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ON POLARIZATION OF SPHERICAL CODES AND DESIGNS
P.G. BOYVALENKOV', P. D. DRAGNEVZ, D. P. HARDIN, E. B. SAFF, AND M. M. STOYANOVA?

ABSTRACT. In this article we investigate the N -point min-max and the max-min polarization problems on
the sphere for a large class of potentials in [R™ . We derive universal lower and upper bounds on the polarization
of spherical designs of fixed dimension, strength, and cardinality. The bounds are universal in the sense that
they are a convex combination of potential function evaluations with nodes and weights independent of the
class of potentials. As a consequence of our lower bounds, we obtain the Fazekas-Levenshtein bounds on
the covering radius of spherical designs. Utilizing the existence ol spherical designs, our polarization bounds
are extended to general configurations. As examples we completely solve the min-max polarization problem
for 120 points on §* and show that the 600-cell is universally optimal for that problem. We also provide
alternative methods for solving the max-min polarization problem when the number of points N does not
exceed the dimension n and when N = n -+ 1. We further show that the cross-polytope has the best max-min
polarization constant among all spherical 2-designs of N = 2n points for n = 2, 3,4; forn > 5, this
statement is conditional on a well-known conjecture that the cross-polytope has the best covering radius. This
max-min optimality is also established for all so-called centered codes.

1. INTRODUCTION

Let "1 C R™ denote the unit sphere. A collection of distinct points €' = {x|,z9,..., 25y} C 8* !
is called a spherical code. For a function h : [—1,1] — (—o0, +o¢], continuous and finite on [—1, 1), we
consider the discrete h-potential associated with C

Up(z,C) : Z h(z - y),

yel
where z € §" ! is arbitrary. Let
(€)= inf Un(x,C), QM(N):= sup Qu(C), (1
refn |C|=N
be the max-min polarization quantities and we similarly define the min-max polarization quantities
Ru(C):= sup Uy(x,C), RM(N): l(_i?lfN Ru(C)- )
LT:CE;H' 1 o=

For (2) we additionally suppose that % is continuous and finite on [—1,1].

For a background discussion of polarization, see [ 10, Chapter 14|, where potentials on general compact
sets are considered. Such optimization quantities arose in the classical context of Chebyshev problems
where, for example, one minimizes the maximum norm of a polynomial on a compact set by making an
optimal choice for the locations of its zeros. Polarization problems are intimately connected with so-called
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covering problems where given a compact set A the goal is to choose N points wy := {1, Z2,...,Tn}
on A so that the largest distance of a point of A to wy is minimized. We denote this covering radius by
§(A, N). In particular, on §* 1, if h(t) = (2 — 2¢) /2, with t = x - 3, then for each fixed N

lim Q™ (N)Y* = 1/5(8" 1, N). 3)
00

We remark that polarization is also regarded as somewhat dual to the notion of discrete energy in much
the same way that optimal covering problems are somewhat dual to best-packing problems.

Since their introduction in the seminal paper of Delsarte, Goethals and Seidel [20] in 1977, spherical
designs have been front stage in many optimization problems on S"~!. Many well-known spherical
configurations that solve famous and difficult problems turn out to be spherical designs of high strength.

The comprehensive survey [2] (see also [3]) explains the role of spherical designs in algebraic combina-
torics, approximation theory (thus, with connections with analysis and statistics), geometry (in particular
sphere packing and covering problems) and optimization theory. Strong connections of designs with the
maximal spherical codes problem were revealed and exploited by Levenshtein [24, 25] (see the chapter
[26] for more details). Cohn and Kumar [18] showed that sharp codes, that is spherical (2k — 1)-designs
with & different inner products within distinct points of the code, enjoy universal optimality; i.e. they attain
minimal polential energy among all codes of the same cardinalily with respect to all absolutely monotone
potentials. This article’s authors obtained in [12] a universal lower bound (ULB) for energy of all codes
that is attained by the same sharp codes, in other words, attained il and only if the Levenshtein bound
is attained (see also [14, 15]). A long-standing conjecture about the existence of asymptotically optimal
spherical designs was resolved in [5] (see also [6]). Last, but not least, it was shown that many results
related to spherical designs have their counterparts in other important metric spaces, such as the infinite
projective spaces, Hamming spaces, and Johnson spaces (see [25, 26, 13]). General references [19, 21, 4]
describe further interesting features of spherical designs.

Thus, it is not unexpected that the concept of spherical designs is pivotal in our investigation.

1

Definition 1.1. A spherical 7-design C' "1 is a finite subset of "' such that

1 [ ) L ~— ,
f@dn(a) = = 3 1)
(S Jga |C| %F
(s4(x) is the surface area measure) holds for all polynomials f(x) = f(xy,®,...,x,) of degree at most

7 (i.e., the average of f over the set C' is equal to the average of f over 8™ !).
With a spherical 7-design C' we shall associate the respective polarization quantities
QM (n, 1, N) := sup{Qn(C) : |C| = N, C'is a T-design} “

and

ra] (n,7,N) :=inf{Ru(C) : |C

=N, Cisar-design}. (5)

Definition 1.2. Given a dimension n and cardinality N, we define 7, » to be the largest T for which a
spherical T-design of N points on "' exists.

Then the definitions (1), (2), (4), and (5) immediately imply the bounds
QM(N) = @™ (n, 7y n, N), RM(N) <R™(n, 7 n,N). (©)

about:blank

7/15/2022, 2:44 PM



Firefox

3 0f 28

Borodachov |9] has announced that strongly sharp codes, that is 2k-designs with % distinct inner prod-
ucts of distinct points within the code', and sharp antipodal codes, that is, sharp codes containing at least
one antipodal pair, are universally optimal for the min-max polarization problem stated in (2). Inspired by
his work, in this article we shall derive universal lower and upper bounds on max-min and min-max po-
larization quantities for spherical 7-designs, that is, bounds that are valid for the class of potentials having
constant sign of their (7 + 1)-st derivative, which includes the class of abselutely monotone potentials of
high enough order*. Moreover, these bounds consist of a convex combination of point evaluations of the
potential function with nodes and weights independent of the potential. In addition, we will show that the
600-cell satisfies the same min-max polarization universal optimality as the strong sharp codes and the
sharp antipodal codes. In this regard, we note that the known universally optimal spherical configurations
[ 18] with respect to the energy of absolutely monotone potentials are the sharp codes and the 600-cell.

This article is structured as follows. In Section 2 we introduce the needed preliminaries. A Delsarte-
Yudin type linear programing lower bound on min-max and max-min polarization for spherical designs
is introduced in Section 3 with the main results being universal lower bounds given in Theorem 3.4 and
Theorem 3.7 and conditions for attaining the max-min polarization bound (see Corollary 3.9). Examples
3.11 and 3.12 provide an application of the results in the section and establish that our bound (16) in
Theorem 3.4 and the Fazekash-Levenshtein bound are simultaneously attained for the cube on % and the
24-cell D4 on S®, respectively. Proposition 3.13 shows that the cross-polytope attains the bound (23) in
Theorem 3.7. Section 4, after setting a Delsarte-Yudin type upper bound, introduces the notion of degree
m positive definiteness of signed measures and presents the universal upper bound on min-max and max-
min polarization for spherical designs in Theorem 4.6. In Section 5 we establish that the 600-cell (the
unique 11-design of 120 points on S%, see [1, 11]) is universally optimal for the min-max polarization
problem. Further applications and illustrations of the theory in Section 6 include an alternative method
of solving the max-min polarization property of the cases N < n (the optimal configuration being any
spherical 1-design) and N — n + 1 (the optimal configuration being the regular simplex). We also
prove that the cross-polytope has the best max-min polarization constant among all spherical 2-designs
of N = 2n points for n = 2,3, 4; for n > 5, this statement is conditional on a well-known conjecture
that the cross-polytope has the best covering radius. In addition, we establish the max-min polarization
optimality of the cross-polytope for all so-called centered codes.

