ y)↓ where c is a low-pass filter, and ↓ denotes the down-
sampling operation. We observe two possible shortcomings:
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• We always have to compute coarse coefficients. This becomes costly when the size
of data is large. Consequently, there is high overhead when one is only interested in
detail coefficients at coarse resolutions.

• There is excessive blurring of data due to the repeated application of low-pass filtering.

In this talk, we introduce wavelet-like pyramidal representations that are based on
blurring-free MRA, i.e., on the successive process y 7→ y↓. This avoidance of the con-
volution step is especially important when the size of the data set is large, e.g., in high
dimensions. Using L-CAMP methodology, we construct very local high-performance sys-
tems in surprisingly simple manner. Some of our constructions are the most local among
the systems that we know from the literature. Our main results concern the theoretical
performance of this approach, i.e., identifying the smoothness classes that are encoded cor-
rectly by these representations. We show that the space L2 that plays the role of the “base
space” in the known theory for wavelet/framelet systems can be successfully replaced in
our setting by the space C0 of continuous functions that decay at ∞.

A Bernstein theorem for spherical basis functions

Francis J. Narcowich

Texas A&M University, College Station, TX, USA

fnarc@math.tamu.edu

The fitting of scattered data collected at remote ground stations or by satellites is
important in geophysical and atmospheric research. Approximation and interpolation
using spherical basis functions (SBFs) are increasingly important methods for dealing
with such data. In this talk, we will concentrate on inverse (Bernstein-type) Sobolev
error estimates for SBF methods. These estimates are established with the help of well-
localized, spherical polynomial kernels. The talk is based on work joint with H. Mhaskar,
P. Petrushev, X. Sun, J. Ward, and H. Wendland.

Local Lagrange Interpolation with Bivariate

and Trivariate Splines

Günther Nürnberger

University of Mannheim, Germany

nuern@rumms.uni-mannheim.de

Local Lagrange interpolation methods for splines on arbitrary triangular and tetrahe-
dral partitions are described. The construction of interpolation points is based on new type
of priority principles. This means that the partitions are decomposed efficienly into classes
of (splitted and non-splitted) triangles and tetrahedra, respectively. The interpolating
splines can be computed locally, with linear complexity and yield optimal approximation
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order. In the bivariate case, we investigate splines of arbitrary degree, and in the trivariate
case splines of special degree. Numerical examples with real world data show the efficiency
of the spline algorithms. The methods were developed in cooperation with Chui, Hecklin,
Rayevskaya, Schumaker and Zeilfelder.

Problems in Subdivision Theory

P. Oswald

Jacobs University, Bremen, Germany

p.oswald@iu-bremen.de

This talk is based on my scattered results on semi-regular and nonlinear subdivi-
sion methods and their applications to the analysis of multiscale algorithms, and aims
at highlighting some of the partially unsolved problems in this research area. For illus-
tration, I will detail a recent result on multiscale preconditioning with nonconforming
finite elements, where convergence of cascade algorithms in Sobolev spaces of non-integer
smoothness turned out to be crucial for proving asymptotic optimality, and improving the
preconditioning performance as well. As to nonlinear subdivision, where the current focus
is on convergence and smoothness issues (see the minisymposium at this conference), I will
briefly address the stability problem.

On the Best Relative Approximations of Functional Classes

by Splines

N. Parfinovych

Dnepropetrovsk National University, Dnepropetrovsk, Ukraine

nparfinovich@mail.ru

Let Lp (1 ≤ p ≤ ∞) be the spaces of 2π–periodic functions f : R → R with corre-
sponding norms ‖ · ‖p, M and M ′ be the certain subsets of Lp.

The value

E(M,H ∩M ′)p = sup
f∈M

inf
h∈H∩M ′

‖f − h‖p

is called the best relative approximation of the set M by the set H ⊂ Lp in the space Lp.
We denote by W r

p (r ∈ N) the class of functions f ∈ Lp such that f (r−1) (f (0) := f)

is locally absolutely continuous and ‖f (r)‖p ≤ 1; W r
V (r ∈ N) the class of functions f ∈ Lp

such that f (r−1) is locally absolutely continuous and
2π
∨

0
[f (r)] ≤ 1.

In addition, let S2n,r (n, r ∈ N) be the spaces of polynomial splines of order r defect 1
with knots in the points kπ/n (k ∈ Z) and ϕλ,r(·) (λ > 0, r ∈ N) be the r–th 2π/λ–periodic
integral of ϕλ,0(x) = sign sinλx with zero mean value on the period.
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We consider the behaviour of quantities E(W r
1 , S2n,r+k ∩ MnW

r+k
1 )1 (r = 2, 3, ...,

k = 0, 1, 2, ...) under various values of Mn.
In particular, it was shown that for Mn ≥ rnk‖ϕ1,r‖∞/‖ϕ1,r+k‖∞ the following cor-

relation is valid.

E(W r
1 , S2n,r+k ∩MnW

r+k
1 )1 = E(W r

1 , S2n,r−1)1 = ‖ϕ1,r‖∞/n
r (1)

for all r = 3, 4, ..., k = 0, 1, ... and n = 1, 2, ....
In addition, the estimates of Mn for which correlation (1) is not true are obtained.
The problems as to exact order and exact asymptotic (as n→ ∞) of these quantities

are also studied.

