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. {(S) bglinduction approximants for a class of functions including the partial )
r n = O and n = 1, theta function, :
1.2,....n, Wherse 1. Introduction {
- |
Let f£(z) = 2 anJ be a formal pover series., Let m.n .!
qn - I

be nonnegative Integers. The m.n Padé approximant to £(z)

is a rational function [m/n](z) = P(z)/Q(z). where P and Q f'

have degree at most m and n respectively, Q £ 0. and

(£FQ - P)(z) = o(2™™*!y formalny.

n - 1 and n, we

led proofs.

B. Gragg and E. B. In [2]. one of the authors investigated convergence of

Padé approximants for functions f(z) that have *“smooth"

coefficients, in the sense that

(1.1) 1im a

e

2
J-idj+1/aj q € €,
s, P. R., Pade _ :

(Encyclopedia of A model function for (1.1) is the partial theta function
ey. Reading. 1981%,

A
- 1
t
i
}

R., Zeros of hod 4
otes in Math., Vol. (1.2) hq(z) = qJ(J'l)/zzJ. ¥
=0
e of Rows ©f the R P
h Maclaurin Series, -

for which the 1limit in (1.1) may be replaced by equality for
all § 2 1. . v
nvergence of Pade

ions and the Ve consider the Padé approximants of hq(z) for the ?-

t.
delicate case when |g| = 1. say
ade Approximants of
srs-Szego P
° (1.3) q := el . 8 € [0.2%).

When 6/(2x) is rational, hq(z) is a rational function, but
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when ¢/(2x) is irrational, hq(z) has the unit circle as its

natural boundary. In the latter case, the normalized Padé
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denominator an(z) in [m/n](z) satlisfies [3]

m
= - . 2 n-120,
Gn( zgq ) m

(1.4) QUn(z}

where Gn(z) is the Rogers-Szegg polynomial

n
= n J =
(1.5) G (z) = G _(z:q) ;=§ [J ] z. n = 1,23,
J=0
and where
n (1-a™) (1-¢""1y . (1-g" T
(1.¢) [J]:= 5 j .1 < J <,
{(t-q)(1-97)...(1-g")
1 . § =o.
Ve also set Go(z) = i.

2. Rogers-Szego Polynomials

The zero distribution of (Gn(z))T may be obtained from

the following result [3]:

THEOREM 1,

(2)

relatively prime positive

Let Nl-il denote the sup norm on ]zl =1,

1f 6/(2n) As a rational number up/v, where u.v are

integers, then

(2.1) SENTIN AR L
DN

(b) 1f 8/(2x) is irrational,

(2.2) 1im ng w'7? = 1,

Ny

It can be shown [3] that all zeros of (Gn(z))T lie in

¢ 1

the annulus r; <zl < ro,+ Where r := 242 + 1+ jt + qf.

[o]

Regarding the limiting behavior of (Gn(z))T. ve can prove

Padé Approximants of F

THEOREM 2. 1If

integer, there

integers, such

{(2.3)

One impor
3.
For rows «

THEOREM 3 (Row:

radius of conve
(3.1) 1im e
o
Let r_ := 1lim
e
Then
(a) 1Ihe full r

uniformily to £{

(3.2) A :

ngq

There exis

(v)

converges local

(¢) '1£r, =71

converges local

Part (c) -a
the conjecture
by Buslaev, Gon
Suppose th

hq(z) *good*™ 1§

lzl ¢ 1:; otherw

Theorem 3 (c) s
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mial

zJ. n=1,2.3..... H

(l_qn+1—j) i
. 1¢§¢<n, :
(1-a7)
4=
nials

may be obtained from

n_on |z =1, .

/., where u,v are

n

TN

G ® lie in
of ( n(z))1 e

2/2 + 1+ |1 + q].

z))T, we can prove
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THEOREM 2., If 6/(2x) is irrational and ¢ is a nonnegative

integer, there exists an increasing sequence # of positive

integers, such that locally uniformly in |z| < 1,

-

1im Gn(z) = G,(z)-

(2.3)
ne/

One important case of (2.3) is & = 0. for which G, B 1.