2. PRELIMINARIES

2.1. Gegenbauer and adjacent polynomials. We remind the reader that the Gegenbauer polynomials
Ia(:”)(t) I’AEU'“) (t) are Jacobi® polynomials P{*"(¢) with @ — 8 — (n — 3)/2 normalized so that
P}.(:”) (1) = 1. Namely, the Gegenbauer polynomials I’i[”)(r‘,) are orthogonal on [—1, 1] with respect to the
measure

dﬂ‘u(” = '}'u(l - 52)(”7:3)/2 dt,
where the normalization constant ~,, is chosen so that 7, [_]] (1 ¢2)n=3)/2 g = 1.

We shall utilize also the adjacent Gegenbauer polynomials I’A(.u"’)({,)_ a,b € {0,1}, namely Jacobi
polynomials with o = a + (n — 3)/2 and 8 = b + (n — 3)/2 similarly normalized by P{*" (1) = 1.

ISuch codes exist only for k = 1 (in all dimensions) and for k£ = 2 (only in special dimensions).
2a potential is called absolutely monotone of order m if all of its derivatives up to order rm are non-negative and just absolutely
monotone when all its derivatives are non-negative.

3The Jacobi polynomials Pl "rj(f,) are orthogonal on [—1, 1] with respect to a weight function (1 — £)™(1 + ¢)%.
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Let
deg(f) -
n
fey= "> P (N
=0

be a real polynomial expanded in terms of the Gegenbauer polynomials I '"'){i.). The Gegenbauer coefli-
cients f; are given by

1
fi =" f IO PR ) D2d, i= 0, deg(f).

2.2. Another (crucial) definition for spherical designs. The following equivalent definition of spherical
designs facilitates our approach to the polarization problem (see [20], [22, Equation (1.10)]).
Definition 2.1. A code ' ¢ §*~! is a spherical 7-design if and only if for any point z € §*~! and any
real polynomial f (i) of degree at most 7, the equality
Up(2,C) = Y f(@-y) = folC| ()
yed

holds, where fy =, J"] LS 2)(n=3)/2 dt is the constant coefficient in the Gegenbauer expansion

(7)of f.

Note that (8) asserts that the polarization f-potential for ” is constant on S"~!. This fact serves as the
foundation in obtaining lower and upper linear programming (LP) bounds for the polarization of spherical
designs.

2.3. Moments of spherical codes. Recall that given a spherical code C, its i-th moment is defined as
M) = Y P (). 9)
zycC

We remark that one of the alternative definitions for a spherical design of strength 7 is that all the moments
M™(C) vanish fori = 1,..., 7. The following lemma from [10] shows the relation between the moments

and the spherical harmonics.
Lemma 2.2. ([10, Lemma 5.2.2]) Let C < §"7', |C| = N. Let H}} be the subspace of spherical
harmonics of degree k € N and Z(n, k) denote the dimension of this subspace. Then the following are
equivalent:

(a) The moment M*(C) = 0.

(b) For any orthogonal basis {Y}; [,1:)}2("'*‘)

J=1

Y Vijl@) =0, 1<j< Z(nk).

xel!

of HI

(¢) Foranyx ¢ 8" !,

Z J",,E")(.-x: cy)=10.

ye

LLemma 2.2 allows us to extend Definition 2.1. Let C' € S" ! be a spherical code and I(C') € N be
the collection of indexes for which M*(C') = 0 (also referred to as the index set associated with the code

o).
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Proposition 2.3. Let C C S§" ! be a spherical code with I(C) # \. If the polynomial [ has f; = 0 for
alli € N\ I(C), then (8) holds true.

We will use this property in Section 5 when we consider the 600-cell.

2.4. Delsarte-Goethals-Seidel bound. The cardinality of spherical T-designs is bounded from below
by the Fisher-type bound (see Delsarte, Goethals, and Seidel [20, Theorems 5.11, 5.12]) as follows. If
Cc 8" lisar-design,7 =2k —1+¢ ke N, e e {0,1}, then
€| > D(n,7) = (n—f—k— 2—!—() n (n—l—k— 2)‘
n—1 n—1

The first few bounds are D(n, 1) = 2 for 1-designs, D(n,2) = n + 1 for 2-designs, D(n, 3) = 2n for 3-
designs (all these are attained — by a pair of antipodal points; a regular n-dimensional simplex; and a cross-
polytope in n-dimensions, respectively), D(n,4) = n(n -+ 3)/2 for 4-designs, and D(n,5) = n(n + 1)
for 5—designs.

Seymour and Zaslavsky [29] showed thalt for fixed n and T, there exist spherical designs of all large
enough cardinalities. In the asymptotic process when the dimension n is fixed and the strength 7 tends to
infinity, Bondarenko, Radchenko and Viazovska [5, 6] proved the existence of spherical 7-designs with
cardinalities N > C,, 7"~ !, where C, depends only on the dimension n, thus giving the optimal order of
the minimal designs, as mentioned above.

2.5. Covering radius and Fazekas-Levenshtein bound. For a spherical code ' C §"~! define the
covering radius of C' as

o(C') ;= max min ||z — y]|.

p(C) = max min |z —y]
The best covering radius for spherical codes of cardinality N is defined as (see text above (3))

p(N) == 8(8" 1, N) 1[(1{'111{;1((?) || = N},
and for spherical T-designs of cardinality N (when they exist) as
plr, N) = rv1([n1{;)((f) : Cis a t-design, |C] = N}.
For our purposes it is beneficial to re-phrase these quantities in terms of inner products. Namely, given

acode C' C §"! of cardinality NV and a point 2 on S"~!, denote the set of inner products between x and
the points of the code with T'(z, ") and define

: )(C)? o(N)?
s = minmax T(z, ) = 1 {(‘ ) . Sy = max sg = 1 f(‘ ) N (10)
T 2 |Cl=N 2
For the case of spherical m-designs C of cardinality |C'| = N we shall use the notations
ey = n}ln{sc : Cis T-design}, s,y == m(é}_\'{b‘(_,' : C'is 7-design} (11)

(note that s, v = 1 — p(r, N)?/2).
Linear programming bounds for the covering radius of spherical designs were obtained by Fazekas and
Levenshtein [22, Theorem 2] in the setting of polynomial metric spaces. The Fazekas-Levenshtein bound

states that if C' is a 7-design, 7 = 2k — 1 + ¢, € € {0, 1}, then s > t:"‘, ie.

brn > 10", (12)
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where £, is the largest zero of the (possibly adjacent) polynomial P(®)(t). The first few bounds are 0
for 1-designs (N > 2), 1/n for 2-designs (N > n + 1), 1/y/n for 3-designs (N > 2n), H'?@ for
A-designs (N > n(n + 3)/2), and 1/3/(n + 2) for 5-designs (N > n(n + 1)).

Note that the right hand side of the bound (12) does not depend on the cardinalities of the designs under

consideration. Lower and upper linear programming bounds on the covering radius of spherical 7-designs
that take into account the cardinalities were derived in | 16].

The Fazekas-Levenshtein bound will be derived as a consequence of our Theorem 3.4 below. Also,
we show that the cube in three dimensions and the 24-cell in four dimensions attain the bound (12) for
(T, N) — (3,8) and (5, 24), respeclively, tlwo examples thal seem Lo be unnoticed so far (see Examples
3.11 and 3.12).

3. UNIVERSAL LOWER BOUNDS FOR POLARIZATION
Definition 3.1. Let 7 be a positive integer and h be a potential function. Denote by £(n, 7, i) the class of
lower admissible polynomials f(t) such that
(A1) deg(f) <7
(A2) f(t) < h(t) forevery t € [—1,1].
Utilizing this definition and (8) we derive the following Delsarte-Yudin type lower bound on the polar-
ization potential of h(t).