Recent advances on optimal properties of normalized B-bases

Juan M. Pena

University of Zaragoza

jmpena@unizar.es

Any space possessing shape preserving representations of curves in CAGD possess a
unique basis called normalized B-basis, which can be considered as a generalization of the
Bernstein basis and which has optimal shape preserving properties. After recalling other
known optimal properties of normalized B-bases, we present new optimal properties of
these bases. The use of of normalized B-bases to derive bases for the representation of
surfaces with optimal properties is also illustrated. Some open problems are presented.

A Stieltjes function in two variables

M Alvarez de Morales, L. Fernandez, T. E. Perez*, M. A. Piñar

Universidad de Granada, Granada, Spain

tperez@ugr.es

In this work, a Stieltjes function in two variables is studied. This Stieltjes function
will be used to characterize classical orthogonal polynomials in two variables.

On dual extremal problems for abstract valued functions

Irina Peterburgsky

Suffolk University, Boston USA

irpeterbur@aol.com

Special geometric properties of Banach space of functions codomain effect behavior
of Banach-space-valued functions significantly. For instance, absence (in general case) of
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maximum module principle in its strict form relates to the fact that it holds only for the
case when functions codomain possesses specific geometric characteristics.

In the present paper, we study extremal problems for functionals (which were to be
described) over spaces H(B) of bounded analytic functions from the open unit circle of a
complex plain to a complex Banach space B. In particular, we consider a dual extremal
problem for a subspace of H(B) consisting of functions whose nontangential boundary
values exist everywhere on the unit circumference and constitute continuous functions
there. We investigate the above problem in connection to properties of Banach space
codomain of the functions and its ajoint space.

Anisotropic Smoothness Spaces via Level Sets

Ronald DeVore, Guergana Petrova*, Przemyslaw Wojtaszczyk

University of South Carolina, TAMU, Warsaw University

gpetrova@math.tamu.edu

It has been understood for sometime that the classical smoothness spaces, such as the
Sobolev and Besov classes, are not satisfactory for certain problems in image processing
and nonlinear PDEs. Their deficiency lies in their isotropy. The anisotropic generalizations
of these spaces also have the deficiency that they are biased in coordinate directions. While
they allow different smoothness in certain directions, these directions must be aligned to
the coordinate axes. In the application areas mentioned above, it would be desirable to
measure smoothness in new ways which would allow one to have more local control over
the smoothness directions. We introduce one possible approach to this problem based
on defining smoothness via level sets. Our smoothness spaces depend on two smoothness
indices (s1, s2). The first reflects the smoothness of the level sets of the function, while the
second index reflects how smoothly the level sets themselves are changing.

Nonstationary subdivision schemes and

totally positive refinable functions

L. Gori and F. Pitolli*

University of Roma - La Sapienza, Italy

pitolli@dmmm.uniroma1.it

Total positivity plays a main role in several problems of approximation theory, as well
as in CAGD questions [3]. In fact, several approximation operators, based on totally posi-
tive functions, display interesting convergence properties and shape preserving behaviour.
Examples of totally positive functions are provided by the well known B-splines or, more
in general, by a class of parametric refinable functions, which present a great flexibility in
several applications [4,5].
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The intimate connection between refinability and subdivision schemes is well known
and recently suggested the possibility of exploiting nonstationary subdivision schemes for
the construction of some totally positive functions [1].

In this paper we present the construction of a class of totally positive functions,
obtained by a suitable use of certain nonstationary subdivision schemes. These functions
are characterized by having small support and their smoothness can be established a priori.

The same technique can be applied in the bivariate setting. Starting from a class of
stationary bivariate subdivision schemes [2], we construct bivariate refinable functions by
nonstationary subdivision schemes. As in the univariate case, these functions have small
support and prescribed smoothness; moreover, they are bell-shaped.

[ 1] C. Conti, L. Gori, F. Pitolli, Totally positive functions through nonstationary sub-
division schemes, J. Comp. Math., 200 (2007) 255–265.

[ 2] C. Conti, F. Pitolli, A new class of bivariate refinable functions suitable for cardinal
interpolation, in press.

[ 3] M. Gasca, C.A. Micchelli (Eds.), Total Positivity and its Applications, Kluwer
Acad. Publ., Dordrecht, 1996.

[ 4] L. Gori, F. Pitolli, A class of totally positive refinable functions, Rend. Mat. Ser.
VII, 20 (2000) 305–322.

[ 5] Gori, L., F. Pitolli, and E. Santi, Positive refinable operators, Numer. Alg., 28

(2001) 199–213.

Convergence of a nonlinear iterative algorithm for

image denoising

Gerlind Plonka* and Jianwei Ma

University of Duisburg-Essen, Duisburg, Germany

plonka@math.uni-duisburg.de

In this paper we present a simple and efficient nonlinear algorithm for recovering of a
piecewise constant image from an observed image containing additive noise.

In a first step we apply an adaptive neighborhood filtering scheme. The proposed
nonlinear averaging filter is a typical smoothing filter which has no recourse to the input
data during the iteration process. In contrast to the usually taken diffusion filters (like
Perona-Malik-filter, Charbonnier-filter, regularized TV-filter etc.) the filter in our scheme
can be seen as a so-called “robust” filter.

We will be able to show that the iterated application of our proposed neighborhood
filter leads to a piecewise constant image, i.e., there exists a partition of the image, such
that in each subdomain of the partition the spatial average of the pixel values of all pixels
belonging to this subdomain is found. This observation generalizes the known result on
convergence of the image to the constant steady-state.