3. Convergence of Padé Approximants

For rows of the Padé table. we can prove [3]:
L

THEOREM 3 (Rows). Let n ) 2. Suppose f(z) = } anJ has
j=o0

radius of convergence r (0 < r ¢ «) and that

lim a d = e , 8/(2x) irrational.

S0

.2
(3.1) J-12 441725

Let r_ := lim inf |a ra | and r, := 1im sup la, /a .
- P J J+1 _—= T+ Joreo l J J+1l

Ihen
(a) The full row sequence ([m/n](z)):_1 converges locally

uniformly to f(z) in [z| < Anqr—' where

(3.i; A i= min{jz] : G (z) = 0) € (0.1).

n
d L ]

(b) There exists a subsequence_of ([m/n](z)):__1 that

converges localluy uniformly to f(z) in Iz' < Anqr‘

- M L
(c) 1f r, = r < », then no subseguence of ([m/n](z))m=1

converges locally uniformly in |z < Anq r +¢ for any € > 0,

Part (c) above furnishes a class of counterexamples to
the conjecture of Baker and Graves-Morris. recently resolved
by Buslaev, Gondar and Suetin [13.

Suppose that we call a sequence of Padé approximants to

hq(z) “good™ if it converges locally uniformly throughout

Jz] < 1: otherwise it is "bad". Uhen 8/(2x) is irrational,

Theorem 3 (c) shows that every subsequence of every row
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! :
P
! % (Im/n1(z))o., with n 2 2 fixed. s bad. By contrast. a
. . .
%.‘, : subsequence of the main diagonal ([x’x/n](z))n_1 is good (so
l ‘ that the Baker-Gammel-Vills Con jecture is true for hq(z)),
\ : while some other diagonal subsequence is bad:
[
: i Abstract:
1 L .
.; e ‘. THEOREM 4. (Main Diagonal). Let’ ¢/(2x) be irrational. Let U =
i l - Ihen polynomials
¥ , .
: : n
4 b (a) ([n/r;](z)}::_1 converges in capacity to hq(z) in |z < 1. Ap: ={z e
i1 P =
: Lo -Weil un:
i HE and converges locally uniformly toh (z) in |z| <A+ Rhere Oka-We
i (i | v q approximati
»§ ! i Aq ;= 1nf(Anq :n Y 1) € (0.1). . phic in a n
.) l -
‘ ! (p) 1Ihere exists (nJ)‘: such that ([nJ/nJ](z))T converges that are al
' jocally uniformly to hq(z) tn Jz] < 1. .
! (c) ZThere exists (n‘]}‘:a such that [nj/nJ](z) has a pole z.l ' The ma
: lassical ©
. with 1im lzj| =A . classical
o Jseo q convex doma
il Further details, and proofs, will appear tn [3]. will be acc
: : result will
£ :
% ; We beg
3 : References
3 v Theorem 1.
% : 1. Buslaev, V. 1.. Goncar. A. A. and suetin. sS. P.., On the the origin’
: : Convergence of Subsequences of the mth Row of the pade the orlgln.
P Table, Math. USSR. Sbornik., 48 (1984). 535-540. : (with U <<
i
HE I se
) 2. Lubinsky. D. S.. Uniform convergence of Rows of the Ju_g_rge_g
i padé Table for Functions with Smooth Maclaurin series
H \ . coefficients, Manuscript. .
i 3. Lubinsky., D. S. and saff. E. B.. Convergence of padé This

Approximants of Partial Theta Functions and the
Rogers—Szeg'd Polynomials, Manuscript.

(see for 1

PP IS

et e 8

: A coo
. . K=Rg: = {
k3 :v , *

Py D. $. Lubinsky. E. B. saff, convex hul
75 ' NRIMS, CSIR. Inst. for Constructive Math. _

11 P.O. Box 395. Department of Mathematics For =
Pretoria 0001, University of South Florida. holomorph:
: Rep. of South Africa. Tampa, FL 33620, reh
i of meromo:
.'. B . »

I The research of this author was supported, in part. by the Polar set:
1 NSF.

APPROXIMATL

et 2 o g e # A et o e et s eess s emn S o e - m——
. P S . P R