Proposition 3.2. Ler h(t) be a potential function, T be a natural number, and f € L(n, T, h) be a lower
admissible polynomial. Then for all spherical T-designs C ¢ S" 1 the following lower bound holds:

Up(x,C) = Up(x,C) = folC|, = eSS L (13)

Consequently,
Qu(C) > feg(lgff_m{ﬁ:lffl}- (14)
Proof. This is immediate from Definition 2.1. Cl

The following corollary is a trivial consequence of (14).
Corollary 3.3. Suppose that the collection of spherical T-designs C' € 8" of cardinality |C| = N is
non-empty. Then
QM (n,7,N) > me N}.
ST N) > | sy o)

This gives rise to the following linear program:
given: n, 7, N, h
maximize = fp (15)
subject to = f € Ln, 7, 1)
Theorems 3.4 and 3.7 below are two of our first main results that solve the linear program (15) and

establishe a universal lower bound on the max-min and the min-max polarization quantities of spherical
designs, which we refer to as a polarization ULB or simply PULB.
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Theorem 3.4. Assume there exists a spherical T-design of cardinality N on 8" 1, where 7 =: 2k — 1 +¢,
¢ € {0,1}, and that the potential b is continuous on |—1, 1], finite on (—1,1) and that K"t () > 0 on
(—1,1). Then the following max-min and min-max Polarization ULB hold:

k
QM (n, 7, N) > N Y~ pih(as), (16)
i=1—¢
and
k
RW(n,7,N) >N > pih(as), (17)
i=1l—¢

where {a; }F_ | are the mwots of the (possibly adjacent) Gegenbauer polynomial (1 + t)°1 ’f”'q (t) and
the corresponding weights {p; }¥_|_ are positive with sum equal to 1, and are given by

1 -1
Pi = Yn / f-i{'!-)(l _ L‘z)[-n.—ii)/Z dt = T / ff{l)(l _ 5_2)(11—:%)/2 dt, (18)
J1 S 1

where €;(t) are the Lagrange basic polynomials associated with the nodes {e;}f | . Moreover, the

bound (16) is the best that can be attained by polynomials from the set L(n, T, h).
Proof. The bound (17) is an easy consequence of (13), so we shall focus on (16).

We first consider the case when ¢ 0;ie., T 2k — 1 is odd. Recall the Gauss-Jacobi quadrature
with Jacobi parameters « — 3 — (n — 3)/2. Namely, given a positive integer k if we select as nodes «;,

i=1,...,k, tobe the k distinct roots of I’é”) (t) in (—1,1), we can find positive weights p;, i = 1,...,k,
such that the quadrature
1 . ke
o [ HO0 -2 = Y st (19)
S i=1

is exact for all polynomials of degree at most 2k — 1. Substituting with the Lagrange basic polynomials
£;(t), such that £;(«;) = &;;, where d;; is the Kronecker delta symbol, we obtain the quadrature weights
on the right side of (16). By a standard argument the positivity of the p; can be seen on substituting
f(t) = €2(£) in (19), and on setting f(£) = 1 we derive that the sum of the weights equals 1. Hence, the
bound is a convex combination of point evaluations at the quadrature nodes, which do not depend on the
underlying potential function.

We next define the Hermite interpolation polynomial Hyy._; (¢; h) such that Hoy—q (e;3 h) = h(c;) and
Hy ((eish) = W'(og), @ = 1,..., k. It follows that deg(Hgr—1(t;h)) < 2k — 1 = 7. Utilizing the
error form of the Hermite interpolation formula (see [18, Lemma 2.1]) and the fact that h has non-negative
derivative of order 2k we conclude that for any ¢ € (—1, 1), there exists a& € (—1,1) such that

AR (€)
(2k)!

h(t) — Hap 1 (t; h) (t—a).. . (t—ap)? = 0. (20)
Therefore, Hay, 1 € L(n,7, h) and hence,
QW (n, 7 N) = Ny, [ l Hayp_ 1 (£ h)(1 — ¢332 gy
.L-' 1 k
N Z piHop_1 (i h) = N Z pih(e;).
i=1

i=1
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To see that the bound is optimal among polynomials in £(n, 7, h), suppose that f is an arbitrary poly-
nomial in the class. We then have

1 k k
Nfo = Ny [ FOO )2t = Ny pif(os) <N Y pihon).
41 i=1 i=1

For equality to hold, we need f(e;) = h(w;) fori = 1,...,k, which along with f(¢) < h(t) implies
that f'(cv;) = h'(). Since the Hermite interpolation polynomial Hay_1(#; k) is unique, this is the only
polynomial attaining the bound (16).

When ¢ = 1, that is, 7 = 2k is even, the proof above is modified as follows. We take the nodes
{a;}% | 10 be the roots of I’I\F':‘])(t). Fclling o 1, we define the Lagrange basic polynomials #;(t),
i = 0,1,...,k and let p; == v, [* ;(£)(1 —¢2)"3/2dt i = 0,..., k. With this definition the
quadrature rule

1 k
o [Tl =3 i) @)
— i=0
is exact for all polynomials up to degree k. This quadrature rule is actually exact for all polynomials of
degree at most 2k. Indeed, any polynomial f(#) of degree at most 2k can be presented as

1) = 1+ 0P @a() +p(0),
for some polynomials ¢(t) and p(t) of degree at most k& — 1 and k respectively. Then we use the orthogo-

nality of £ ’AE“"]) and ¢ o oblain

n

T flf(t)(l —) A = 'm/l [(1+I)P£().l)(g);;(1)+p(g)] (1— )"

1 )
Yo / pt) (1 —£2)"F" dt,
. 1

while

k k
Dopifle) = Y pi|(1+a) P (@)ala) + plas)]
=0

i=0

—1

k 1

- . n—3
>l = [ w02
=0 h

where we used that (21) holds for p. This completes the proof that quadrature (21) is valid for polynomials
of degree up to 2k.

Let Hoy(t; h) be the polynomial of degree at most 2k that interpolates h(t) at {a; }¥_, and its derivative
h'(t) at the interior nodes {c; }¥_,. The Hermite error formula takes the form

f"[zk+])(f) 2 2
h(t) — Ha(t; h) W(f FL(E— ). (F— )" =0, (22)
so we conclude that Hy(t) € £(n, 7, ). The remaining part of the proof of (16) is the same as for odd
T. [

As a byproduct of Theorem 3.4 and the asymptotic formula (3), we obtain a simple proof of the Fazekas-
Levenshtein bound (12).
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Corollary 3.5, Let there be a spherical T-design C, |C| = N, where 7 = 2k — 1+ ¢ ¢ € {0,1}. Then

v 0,e
g’-'r_.N Z oy f‘k -

Proof. Suppose to the contrary that £, n < . Then there exists a spherical 7-design ' of cardinality
|C'| = N such that s¢ < ay, and

k
Z hz-y) >N Z pih(a;)

yel i—l—e¢
for all absolutely monotone potentials and, in particular, for the Riesz potentials ., (t) = (2 — 2:‘,)*’”“)/2
(as their derivative of order (7, v + 1) is non-negative). The monotonicity of h,, (t) yields
T k
N ~ N Npi
@y 2 2 @ 2N D pihai) 2 5 e
yed i=1—e¢
Taking an m-th root and letting m —» oo we derive a contradiction. [

Remark 3.6. We note that the assumption 2(71)(#) > 0 on the potentials is significantly weaker than
the standard assumption of absolutely monotone potentials when dealing with universal results for the
minimal energy problem. Moreover, we are able to modify our analysis (o determine analogous PULBs
for spherical T-designs with A" F1)(#) < 0 as the following theorem shows.