We will show even more, namely that the partition of the image determining the
piecewise constant steady-state after an infinite iteration process can already be found
after a finite number of iteration steps.
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The numerical results impressively show the performance of the algorithm. We com-
pare the proposed algorithm with some other image denoising methods considered in the
literature.

L1-approximation of stationary Hamilton-Jacobi equations

Jean-Luc Guermond and Bojan Popov*

Texas A&M University, College Station, Texas

popov@math.tamu.edu

We describe a nonlinear finite element technique to approximate the solutions of sta-
tionary Hamilton-Jacobi equations in one and two space dimensions using continuous finite
elements of arbitrary degree. The method consists of minimizing a functional containing
the L1-norm of the Hamiltonian plus a discrete entropy. It is shown that the approximate
sequence converges to the unique viscosity solution under appropriate hypotheses on the
Hamiltonian and the mesh family.

Exponentially localized polynomial frames

on the unit interval and the Euclidean sphere

H. N. Mhaskar and J. Prestin*

California State University, USA and University of Lübeck, Germany

prestin@math.uni-luebeck.de

In this talk we present an exponentially localized polynomial frame on the interval
[−1, 1], and on the unit sphere of a Euclidean space. Even though the frame coefficients may
be computed using the coefficients of a function in an orthogonal polynomial expansion,
the behavior of these coefficients near a point on the interval characterizes the possibility
of an analytic continuation of the function in a complex neighborhood of the point in
question.

Particularly, we construct a sequence of polynomials which converges uniformly in the
order of best approximation to the given function f and geometrically fast at each point
where f is analytic.

Our main interest is in the characterization of local smoothness of a function f in terms
of the sequence of Fourier coefficients {f̂(k)}. But from the point of view of computations,
we will also describe our results when samples of the functions in question are available,
instead of the coefficients.

Our construction allows one to construct exponentially localized kernels based only
on some summability estimates. In turn, the localization enables us to obtain a character-
ization of local Besov spaces on the interval also in the case of some more general systems
of orthogonal polynomials.
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Results concerning best coapproximation

Geetha S. Rao

Portland State University, OR, USA

grao@pdx.edu, geetha srao@yahoo.com

The strong uniqueness of best coapproximation of elements in a normed linear space is
discussed. The properties of the associated operator are investigated. The strong unique-
ness is highlighted by means of relevant examples in specific spaces. Further developments
in linear 2-normed spaces are indicated.

A Local Construction for Non-stationary Tight Wavelet Frames

M. Reimers

University of Oslo, Norway

martinre@ifi.uio.no

We present a construction for Tight Wavelet Frames based on per element conditions
instead of shift invariance and Fourier analysis, as has been common in many previous
constructions. As an example, we apply our method to linear splines over arbitrary refined
triangulations to obtain tight framelets with local support and with symmetry properties.
We discuss further applications of the construction to splines and spline type subdivision
schemes.

An alternative description of oscilatory surfaces

Rafael Resendiz

Universidad Autonoma Metropolitana (Iztapalapa)

hongo2069@hotmail.com

The movement of an oscilatory surface is described via bilinear De Casteljau quater-
nionic approximation. That gives us a movie of the oscilating surface starting from some
initial data and constraints. Several practical and computational examples will be pre-
sented

The complete parameterization of the length eight orthogonal

wavelets with no parameter constraints

David W. Roach

Murray State University

david.roach@murraystate.edu

Over the years, researchers have tended to use a fairly fixed set of ”good” wavelets for
their signal processing applications including the Haar wavelet, the Daubechies wavelets
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with the maximum number of vanishing moments, or the FBI 9/7 biorthogonal wavelet.
To find other lesser publicized wavelets, researchers would be required to perform spectral
factorizations or some type of lifting scheme to find the filter coefficients. In this talk, I
will give a complete parameterization of the coefficients for the length eight orthogonal
filters without any parameter constraints. This is the set of all trigonometric functions
which satisfy the necessary condition for orthogonality |m(ω)|2 + |m(ω + π)|2 = 1 which
includes all of the length eight wavelet filters and tight frames. I will demonstrate how
the parameters affect the shape of the scaling functions and the location of zeros for the
associated trigonometric polynomial. Finally, I will compare the length eight filters by
applying them to an image compression scheme and give examples of the best length eight
filter for a given image and fixed compression ratio. As will be illustrated, wavelets with the
highest number of vanishing moments are not always the best suggesting the importance
of matching the wavelet to the image. With these parameterized formulas, one can test a
whole continuum of wavelets in a signal processing application using filters with a variety
of smoothness and vanishing moments by simply perturbing the parameter values.

Inverse polynomial images which consists of two

Jordan arcs - an algebraic solution

Klaus Schiefermayr

University of Applied Sciences, Wels, Austria

k.schiefermayr@fh-wels.at

Let Pn be a polynomial with complex coefficients of degree n and let P−1
n ([−1, 1])

be the inverse polynomial image of [−1, 1]. Then, in general, P−1
n ([−1, 1]) consists of n

Jordan arcs, on which Pn is strictly monotone increasing from −1 to +1. If Pn is the
classical Chebyshev polynomial Tn(z) = cos(n arccos(z)) then the inverse image of Tn

may be combined to only one Jordan arc, more precisely, T−1
n ([−1, 1]) = [−1, 1]. Here

we are interested in polynomials for which the inverse image consists of two Jordan arcs.
This property is equivalent to the existence of a certain quadratic equation (Abel-Pell
equation) for the corresponding polynomial. Moreover, the endpoints of the arcs and the
polynomial itself may be characterised with the help of Jacobi’s elliptic and theta fuctions.
Nevertheless, our approach is only algebraic. Starting from a result of Peherstorfer and
the author, we derive one polynomial equation in terms of the four endpoints of the two
arcs. In other words, for every degree n, we can give explicitly a homogenous polynomial in
four variables, p(a, b, c, d), whose zeros {a, b, c, d} are the endpoints of the two Jordan arcs.
Moreover, a simple equation for the corresponding extremal points of Pn on its inverse
image is derived.
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Scattered data approximation on compact groups

Dominik Schmid

GSF National Research Center, Munich, Germany

dominik.schmid@gsf.de

Scattered data approximation is a practical problem that has many applications. In-
terpolation by translates of positive definite functions turned out to be a good method to
handle those problems on different structures. This technique leads to a system of linear
equations that has to be solved. We discuss the stability of this system depending on
the localization property of the underlying positive definite basis function. Furthermore
we propose a method to construct well-localized positive definite functions on semi-simple
compact Lie groups. Finally we apply our results to the rotation group SO(3).

Exact Constants in Stechkin-type Inequalities

S. Foucart, Yu. Kryakin, and A. Shadrin*

Cambridge University, UK

a.shadrin@damtp.cam.ac.uk

The classical Jackson-Stechkin inequality estimates the value of the best uniform ap-
proximation of a periodic function f by trigonometric polynomials of degree ≤ n − 1 in
terms of its r-th modulus of smoothness ωr(f, δ). It reads

En−1(f) ≤ cr ωr

(

f,
2π

n

)

,

where cr is some constant that depends only on r. It was known that cr admits the
estimate cr < rar and, basically, nothing else was known about it.

The main result of this paper is in establishing that
(

1 −
1

r + 1

)

γ∗r ≤ cr < 5 γ∗r , γ∗r =
1

(

r
b r

2 c

) �
r1/2

2r
,

i.e., that the Stechkin constant cr, far from increasing with r, does in fact decay expo-
nentially fast. We also show that the same upper bound is valid for the constant cr,p in
the Stechkin inequality for Lp-metrics with p ∈ [1,∞), and for small r we present upper
estimates which are sufficiently close to 1 · γ∗r .

Lagrange vs. Ideal Interpolation in Several Variables

Boris Shekhtman

University of South Florida, USA

boris@math.usf.edu

In one and two variables every ideal Projector is a limit of Lagrange projectors. In
three or more variables it is not so. I will describe the set of those projectors that are the
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limits of Lagrange projectors and give a finite steps algorithm for determining whether a
given projector is or is not in this set. This provides one possible answer to a question of
Carl de Boor. The results are also related to some open problems in Algebraic Geometry.

Interpolation in Special Orthogonal Groups

Tatiana Shingel

DAMTP, University of Cambridge, UK

t.shingel@damtp.cam.ac.uk

Construction of smooth interpolating curves in non-Euclidean spaces is an interest-
ing theoretical problem which finds many applications in engineering and physics. In
the present work, we address the question of interpolating points in Lie groups, focusing
on a special orthogonal group SO(n) due to its practical importance. Our technique is
based on the connection between the group and its Lie algebra of skew-symmetric ma-
trices and the fact that the exponential map is onto. There exists several methods and
algorithms which solve the interpolation problem. In the case of the SO(3) group, various
re-parametrizations of rotation matrices (e.g. rotation axes and angles, unit quaternions)
are adopted and cubic spline interpolation is performed on such representations. Very com-
mon are modifications of the De Casteljau algorithm, in which the key idea is to replace
linear interpolation by geodesic interpolation. However, many of the existing algorithms
are applied only to localized set of data points, which we believe falls short of having
an adequate approach, since the interpolation problem becomes particularly interesting
and challenging in a global sense. Our goal is to develop a computationally inexpensive
multi-purpose algorithm.

q-Bernstein Polynomial Bases of Triangular Domains

Plamen Simeonov* and Vasilis Zafiris

University of Houston-Downtown

simeonovp@uhd.edu

We define a basis of q-Bernstein polynomials and we use it to construct an orthogonal
basis for polynomials in q-Bernstein form on triangular domains. We show how the de
Casteljau and degree elevation algorithms can be reformulated in terms of these polyno-
mials.

Best interval quadrature formulae for convolution classes

V. Babenko and D. Skorokhodov*

Dnepropetrovsk National University, Dnepropetrovsk, Ukraine

sps@fort-dks.dp.ua

Let L1 and C be the spaces of 2π-periodic functions f : R → R endowed with
the corresponding norms. For a nonnegative function f ∈ L1 let us denote by P (f, t)
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the decreasing rearrangement of the restriction of f to [0, 2π). For an arbitrary function
g ∈ L1 set g±(t) = max{±g(t); 0} and Π(g, t) = P (g+, t) − P (g−, 2π − t).

Let F ⊂ L1 be such that {f ∈ F : f ⊥ 1} 6= ∅. The set F is called Π-invariant if
conditions f ∈ F and Π(g) = Π(f) imply g ∈ F .

We shall denote by ν(g) the number of sign changes of the functin g ∈ C on a period.

Let K ∈ L1, and let µ = µ(K) = 1 if
2π
∫

0

K(t) dt = 0 and µ = 0 in other case. The function

K is called CVD-kernel if ν(aµ +K ∗ f) ≤ ν(f) for every function f ∈ C, f ⊥ 1, and for
every a ∈ R.