Theorem 3.7. Assume there exists a spherical T-design of cardinality N on 8™ ', where 7 —: 2k — 1+ ¢,
¢ € {0, 1}, and that the potential I is continuous on [—1, 1], finite on (—1, 1) and that K" (1) < 0 on
(—1,1). Then the following max-min and min-max Polarization ULB hold:

k4«
QM (n,7,N) = N -3 pih(ay), (23)
=€
and
k4
R™(n,7,N) > N - pih(v), (24)
where when € = 0 the nodes are oy 1; the roots {(J'é}:::ll of the adjacent Gegenbauer polynomial
P,El‘:)(r.); and o, = 1; and when ¢ = 1 the nodes are the roots {o;}¥_| of the adjacent Gegenbauer

polynomials P,r:] 0 (t); and cvp 1 = 1. The associated positive weights { p; } with sum equal to 1 are given
by formulas analogous to (18). Moreover, the bound (23) is the best that can be attained by polynomials

from the set L(n, T, h).

Proof. We shall skeich the modifications in the proof of Theorem 3.4. We first consider when 7 — 2k — 1.
Using the nodes g 1, the roots {c; }f’_ll of PJEI ’})(t) and o = 1, we can define the nodes p; so that
the quadrature

1 k

n—38 -

Tn / FOA =) dt =Y pifla) (25)
S i=0

be exact for polynomials of degree k. Using the representation of a generic polynomial f(t) of degree

2k — 1

F@&) = (@t — D)t + VPP (@)a(t) + p(t),
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where g € Ily_o,p € I, we show similarly the quadrature rule is exact on Ila;_1. The interpolating
polynomial Hay, 1 (t;h) interpolates b at all (k + 1) nodes and interpolates i at {a;}*~!. The error
formula
I (2k) . . .
h(t) — Hop_1(t;h) = *(T_;E)(r’ — (=) (t—ap )2 >0 (26)

shows Hoy._y € L(n, 7, h). The optimality of Hy,_, for the linear program (15) is similarly derived.

When ¢ = 1, we utilize as Hermite interpolating nodes the roots {a; }¥ | 0['1”}51'“) (t)andadd oy =1
as Lagrange interpolation node. With the weights analogous to (18) the quadrature rule

E+1

.1 ,
1 [ F00- 2T @ =3 ()

is shown similarly 1o be exact on I1s. The error formula now takes the form

; Hoelt h) — h(ZE+1)(g) 1 Y 2 < 5
l(f) — zg‘[i. L) = m[ﬂ — )(1’ — (.l:]) - (f. — (.l:;;) 0, (27)
which shows Hyy. € £(n, 7, h) and the proof is completed as in the odd case. [

Utilizing (6) we have the following max-min polarization universal lower bound (PULRB). The bound
(28) below is a direct consequence of the first inequality in (6) and Definition 1.2.

Corollary 3.8. Let 7, n 2k — 1+ ¢ where ¢ € {0,1}, namely assume there exists a spherical T,, n-
design C C 8"~ of cardinality |C| = N. Then for any potential h continuous on [—1, 1], finite on [1,1)
for which h251<) does not change sign in (—1,1), we have that

QM(N) 2 Ny~ pih(a), 28)

icl

with the summation index set 1, nodes {cv; } and weights {p; } as described in Theorems 3.4 and 3.7.

We next examine the conditions for achieving the polarization bounds (16) and (23).

Corollary 3.9. Let h be a potential function that satisfies the conditions of Theorem 3.4 or Theorem 3.7.
If a spherical T-design C' C Sl r =2 —1+¢ |C| N, attains the bound (16) or (23), then there
exists a point = € 8" such that the set T(x, C) of all inner products between = and the points of C'
coincides with the set {ev; }ic 1, and the multiplicities of these inner products are {N p; }ic;, respectively,
where I is the index set above. In particular, the numbers Np;, @ € I, are positive integers.

Remark 3.10. During a January 2022 workshop at the Erwin Schridinger Institute in Vienna, S. Boroda-
chov introduced the notion of m-stifl configurations, namely spherical (2/n — 1)-designs, for which there
is a point z € §"~! such that the cardinality of the set T(x,C) is exactly m. Such m-stiff configurations
attain the bound (16) (£ = m in our notations).

Proof. (of Corollary 3.9) Observe that should the potential h satisfy A2+ (€) > 0 forall € € (- 1,1),
the Hermite interpolation error formulas (20) and (22) would hold with strict inequality forall ¢ & {a; }icy.
Similarly, 2k ()(E) < (implies (26) and (27) hold with strict inequality. Therefore, if equality in (16)
or (23) occurs for some spherical 7-design C, then there is an z € S™ ! such that

z-y € {ajtier forall yeC.
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Suppose there is a j > 1 such that for all y € C' we have x - ¥ # «;. Denote by p any of the polynomials
on the right-hand sides of (20), (22), (26), and (27). Note that p € 111, p(x - y) = O forall y € C, and
0 # p(t) = 0on[—1, 1], so we have that

1
0= Zp(i' “y) = Npo = Ny, / p(t) (1 —t2)m=D/2 ¢ £ 0,
yed V=1

! such that the collection

Thus, we conclude that equality in (16) or (23) yields the existence of z € S™
T'(x, (') coincides with the quadrature nodes {c; }ic ;-

To show that the frequencies of these inner products are exactly { N p; }er and are positive integers, we
simply substitute in (8) the Lagrange basic polynomials £;(¢) associated with the quadrature nodes. This

completes the proof. 0

We now present two notable configurations atlaining the bound (16). Moreover, both configurations
also attain the Fazekas-Levenshtein bound (12), a fact that seems not to have been noticed before.
Example 3.11. Let Cy denote the cube inscribed in S2. Without loss of generality orient two of its sides to
be horizontal with the vertices being {(+1/+/3, £1/4/3, +1/+/3)}. The cube is a spherical 3-design. This
and the Delsarte-Goethals-Seidel bound for 4-designs imply that 73 « = 3. The Gegenbauer polynomial

P.éa) (t) = (3t — 1)/2 has zeros ay % and ae % The corresponding weights are found to be
p1 = p2 — 1/2 (note that 8p, = 8ps = 1), so the bound (16) takes the form
1 |
Q") (3,3,8) > 4k ( 7) b 4h <7) . 29
(3,3,8) = 7 7 (29)

Denoting the North pole by = (0,0, 1) we have T'(Z, Cy) = {o, a2}, both inner products have multi-
plicity 4, so the conditions of Corollary 3.9 hold true and we see that Uy, (T, Cy) equals the right-hand side
of (29). Therefore, the cube is a universal optimal code with respect to (16) in the sense that the nodes and
weights do not depend on the potential i. Moreover, Corollary 3.8 implies that

1 1 o A o
oM (8) > 4h (_ﬁ) + 4h (7_;) = Un(Z, Cy) = Q™ (3,3, 8).

Note that by symmetry all intersections ol the coordinate axes with the unit sphere will constitute points
of minima of the discrete potential Uy, (2, Cp). The graphs of the Newton potential v(t) = 1/4/2(1 —t)
and the Gaussian potential w(t) = ¢**~') and their corresponding Hermite interpolants Hz(t;v) and
Hj;(t; w) at oy, cea, respectively, are shown in Figure 1 along with the touching nodes.

To illustrate Theorem 3.7 suppose h(*)(t) < 0 on (—1,1). The cube is a 3 design, so the nodes are
¥ 1, &y = 0 and @z = 1. The bound (23) is computed o be

Q™ (8) > Q" (3,3,8) > 8 (éh(f'l) + ;‘;n(o) + %h('l]) .
[l

Example 3.12. Assume C'  §% and |C| = 24. There exists a collection of 24-point 5-designs on §*
which is a three-parameter family (see [17]). This and the Delsarte-Goethals-Seidel bound for 6-designs
implies that 7421 = 5. The Gegenbauer polynomial P:E'”{L) = (2t> — 1) has zeros {—ﬁ,(), % ;
The graphs of the Newton potential v(t) = 1/(2(1 — ¢)) and the Gaussian potential w(t) — ¢2(*~1) and
the corresponding Hermite interpolants (i.e. respective optimal interpolation polynomials) 5(¢; v) and
H5(t; w) are shown in Figure 2 along with the touching nodes.
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FIGURE 1. n =3, N = 8, 7 = 733 = 3. Graphs of potentials i, Hermile interpolants

H(t; h), and nodes v, © = 1,2 for the Newton potential v(t) = 1/4/2(1 — ), (PULB
= 6.6027) and the Gauss potential w(t) = (=1, (PULB = 1.8883).