Denote by K ∗F the set of functions of the form f = aµ+K ∗φ, where a ∈ R, φ ∈ F
and φ ⊥ µ.

Let n ∈ N and 0 < h < π/n. Denote by Qh
n the set of interval quadrature formulae

of the form

κ(f) =

m
∑

j=1

aj/2h

xj+h
∫

xj−h

f(t) dt,

where x1 < x2 < . . . < xm < x1 + 2π, aj ∈ R, m ≤ n.

Let R±(K ∗ F, κ) = sup{
2π
∫

0

(±f(t)) dt− κ(±f) : f ∈ K ∗ F}.

Let Q ⊂ Qh
n. An interval quadrature formula κ̄ ∈ Q is called Q-optimal for the class

K ∗ F if |R±(K ∗ F ; κ̄)| ≤ |R±(K ∗ F ;κ)| for every formula κ ∈ Q.

Let Qh
n,σ, σ ∈ R, be the set of all interval quadrature formulae for which

m
∑

j=1

aj = 2πσ.

Let κh
n,σ ∈ Qh

n,σ be the formula with n equidistant nodes {xj} and equal coefficients.
We have proved the following
Theorem. Let n, r ∈ N, 0 < h < π/n; K ∈ CV D and F be an arbitrary Π-invariant

set such that K ∗ F ⊂ C. Let σ ∈ R be an arbitrary number and Q = Qh
n,σ if µ = 0, and

σ = 1, Q = Qh
n,1 if µ = 1. Then the formula κh

n,σ is the Q-optimal for the class K ∗ F .

Polynomials with Shifts

M.-R. Skrzipek

Fernuniversität in Hagen, Hagen, Germany

michael.skrzipek@fernuni-hagen.de

Let vn ∈ Πn be a polynomial expanded in terms of pν ,

vn =

n
∑

ν=0

aν,npν ,

where the elements of {pν ∈ Πν}ν≥0 satisfy a three term recurrence relation. By a k-shift
of the Fourier- and recurrence coefficients we obtain polynomials

v
[k]
n−m =

n−m
∑

ν=0

aν+k,np
(k)
ν ∈ Πn−m , 0 ≤ k ≤ m ≤ n ,
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which generalize the associated (orthogonal) polynomials {p
(k)
ν ∈ Πν}ν≥0 of order k ≥ 0.

By suitable combinations of shift- and recurrence strategies it can be seen that they are
very useful in many fields of numerical mathematics and in signal processing.

We present some properties and applications of these polynomials. Especially we con-
sider decomposition strategies for large n which can be used for analyzing given frequencies
of signals, for evaluation of high degree polynomials, etc.

On the uniqueness and non-uniqueness

of minimal projections in Lp

Leslaw Skrzypek

University of South Florida, Tampa, FL, USA

skrzypek@math.usf.edu

A projection from X onto V is called minimal if it has smallest possible norm. In
L2 all minimal projections have norm 1 and are unique. The situation is different for
p 6= 2. Several examples will be given to demonstrate the difference between L2, L1,
Lp(1 < p < ∞, p 6= 2) and `p (1 < p < ∞, p 6= 2). We will present what is known today
about uniqueness and non-uniqueness of minimal projections in Lp spaces.

The results presented are joint work with G.Lewicki and B.Shekhtman.

A New Family of Multivariate Macro-Elements:

How Geometry Determines the Structure of Spline Spaces

Tatyana Sorokina

Towson University, Towson, MD

sorokina@math.utah.edu

Macro-elements based on the well-known Clough-Tocher, Powell-Sabin, Worsey-Farin,
and Alfeld splits are shown to be a part of a larger multivariate family based on what we
call k-plus splits. We prove that certain rather severe geometric constraints (overlooked in
Worsey-Farin’s construction) need to be imposed to ensure smoothness of the splines.

On the stability of quasi-hierarchical Powell-Sabin

B-splines

H. Speleers*, P. Dierckx, and S. Vandewalle

Katholieke Universiteit Leuven, Belgium

hendrik.speleers@cs.kuleuven.be

QHPS-splines are a hierarchical variant of the classical Powell-Sabin (PS-) splines.
They are C1-continuous quadratic macro elements defined on a (non-conforming) hierar-
chical triangulation. Such mesh is obtained, starting from a conforming triangulation, by
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partitioning recursively a subset of triangles with a triadic split. The construction of the
spline is based on a particular refinement of the mesh, analogous to the PS-6-split.

For this spline space a normalized quasi-hierarchical basis can be constructed. The
basis retains all the advantages of the classical Powell-Sabin B-splines: the basis functions
have a local support, they form a convex partition of unity, and the spline is locally
controllable by means of control triangles. Since the mesh is no longer restricted to be
conforming, local subdivision can be applied straightforwardly. In general, the basis is
weakly Lp-stable, but we will show that the mesh can be locally adapted such that the
QHPS-basis on the new mesh is strongly Lp-stable.

Higher Order Derivatives in Image Processing

G. Steidl

University of Mannheim

steidl@math.uni-mannheim.de

We are interested in applications of regularization methods containing second (or
higher) order derivatives in image processing. We will show that these techniques can be
successfully used in

1. edge-preserving denoising of scalar-valued images,
2. simultaneous estimation and decomposition of (vector-valued) optical flow,
3. restoration of tensor-valued images.