~

;
-1 05

FIGURE 2. n = 4, N = 24, 7 = 7321 = 5. Graphs of potentials s, Hermite in-
terpolants H5(¢; k), and nodes «;, i — 1,2,3 for the Newton potential v(t) — 2(51_”

(PULB = 18) and the Gauss potential w(t) = ¢2(!-1) (PULB = 5.1614).

The corresponding weights are {§, 1, 1 }. so the bound (16) takes the form

QM(4,5,24) > 6h (-%) + 12h(0) + 6h (%) )

Note that 24p, = 24p3 = 6 and 24p, = 12 are positive inlegers.

Of particular interest is the 5-design kissing number configuration 14, or the so-called 24-cell (see
[17, 27]). The coordinates of its 241 vertices are formed by the permutations of {fﬁ,:ﬂ:%,(),{)). For
any of the points T whose coordinates are a permutation of (+1, 0,0, 0), that is the intersections with the
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coordinate axes, we calculate that

Un (@, D) = 6h (—%) + 12h(0) + 6h (%) *
thereby deriving that these points are minima of the polarization potential. Therefore, the 24-cell is uni-
versally optimal with respect to the bound (16).

We can determine all points # where the minimun is attained as follows. Suppose that a point T
(21, w2, 13,74) € §3 is such a minimum. From Corollary 3.9 we derive that the inner products from = to
the points in D4 will have to be in A := { ﬁv(]; %} with frequencies p := {6, 12, 6}, respectively. Il
there is a coordinate x; = 0, then there has to be a coordinate x:; # 0 and by selecting the point from D,
with 1/+/2 at i-th and j-th place we obtain that the inner product between x and this point is J:j/\/i c A,
which implies z; — +1, minima that is already accounted for. Therefore, we may assume all z; # 0.
If there are two indexes i # j, such that 0 < |z;| < |:;], then by selecting appropriate point from D,
we shall obtain an inner product 0 < (|z;| — |z:])/v/2 < 1/v/2, which is a contradiction. Therefore, all
minima that are either permutations of (+1, 0,0, 0), or of the type (_L%, J_é, _L%, _Lé)

As an application of Theorem 3.7, when h(®)(t) < 0 on (—1,1) we have the PULB bound

1 9 1 9 1 1
ol 521 > —h ) _ o — = .
Q" (4,5,24) = 24 20h( 1)+ 2Uh( \/6) } 'Uh (\/6) f 20!‘1(1)]

u

Observe, that since Np; are not integers, neither the cube, nor the 24-cell achieve the bound (23) in
general. Our next example shows a configuration that attains the bound (23). We shall pursue in more
detail the codes that are optimal for Theorem 3.7 in a subsequent manuscript.

Proposition 3.13. Let h be a potential such that h'*)(t) < 0 on (—1,1). Then the cross-polytope Cay, =
{+eit =1,..., n} is a universal optimal code with respect to (23), in the sense that the nodes and

weights do not depend on the potential h.

Proof. Since the cross-polylope is a 3 design, the corresponding nodes for 3 designs are g = — 1, ¢y = 0,
and c; = 1. Computing the weights we derive from (23) that

Q" (n,3,2n) > h(—1) + (20 — 2)A(0) + h(1).

This clearly is satisfied for all vertices of the cross-polytope. [

4. UNIVERSAL UPPER BOUNDS FOR POLARIZATION
We nexlt utilize (8) to derive upper bounds on the maximal polarization constant for spherical designs
based on their covering radius.

Definition 4.1. Let 7 be a posilive integer, /2 be a potential function, and s € (—1,1]. Denote by
Al(n, s, 7, h) the class of upper admissible polynomials f that satisfy

(B1) deg(f) <7
(B2) f(t) = h(t) forevery t € [—1, s].
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Proposition 4.2. Let h(t) be a potential function, T be a positive integer, C C S"~1 be a spherical -
design of cardinality N, and s — s¢ < s, . Let f € A(n, s, 7, h) be an upper admissible polynomial.
Then the following upper bound

Un(z,C) < Us(z,C) = fo|C
holds for every point x € S"~' such that T'(z,C) C [—1, s]. Subsequently,

Qu(C) < i |} 30
GOV oty Lol G0)

Proof. The condition (B1) implies that Uy (z, C') = f3|C|. From (B2) we derive Uy (x,C) < Uy(x, C)
for every z € 8"~ ! such that 7'(x, C') C [—1, s]. Note that such points z exist because of the assumption
s = 8¢ < 57, n. Now (30) follows from (1) and (30). [

The following corollary is an immediate consequence of (30).

Corollary 4.3. If the collection of spherical T-designs C' C 8"~ of cardinality |C' N is non-empty,
then
)M (p, 7, N) < min oV} 31
Q" (n, )< feapm _.h){fﬂ } (31)

The case s = 1 does not impose restrictions on the points x in Proposition 4.2 and we derive a upper
bound for the quantity R, (C),

provided f ¢ A(n, 1,7, h) and h is finite and conlinuous at 1.
The above considerations give rise to the linear program
given: n, 1, 8, N, h
minimize :  fy (33)
subject to:  f € A(n,s, 7, h)

The presence of the parameler s requires another approach (compared to Section 3). In analyzing the
program (33) we shall use the Gram-Schmidt orthogonalization process with respect to the signed measure
A () i (1 + ) (s — 1) (1 — )92 gy,
where ¢ € {0, 1}, so we recall the following definition (see [18, Definition 3.4] and [14, Definition 2.1]).

Definition 4.4. A signed Borel measure v on R for which all polynomials are integrable is called positive
definite up to degree m if for all real polynomials p # 0 of degree at most m we have [ p(t)? dv(t) > 0.

The following lemma investigates the positive definiteness of the measure v*1~¢(1) in terms of s.

Lemma 4.5. Let k > 1 and let 5.2'_11;;( < s < 1, where ’52‘—114(;: is the largest root of the (k — 1 + €)-th
(possibly adjacent) Gegenbauer polynomial pole

w11c(t). Then the signed measure vSLe(t) is positive
definite up to degree k — 2 - c.

Proof. Let q(t) € Ti_24., q(t) # 0. Using the Gauss-Jacobi quadratures (21) or (19) for ¢ 0 and
¢ = 1, respectively, we oblain
E—1l4e
i/

1
,"/ g1+ ) (s —t)(1 — )2 @ Z pig(cs)?(s — a;) > 0,
1

i=c
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0,1 .
because 5 > 1, [ = a1y This proves the lemma, O

s,1—e

The positive definiteness of v allows us to perform a corresponding Gram-Schmidt orthogonal-
ization procedure and find orthogonal polynomials {q‘;’1 “(t)}5 g with respect to !~ up to degree
I — 1+ ¢, which is key in establishing the upper bound for the maximal polarization of designs, an analog
of Theorem 3.4.
Let {8:}5=]" be the k — 1 + ¢ distinct zeros of the polynomial r,r;:"]r:'([t), all in the interval (—1, 5).
We also set [y I when € = 0 and 3,4+, = s either for ¢ = 0 and 1, assuming the ordering
L=0y <P < - < Bp—14e < Opre = 8.
Theorem 4.6. Suppose the potential h has non-negative derivative of order 2k + ¢, ¢ € {0,1}. Assume
there exists a spherical T-design C of cardinality N on 8"~ ', where 7 =: 2k — 1 | ¢, and let s Sr.N-
Then the following Polarization-UUB hold:
ke
QM (n, 7, N) < N> r;h(f), (34)
i=e

and
kte

R (n, 7, N) < N> rih(B), (35)
with nodes {3; }i‘ t< as explained above. The corresponding weights {r; i‘ te given by
5!
o= Yn / G — 1292 gy (36)
g

where [;(t) are the Lagrange basic polynomials associated with the nodes { 3; }:‘ ', are positive and sum
to 1.