1. Edge-preserving denoising of images. Starting from a drawback of the well-
established Rudin-Osher-Fatemi model, namely the so-called staircasing effect,we are in-
terested, e.g. in discrete analogons of functionals of the form

∫

Ω
(f − u)2 + α‖H(u)‖F dx,

where H(u) denotes the Hessian of u. In the one-dimensional setting, the minimizers of the
considered functionals are discrete polynomial splines with free knots or inf-convolution
splines.

2. Simultaneous estimation and decomposition of optical flow. An impor-
tant research problem is to develop variational approaches that render flow estimation
from image sequences into a well-posed and numerically stable problem, while preserving
small-scale flow structures that are important for empirical investigations of turbulent phe-
nomena. We introduce a novel class of variational flow estimation schemes by combining
higher-order flow regularization with recent techniques developed for the decomposition
of images into structural and textural parts by applying TV and G-norms. As a proper
discretization we apply the finite mimetic difference method that preserves the integral
identities fulfilled by the continuous differential operators. As a result, we obtain vari-
ational approaches that allow not only for estimating fluid flow from image sequences
but simultaneously yield a decomposition of the flow into coherent spatio-temporal flow
patterns and small-scale structures.

3. Restoration of matrix fields. Recently matrix-valued data sets have gained
significant importance in image processing applications, e.g. in medical diffusion tensor
magnetic resonance imaging (DT-MRI). We show how successful restoration methods from
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scalar-valued imaging (see 1.) can be translated to matrix-fields. Here the preservation of
the positive definiteness of the matrices and the inclusion of Jordan products of symmetric
matrices comes into the play.

This is joint work with S. Setzer, Ch. Schnoerr, J. Yuan (University of Mannheim)
and S. Didas (Saarland University).

On the approximation order of the truncated frame operator

Joachim Stöckler

University of Dortmund, Germany

joachim.stoeckler@math.uni-dortmund.de

Multiresolution analysis provides the foundation for the construction of wavelets and
frames, for both the stationary shift-invariant and the irregular setting. The approximation
order of the truncated frame operator, for stationary shift-invariant MRA’s, was found to
be m = min{2L,m0} where L is the order of vanishing moments of the frame elements and
m0 is the (maximal) approximation order of the underlying MRA, see [1]. This “doubling”
of the number of vanishing moments does not occur, however, for irregular frames and
frames on bounded intervals. In this talk, we make use of quasi-projection kernels in order
to characterize the approximation order of the truncated frame operator in the univariate
case.

[1] I. Daubechies, B. Han, A. Ron, Z. Shen, Framelets: MRA-based constructions of
wavelet frames, Appl. Comput. Harm. Anal. 14 (2003), 1-46.

Rate of convergence of iterates of linear operators

to semigroups and resolvent operators

M. Campiti and C. Tacelli*

University of Lecce, Lecce, Italy

cristian.tacelli@unile.it

Trotter’s theorem (1958) on the approximation of C0-semigroups has been largely
used in the last twenty years in the approximation of the solution of a given evolution
problem by means of iterates of suitable approximation processes. An open question has
been a quantitative estimate of the convergence which was not directly available for this
theorem. Only in the last years some results in this direction has been found by Gonska
and Rasa (2006) for Bernstein operators and by Mangino and Rasa (2007) in a general
case. The results presented here have been obtained in collaboration with Campiti and
hold under the same general assumptions of Trotter’s theorem. In particular, we don’t
make any assumptions on the growth bound of the limit semigroup and compared with
the existing literature our estimates are better even in the case of growth bound equal to
0 and behaves correctly on the invariant subspaces for the approximation process.
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As a consequence, we are able to apply our results to general approximation processes
even in an infinite-dimensional context. As regards to some approximation processes on
the simplex we provide quantitative estimates on the space of all functions of class C2,α,
extending considerably the class C3 previously considered by Mangino and Rasa.

Finally, we point out the possibility of yielding a quantitative estimate for the resolvent
operator, whose description in terms of iterates has been recently obtained by Albanese,
Campiti and Mangino (2006).

How Many Random Projections Does One Need to

Recover a k-sparse Vector?

D. L. Donoho and J. Tanner*

University of Utah, Salt Lake City, Utah, USA

tanner@math.utah.edu

The essential information contained in most large data sets is small when compared
to the size of the data set. That is, the data can be well approximated using relatively
few terms in a suitable transformation. This paradigm of Compressed Sensing suggests
a revolution in how information is collected and processed. In this talk we consider a
stronger notion of compressibility, sparsity, which measures the number of non-zero entries.
For data sets which are sparse (possibly following a transformation), the data can often
be recovered efficiently, with relatively few randomized measurements by utilizing highly
non-linear optimization based reconstruction techniques.

Specifically, consider an underdetermined system of linear equations y = Ax with
known y and n×N , matrix A with n < N . We seek the sparsest solution, i.e., the x with
fewest nonzeros satisfying y = Ax. In general this problem is NP-hard. However, for many
matrices A there is a threshold phenomenon: if the sparsest solution is sufficiently sparse, it
can be found by linear programming. Quantitative values for a strong and weak threshold
will be presented. The strong threshold guarantees the recovery of the sparsest solution
xo, whereas a weaker sparsity constraint ensures the recovery of the sparsest solution for
most xo. Connections with high-dimensional geometry imply results about the structure
of Gaussian point clouds and the neighborliness of polytopes.