Proof. We shall prove (34), the bound (35) being mere application of (32).
1—¢
1+4¢

3.4] for ¢ = 0, respectively. Since 52‘“ < l; n < s;n = s from (12), Lemma 4.5 can be applied. Then
Definition 4.4 and Lemma 4.5 imply that

(f:@)umi—c = /Ij'(i)‘q(f)du“'l_"({,)

We first note the inequalities ff: < f:’r, following from [25, Lemma 3.3] for ¢ = 1 and [25, Lemma

defines an inner product on Il;_s .. Therefore, given a basis {;}_.j-}ff*(]ﬁ' of 111+, the Gram-Schmidt
orthogonalization procedure

i1 s,1—¢
s, 1—e¢ s,1—€ - {p ,q. >V~‘1_‘ e -
o (f} Fo (t}’ qj (f) Pj L 5, Ij € : s, 1—¢ q; (t)1 J 1, ey k 1 3
i=0 {a; 2 1 Yo 1

yields an orthogonal basis with respect to %! ~¢. Suppose the weights 7;, i = ¢, ...,k + ¢ are selected
according to (36). This guarantees that the quadrature formula

k+tc

T [ SOQ=8)T db = nif (5)

is exact on 1. As in the proof of Theorem 3.4 we can show the exactness of (37) on lap_1 4.
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The positivity of the weights follows similarly as in Theorem 3.4 with one exception. When ¢ = 1,
we substitute in (37) the polynomials ¢2(¢), which yields that 7; > 0. When ¢ — 0 and i # 0, we use
£2(t)/(1 +t) € Hag—1. Finally, for ¢ = 0 and i = 0, we have from (37) and (19)

oo, 0] (s 1) "’/ [ 1] s -0 ) a

k .
> o it (@] (s - ai) > .
i=1

Recall that the nodes {c«;} are the roots of 1’,{“‘“)(.{,) and s > )", which implies that 7, > 0. That the

weights sum to 1 is analogous to the argument in Theorem 3.4.

We next define the Hermite interpolation polynomial Hop. 4. (f; h, s) such that Hop—14.(8i; h, 8) =
hi(g;) fori = e,....,k+eand Hjy . (Biih,s) = h'(8;), 1 = 1,...,k — 1 + e. We again utilize the
Hermite interpolation error formula (see [ 18, Lemma 2.1]) and derive that for any t € [—1, s, there exists
a& € (—1, s) such that
}}__(2.& t z)(&)

h(t) — Ha14e(t; b, 5) 2+ o)l

(L) (= B) (= Brag) (=)< 0. (37)

Therefore, f := Hay 14, € A(n, s, 7, h). Since s = s, y, for any spherical 7-design C' we have that
s¢ < s. This means that for some z* € §" L, (z* - y) < s forall y € C, and hence

ke
Un(C) < Un(a*,C) < Ug(a*,C) = foN =N Y r;h(8;)

(here fy is the constant coefficient in the Gegenbauer expansion of Hsg 14 ). Taking the supremum over
all such 7-designs of cardinality NV we obtain (34).

To see that the bound is optimal among polynomials in A(n, s, 7, k), suppose that f is an arbitrary
polynomial in the class. We then have

ke ke

1
Nfo = N7y, / FOQ =) 02 ar = N> rif(8) > N> rih(Bi).
V-1 i—¢ =
Therefore, Hpj 1 c(t; b, s) is the unique polynomial attaining the Linear Programming bound (34). [

For potentials A that are continuous at ¢ 1, we can select s 1 in Theorem 4.6 and utilize (6) to
derive the following min-max polarization universal upper bound (PUUB).

Corollary 4.7. Let h be a potential with non-negative derivative of order 2k + ¢, € € {0, 1}, that is finite
and continuous at t = 1. If there exists a spherical design C' C 5" of cardinality |C'| = N and strength
Ta,N = 2k — 1+ ¢, then

k+e
RM(N) < N-> rih(B), (38)
1=
where the nodes {3; :‘__11"'" are the roots* of the adjacent Gegenbauer polynomials 1 ’kl_lf _;(. Bo 1,
=¥

Bkte = 1 and the weights {r; ke are defined in (36).
+

“Note that these are exuctly the Levenshtein parameters as defined in [26, Theorem 5.39] (see also [25, Theorems 4.1 and 4.2])
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Remark 4.8. Note that as s — 17, the polynomials q:_"ll :

I’kl,‘_',_;[ from Corollary 4.7.

. from Theorem 4.6 approach the polynomials

Proof. Using that for such a design C' we have

ke
Up(z,C) < Us(z,C) = fufN =N Z r:h(53:)

i—€

(now fy is the constant coefficient in the Gegenbauer expansion of f = Hok_1.4.(f; h, 1)), we can take
maximum over x and derive
ke

Ru(C) < N> rih(B),
which implies the Corollary. [

Corollary 4.9. If a spherical T-design C C 8" ', 7 — 2k — 1 + ¢, ¢ € {0,1}, |C| = N, attains the
bound (34) for a potential with positive derivative of order 2k + €, then there exist a point x € S" ! such
that the set T'(x:, C') of all inner products between x and the points of C' coincides with the set {3; kte

i=c
and the multiplicities of these inner products are { N1, }" "¢, respectively. In particular, the numbers N,
i—¢€,...,k + € are positive integers.

Proof. The proof is analogous to the proof of Corollary 3.9. ]

The polarization bounds from Theorem 3.4 and Theorem 4.6 provide a strip, where the min-max and
max-min polarizations of spherical designs could live, namely

k kot
N- Z pib(ei) < QM (n, 7, N),R™ (n,7,N) < N - Zrih(ﬁ,-_).
T i=c

This will be discussed in detail in a future work but we give here some illustrations, providing polarization
universal upper bound analogs to Examples 3.11 and 3.12 about the cube on §? and the 24-cell 1, on §°.

Example 4.10. As noted immediately before Example 3.11, the cube attains the Fazekas-Levenshtein
bound (12), s0 834 = lfﬁ f34. Let us fix l/ﬁ < 8 < 1. In this case ¢ (), so the measure
dv®(t) = 1/2(1 + t)(s — t)dt is positive definite up to degree 1. The corresponding orthogonal polyno-
mial is qf‘l =t — [}, where ; = —(1 — 5)/(3s — 1). The other two quadrature nodes are 35 = —1 and
A2 = s. When® s = 0.691, we compute PUUB for Coulomb potential as 6.8239 and for Gauss potential as
1.9472, respectively (see Figure 3). Selecting s = 1 and Gauss potential w, we obtain R™)(8) < 2.0795.

|

Example 4.11. Next we shall consider the PUUB for spherical 5-designs of 24 points on S®, which
includes the three-parameter family referenced in Example 3.12 and [17]. From the Fazekas-Levenshtein
bound (12) we have that £5 54 = sp, = l/ﬁ Determining the exact value of s5 54 is a challenging
problem. From [31, Table 5.3] we have an upper bound s5 24 < 5% ~= (0.7938G7. Below we fix s > 1/\/5
and determine the monic orthogonal polynomials up to degree two with respect to the measure dv®! =

5This value is an upper bound for 53,8 and is computed with a method from [31].
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v
1.5
FIGURE3. n = 3, N = 8,7 = 135 = 3, s = 0.691. Graphs of potentials £,
Hermite interpolants Hy(t; f2,0.691), and nodes 3;, ¢ = 0,1, 2, for the Newton potential
v(t) = 1/4/2(1 — t) (PUUB = 6.8239) and the Gauss potential w(t) = ¢(!~1) (PUUB
= 1.9472).
(2/m)(1 + t)(s — t)v/1 — t* dt utilizing the Gram-Schmidt orthogonalization procedure (37) applied to
the standard basis {1, t, 2 }. We derive that
1—s ; 25(1 — 5) 252 — 1
5,1 5,1 s,1 2
Ly =1, D=t+—" ¢gl)y=t - .
g (1) WSttt W=Vt o T agenT
The quadrature nodes are respectively
25(s — 1) 7 v/28s% — 1653 — 1252 + 45 + 2
Ty = -1, B 5 = 5 By = 8. 39
Bo P12 2652 — 25— 1) Py =8 (39)
For s = s* ~ (0.794 we obtain upper bounds on the polarization constant for Newton and Gauss potential
of 19.0819 and 5.1675, respectively (see Figure 4). Recall our lower bounds from Example 3.12 of 18 and
5.1614, respectively. Together these provide the following corollary.
Corollary 4.12. The max-min and min-max polarization quantities of 5-designs on 24 points on $* satisfy
the following bounds
6h (_ i) £ 125(0) -+ Gh (L) < Q(4,5,24) < R(4,5,24) < irih(m)
V@ ﬂ — ) 1 — ] * —_ 1':0 ¥
where the nodes [3; are determined from (39) with s* — 0.794 and r; are the weights from (36). In par-
ticular, for the Newton potential v(t) = 1/(2(1 — t)) we have the min-max and the max-min polarization
bounds
18 < Q(4,5,24) < R(4,5,24) < 19.0819.
For continuous potentials we can apply the above framework for s = 1 and illustrate Corollary 4.7 (see
Figure 5). The corresponding nodes and weights are
1 1 9
Bosmmml, Bppeim . Fey=ria. pigeae,
Pos=F1, Bio 4:\/6 T0,3 20 2 20
In the case of Gauss potential w(t) = 2(*~!) we compute the upper bound as R™(24) < 5.17499.
18 of 28
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_'1 —(‘J_S o n.ls |‘
FIGURE4. n =4, N =24, 7 = 14,24 = 5, 5 = (.794. Graphs of potentials /, Hermite
interpolants H5(t; h,0.794), and nodes 3;, i = 0, 1, 2, 3 for the Newton potential v(t) =
ﬁ (PUUB = 19.0819) and the Gauss potential w(t) = ¢*(‘—1) (PUUB = 5.1675).
I w
0.8
0.6
04
024
-1 *6.5 0 0.5 1
FIGURE 5. n = 4, N = 24, 7 = 7404 = 5, s = 1. Graphs of Gauss potential
w(t) = €=1) Hermite interpolant Hs(t;w, 1), and nodes f;, i = 0,1,2,3 (PUUB
= 5.17499).
]

5. MIN-MAX POLARIZATION UNIVERSAL OPTIMALITY OF THE GO0-CELL

We now proceed with the min-max polarization problem for spherical codes of cardinality N = 120
on 5%, As we said in the introduction Borodachov [9] showed that strong sharp codes and sharp antipodal
codes are universally optimal for the min-max polarization problem stated in (2). The goal of this section
is to show that the 600-cell, the unique 11-design with 120 points on §? (see [1, 11]), satisfies the same
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universal optimality, which is in line with universal optimality of the sharp codes and the 600-cell in terms
of energy minimization for absolutely monotone potentials.

We shall use the fact that the first nineteen moments of the 600-cell except M2 are all zero (see (9) for
the definition of moments of a code). Recall that the eight distinct inner products of points in the 600-cell

are
1+v5 1 1-v5 VB5-111++5 8
v {1’ R R A {bitiza-

Define by :— 1. Given a potential i(t) we denote with g(#; i) the uniquely defined polynomial of degree
15 that interpolates A in b;, ¢ — 1,...,9 and interpolates h'(£) in b;, ¢ — 2,...,8. If h(#) is absolutely
monotone of high enough order, then the Hermite interpolation error formula implies h(t) < g{t;h).

However, when we expand g(t; h) with respect to the Gegenbauer polynomials as a basis, its coefficient
5(4)

g12 corresponding to I’ (1) is not, in general, zero. To overcome this, we shall interpolate in the subspace
P span{ PV (1), PV (1), ..., PP (), P (1), ... P (8)} — T N {P3)}

Such an interpolation technique on a subspace was utilized by the authors in [15] to derive an alternative
proof of the universally optimal energy property of the 600-cell.

Theorem 5.1. Let h be a continuous on |—1, 1| potential that is absolutely monotone of order 16 and let
Cy C §® denote the 600-cell. The maximum of Uy, (x, Cy) is attained at 1y if and only if y € Cyy. Moreover,
we have that for any other (ie., non-isometric with Cy) code C' C §® of cardinality |C| = 120 the strict
inequality Rp(C) > Ru(Ch) holds. Consequently,

4 1
RU(120) = A(b) + 12 " h(ba;) + 20 " hlbaiys) + 30h(bs) + h(b). (40)
i=1 i=0

Remark 5.2. Even though stated for absolutely monotone potentials, an inspection of the proofs of the
universal optimality of the 600-cell presented in [18] (see also [15, Theorems 5.1 and 5.2]) reveals that the
optimality actually holds for all absolutely monotone potentials of order 16, which explains the assump-
tions of the theorem.

Proof. (of Theorem 5.1) Consider the multi-set
T {t_.j-}:ﬁ 1= b1 by ba, by by, o by, b, By b
Then we say that the interpolation polynomial g(t) described above interpolates the potential function
h(t) at the points of the multiset 7. Denote the partial products
gi(t) = (t—t)---(t—t;), §=1,...,16, go(t) := 1.

Then the Newton interpolating formula yields

15
gltsh) =D hltr,. . t1a]g;(0), (1)
3=0
where A[t),...,t; ;1] denotes the divided difference of & in the listed nodes. Note that all of the divided
differences of h(t) in (41) are nonnegative because of the absolute monotonicity of order 16 of &(t). From
the Hermite interpolation error formula we have that (recall that bg = 1)

hIo(E)

T (t—b)(t—by) .. (t—bs)2(t—bo) <0, te|-11].

h(t) — g(t; h)
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Therefore h(t) < g(t; h).

We shall next establish that the 12-th Gegenbauer coefficient of g(t; i) is nonnegative. Clearly, the
12-th Gegenbauer coefficients of the partial products g;(t), j = 0,1,...,11 are zero, i.e. (g;)12 = 0 for
F=0,1,..., 11. We can compule directly that

3+5 15+ 3v/5 3

1
512" (913012 913 (g14h12 T 915 (915)12 914°

That (g(t; h))12 > 0 follows now easily from (41).
We shall also need that (g15)12 = 2~ > 0. With this in mind consider the polynomial of degree 16

(!;’]2)12

st = altsh) — O c)—ZHP“ .

Clearly, H(t;h) > h(t) and its Gegenbauer coefficient H5 — 0. Moreover, the only contact points h(t)

and H(t; h) have are b, i = 1,..., 9. Therefore, using Proposition 2.3 we get that for any = € §°
Un(z, Cy) = Z hz-y) < Z H(x-y;h) = Uy (z,Cy) = 120Hy = Up(y, Co),
yeCh yeCo

where y € Cy. However, as H(b;; h) = h{b;), we have Uy (y,Cy) = Ui(y, Cy), which implies that
U (, Cp) attains its maximum at a point of the code. Therefore, the min-max polarization bound (40) is
attained at each of the 600-cell vertices.

Let z € §* \ (g be a point where the maximum of U7, (i, Cjy) is attained. Recall that T'(z, Cyy) denotes
the collection of all inner products from z to points from Cy. Select a fixed vertex w € Cj. Since

Un(z, Co) Z hz-y) < Z H(z-y;h)

yeCy wcCy
= 120H, = Z H(w-y; h) = Z h(w
yeCn yeCy
= 'R;a(CU).
we must have T'(z, Cyp) C {b1,...,bsg}. Let

16
60 = gs(t) - W22y = Y600

: i=0

Then G(t) is annihilating polynomial on T'(z,Cy), G(t) > 0, G(t) £ 0, and G12 = 0. Therefore,
applying Proposition 2.3 we obtain

16 . 1
- ~ - 240
0= 3 Gz e S P 120G — —— | G(HV1 —t2dt > 0.
ye O (7 H) i=0 yel ' (z y) ’ m - ( )
1 <0 = 1 “01

The resulting contradiction implies that the only maxima of Up, (z, Cy) occur at points of Cp.