On optimal estimators in learning theory

V. N. Temlyakov

USC, Columbia, SC

temlyak@math.sc.edu

This talk addresses some problems of supervised learning in the setting formulated by
Cucker and Smale. Supervised learning, or learning-from-examples, refers to a process that
builds on the base of available data of inputs xi and outputs yi, i = 1, . . . ,m, a function that
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best represents the relation between the inputs x ∈ X and the corresponding outputs y ∈
Y . The goal is to find an estimator fz on the base of given data z := ((x1, y1), . . . , (xm, ym))
that approximates well the regression function fρ (or its projection) of an unknown Borel
probability measure ρ defined on Z = X × Y . We assume that (xi, yi), i = 1, . . . ,m, are
indepent and distributed according to ρ.

There are several important ingredients in mathematical formulation of this problem.
We follow the way that has become standard in approximation theory and has been used
in recent papers. In this approach we first choose a function class W (a hypothesis space
H) to work with. After selecting a class W we have the following two ways to go. The first
one is based on the idea of studying approximation of the L2(ρX) projection fW := (fρ)W

of fρ onto W . Here, ρX is the marginal prabability measure. This setting is known as the
improper function learning problem or the projection learning problem. In this case we do
not assume that the regression function fρ comes from a specific (say, smoothness) class
of functions. The second way is based on the assumption fρ ∈ W . This setting is known
as the proper function learning problem. For instance, we may assume that fρ has some
smoothness. We will give some upper and lower estimates in both settings.

Movement detection using quaternion wavelet

phase space decomposition

Leonardo Traversoni

Universidad Autonoma Metropolitana (Iztapalapa)

ltd@xanum.uam.mx

We use wavelet analysis to detect movement on a pair of stereographical movies and
quaternion wavelet phase space decomposition to match the correspondent images in each
picture in order to extract the movement characteristics and approximate the equation of
the movement

Sampling on Sparse Grids

T. Ullrich

Friedrich-Schiller-University, Jena, Germany

ullricht@minet.uni-jena.de

We consider a d-variate periodic, complex valued and continuous function f : T d → C,
where d may be large. Our aim is to approximate f by sampling operators and investigate
the error in the Lp-metric. Such a sampling process {Am}m uses only discrete information
about the function f in the following way

Am f(x) =

Nm
∑

k=1

f(xk)ψk(x) , x ∈ T d ,
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where the sampling points xk ∈ T d and the functions ψk : T d → C, k = 1, ..., Nm, are fixed.
We will focus on the so called Smolyak algorithm. Starting with a sequence of sampling
operators for the univariate case we obtain, via a special tensor product construction, a
sequence {Am}m of sampling operators for the d-variate case acting on a so called sparse
grid. This construction provides useful properties. Having more information about f , for
instance, f belonging to some periodic Sobolev space with dominating mixed derivative,
we are able to prove Lp(T

d)-error estimates depending on the size of the used sampling
grid and present new upper bounds for the problem of optimal recovery of functions.

Fixed Point Theorems with Applications to Solutions for

Functional Equations Arising in Dynamic Programming

Jeong Sheok Ume

Changwon National University, Changwon, Korea

jsume@changwon.ac.kr

In this talk, we introduce and study two new functional equations, which contain a
lot of known functional equations as special cases, arising in dynamic programming of
multistage decision processes. By applying a new fixed point theorem, we obtain the
existence, uniqueness, iterative approximation and error estimate of solutions for these
functional equations. Under certain conditions, we also study properties of solutions for
one of the functional equations. The results presented in this paper extend, improve and
unify the results due to Bellman, Bellman and Roosta, Bhakta and Choudhury, Bhakta
and Mitra, Liu, Liu and Ume and others. Two examples are given to demonstrate the
advantage of our results than existing results in the literature.

Approximation of Intrinsic Mode Functions by Smooth

Piece-Wise Constant Amplitude and Phase Functions

Vesselin Vatchev

UT, Brounsville, TX, USA

vesselin.vatchev@utb.edu

The Intrinsic Mode Functions(IMF) arise as the basic building blocks extracted by
applying the Empirical Mode Decomposition(EMD) Method to signals or more general
functions. The EMD is adaptive nonlinear method for analyzing nonstationary and non-
linear phases of signals. Recently we characterized IMF’s as eigenfunctions of self-adjoint
differential operators. In the talk we present a method based on the corresponding dif-
ferential equations for local approximation of IMF’s by elementary functions of the form
eat cos(bt+ c), where a is real and b > 0. Since for any self-adjoint operator there exists a
complete sequence of eigenfunctions the method can be successfully used for decomposing
and approximating functions with square integrable second derivatives.
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Competitive on-line predicton as approximation problem

Vladimir Vovk

Royal Holloway, University of London, Egham, Surrey, England

vovk@cs.rhul.ac.uk

In this talk I will discuss similarities and differences between typical problems con-
sidered in approximation theory and learning theory, and then review some results of
competitive on-line learning involving Banach benchmark classes.

Subdivision in Lie groups and symmetric spaces

Johannes Wallner*, Esfandiar Navayazdani, and Philipp Grohs

TU Graz, Austria, and TU Wien, Austria

j.wallner@tugraz.at

We show how to define and to analyze curve subdivison schemes operating in Lie
groups and symmetric spaces. We especially consider C2 smoothness.

Wavelet approach to image demosaicing

Jianzhong Wang

Sam Houston State University

mth jxw@shsu.edu

Many digital cameras use Bayer pattern to sample red, green, and blue channels of
color images. At a location of each pixel, only one color sample is taken and the values of
other colors at the location must be recovered. In Bayer pattern the ratio of the samples
of R,G, and B is 1/4:1/2:1/4. Recovering color images from their Bayer patters is called
demosaic. Based on the fact that the color images have very high inter-chnnel correlations
in their high fraquency subbands, we formulate demosaicing as a constrained minimization
problem in wavelet domain. The algorithms for solving the problems are presented.

Direct and Inverse Theorems for RBF-type functions:

Implications and Applications

J. D. Ward

Texas A&M University, College Station, Tx. USA

jward@math.tamu.edu

In their book on approximation, DeVore and Lorentz have a chapter on Central The-

orems of Approximation. In particular they discuss direct theorems such as the classical
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Jackson theorems for approximation by trigonometric polynomials and the corresponding
inverse theorems of Bernstein for trigonometric polynomial approximation. In this sur-
vey talk, we wish to discuss recent progress concerning both direct and inverse theorems
for radial basis functions (RBFs) and spherical basis functions (SBFs). Contributions
in this area have been made by several authors. Central to the inverse theorems is an
“L2 Bernstein-type” inequality for certain RBFs and a more general “Lp Bernstein-type”
inequality for SBFs.

When an SBF is defined as the restriction to the n-sphere of an associated RBF, direct
theorems for the SBF can be derived from the corresponding direct theorems of the RBF.
The talk will give reasons for this connection and explain how a similar line of reasoning
connects the least squares approximation results of both RBFs and SBFs.

Spherical basis functions were a natural outgrowth of radial basis functions. Similarly,
matrix-valued radial basis functions, which allows one to approximate and interpolate
vector fields, have also evolved from RBFs. This talk will also include very recent “Sobolev-
type” error estimates for these functions as well as an application to modelling certain
physical phenomena. Finally, a construction of divergence-free SBFs will be discussed
with emphasis on certain applications in geodesy.

Spherical Splines for Hermite Interpolation

and Surface Design

Ming-Jun Lai and Jianbao Wu*

University of Georgia, Athens, GA

gzjianbao@hotmail.com

We explain how to use spherical splines over spherical triangulation for surface design.
One is to construct spherical splines satisfying Hermite interpolation conditions. Another
one is to fill a surface hole. The third one is how to deal with point clouds. Several surfaces
are shown to demonstrate our method.

Image reconstruction and orthogonal expansions

Yuan Xu

University of Oregon

yuan@uoregon.edu

We discuss an algorithm for reconstruction of images from x-ray data. The algorithm
is based on orthogonal polynomial expansions on the unit disk. It preserves polynomials
of high degree and converges uniformly for functions satisfying mild smoothness condition.
We will show by example that the reconstruction is fast and effective.
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One-sided Lp Norm and Best Approximation

in One-sided Lp Norm

Chengmin Yang

West Virginia Univ. - Inat. of Tech., WV, USA

cyang@wvutech.edu

Let f be a p integrable function on K, a compact subset of R, and µ be a σ-finite
positive measure. For p ≥ 1, the one-sided Lp norm is defined as follows:

||f ||p = max
{

(

∫

{f>0}

|f |pdµ)
1
p , (

∫

{f<0}

|f |pdµ)
1
p

}

We first prove the above definition is indeed a norm. Then the best approximation in
the one-sided Lp norms is studied. Among others, characterization and uniqueness of best
approximation are discussed.

Hermite Subdivision in Geometric Settings

Thomas P. Y. Yu

Drexel University

yut@drexel.edu

We shall discuss how to extend classical Hermite subdivision schemes to the following
two geometric settings:

(i) We have a discrete set of initial points and velocity vectors on a Lie group, and we
show how to use Hermite subdivision to obtain smooth interpolants of such data.

(ii) We have a 2-simplicial complex with (suitably defined) order r jet data defined at
the vertices. And we show how to apply Hermite subdivision to obtain smooth functions
defined on the whole simplicial complex, where smoothness is defined w.r.t. to a suitable
chosen affine differential structure on the complex. Standard subdivision surfaces used in
computer graphics can be viewed as a special case (r = 0) of this setting.

Smoothness Equivalence Properties of Subdivision Schemes of

Manifold-valued Data

Thomas Yu and Gang Xie

Drexel University, Philadelphia, PA

yut@drexel.edu

Interpolation of manifold-valued data is a fundamental problem which has applications
in many fields. Linear subdivision method is an efficient and well-studied method for
interpolating or approximating real- valued data in a multiresolution fashion. In this talk,
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we shall recall several natural algorithms for adapting a linear subdivision schemes to
manifold-valued data. Afterwards, we present results that show that such a nonlinear
subdivision scheme typically yields curves that are as smooth as those generated by the
underlying linear subdivision scheme.

Symmetry in basis function methods

Wolfgang zu Castell

GSF-National Research Center, Munich, Germany

castell@gsf.de

Approximation methods based on positive definite functions are widely used for scat-
tered data problems, for prediction of stationary processes, and in machine learning. In
the classical case of the d-dimensional Euclidean space, the basis function is commonly
assumed to be radial. This isotropy property can algebraically be described with rotation
invariance. Using other groups, leads to further examples of symmetry.

Coming from the Euclidean norm, radiality also has a second generalization. Replacing
the Euclidean norm with a p-norm, 1 ≤ p ≤ ∞, on the d-dimensional space, leads to
another type of symmetry, which only in the case p = 2 can be fully described within the
algebraic context.

The talk will focus on these different aspects of symmetry, discussing their connection
and differences.
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