The universal optimality of Cy for min-max polarization follows closely the approach in [9, Theorem
2.5]. Namely, we know from the universal optimality (for absolutely monotone potential of order 16) of
the 600-cell for energy, that for any other code '

Z h(z-y) < Z h{z-y)

x#YeCo aFycC
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Therefore, with fixed iy € Cy we have

. 1 7 !
Ri(Co) = Un(y,Co) = 55 D Un(1:Co) = o > hla-y)+h(1)
veCa xAYeCy
1 1 :
< — . —_ Tz, C) < Rp(C).
< 130 E(“h(r y) + k(1) 120 ;f w(z,C) < Rp(C) (42)
xFyeC zeC

Observe that equality for the energy in (42) holds if and only if C' = CY. This concludes the proof. |

6. SOME SPHERICAL DESIGNS WITH OPTIMAL MAX-MIN POLARIZATION

We note that the max-min polarization (also referred to as maximal polarization) is established in only
few cases. In this section we shall combine our techniques from Sections 3 and 4 to derive the max-min
polarization in some special examples, such as when N < n, when N = n + 1, and when N = 2n. We
note also that in these case our bounds are attained.

Example 6.1. First, we will utilize our PULB and PUUB bounds to provide an alternative proof of [10,
Proposition 14.2.1], namely that for a potential ~(#) with positive first and second derivatives, the maximal
polarization for 2 << N < n occurs for spherical 1-designs. We note that proofs of Theorems 3.4 and 4.6
and Corollaries 3.8 and 4.7 can be modified in this case (with 7 = 1). The inequalities (16) and (28) yield

QM(NY) = Q™ (n, 1, N) = Nh(0),

obtained by using the optimal (sub-potential) linear polynomial f(t) = A'(0)t + h(0). Indeed, for any
code C C 5"~ we have

Up(z,C) 2 hzx-y) = 2 flz-y)=h(0) Z(:x‘ -y) + Nh(0).

yed yed yed

On the other hand any code C' C 8"~ ! with |C| = N < n points will be contained in a hemisphere and

0.5

v 06

FIGURE 6. Graphs of Newton potential v({) = ﬁ1 f(t) =t/2+1/2, and g(t) =
t/4+1/2.
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there will be points x such that T'(z, C') € [—1,0]. With g(t) := (h(0) — h(—1))t 4+ h(0) (see Figure 6)
we have g(t) < h(t) fort € [—1,0] and so

O,(C) < min Uplz,C) < min
a(C) < {o: T (,C)C[—1,0]} l )< {&: (e, C)C[—1,0]}

Ugylz, C)
NR(0) + (R(0) — h(—1)) min X(:r -y) < Nh(0).

{@:T(x,C)C[1,0]} yeo

Thus, Q) (N') < Nk(0), which shows that equality holds. The latter is only possible when Q(*) (V)
QMl(n, 1, N), or the code is a 1-design. |

Example 6.2. We should note that the maximal polarization property of the regular simplex is quite a
complex problem that was only recently established by Su [32] for the case n = 3 and for general n by
Borodachov in [8] (see also [28]). We shall use our bounds to derive an alternative proof of this fact.
Denote with Cy the regular simplex on S~ 1. We note that the regular simplex is a 2-design. We also need
the fact that the best covering radius for n -+ 1 points on §" ! is obtained when the points form a regular
simplex ([7, Theorem 6.5.1, p. 189]). In our notation given in (10) and (11) we have that

. 1 . 1

SN Sn41 So N n .
Given an absolutely monotone potential /(t) of order 3, the nodes and weights quadrature parameters in
Theorem 3.4 are computed to be oy = —1, oy = 1/n,and py = 1/(n+1),p1 = n/(n+1), respectively,
which yields that

OM(n,2,n+1) > (n+ 1) [pohl{cw) + pi(aa)] = h(—1) + nh (%) (43)

On the other hand, since s,,.1 = 1/n, for any code C on §"*~! of cardinality |C| = n -+ 1 there exists
x such that T'(z, C') C [—1, sp41]. In fact, the linear polynomial interpolating h(t) att = —1,1/n

gty = MR/ = AED) (s - l) Y h (l)

n+ 1 n

n(h(1/m) ~h(-1)), 1 n ,(1)

-+ 1 '+n t lh(_l)—'_n -1 !

Tl
stays above h(t) on [1,1/nr], and hence for any code C C §" 1, |C| = n + 1 we have thal

QnC) < min Up(x,C) < min U (x,C
,( ) [z (=, C)C[1,1/n]} !( ) {1 (x,C)C [ 1,1/n]} 'j( )

= h{—1)+ nh(l/n) + n(h(1/n) — h(-1)) ({;,.'f'[:l.:(,y)lf_ir[l—l.l/rL]}(J; . qc)) (44)

h(—1) + nh(1/n),
where yo = (Zyrc y)/(n + 1) denotes the centroid of C'. In the last inequality we used Lemma 6.3

A

below. Therefore, when £ is absolutely monotone potential of order 3, @™ (n + 1) = h(—1) + nh(1/n)
with equality attained only for the regular simplex and minima located at its antipodal points (see [8,
Theorem 2.11]).

Lemma 6.3. For any spherical code C C §* 1, |C| = n + L, the bound

min z-yc) <0
{a=T(=,C)c [—Lun]]( ye)

holds.
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Proof. 1f the code C' = {xy, ...,z } is contained in a hyperspace, then clearly there is a point - € S~ !,
such that (x - ;) < 0forall i = 0,...,n and the conclusion is obvious.

Hence, we may assume that C' is in general position (not on a hyperplane) and that 0 € int(C).
Let {by,...,b,} be the origin’s barycentric coordinates, namely the unique positive numbers such that
0 = byxo+- - -+byx,, and by +- - -+b, = 1. Clearly, there is a barycentric coordinate, say by < 1/(n+1).
Let Hy be the hyperplane determined by {1, ..., x,}, ro := dist(0, H), and ay := dist(xo, H). Since 0
is in the interior of the convex hull of €' we have that x;y and 0 are in the same half-space relative to H,.
Then [8, Lemma 3.2] yields that nrg < ag and rg < 1/n.

Without loss of generality we may assume that H is orthogonal to the South-North polar axis of §*~*
and located in the "Southern hemisphere”. Let Z be the South pole. Then (Z - z;) = ro < 1/n for
i=1,...,nand (T - xo) ap. Therefore, T(#,C) C [—1,1/n] and (7 - y) < 0, which concludes the
proof. O

Example 6.4. In this example we utilize Theorem 3.7 to show that the simplex is universally optimal
configuration with respect to potentials / that are absolutely monotone of order 2 with A3 () < 0,
t € (—1,1). This is a counterpart to [8, Theorem 2.2]. The quadrature nodes in this case are & = —1/n
and az = 1, while the weights are p; =n/(n+ 1) and p» = 1/(n + 1). The PULB (23) yields

O™ (n, 2,0+ 1) > (n+ 1) [poh(eg) + p1 ()] = (1) 4 ’n,."r,( %) (45)

To derive matching (45) upper bound, we first consider codes ', |C'| = n + 1, that are situated in one
half-sphere, say of nonpositive altitude, we can use the monotonicity and convexity to estimate the value
of the potential & at the North pole T to derive that

Qn(C) < Up(z,C) < (n+ 1)R(0) < nh(—1/n) + R(1).

Therefore, we can restrict ourselves to simplexes C' that contain the origin in the interior of their convex
hull. Suppose there is a facet determined by n vertices, say {x,...,z,}, whose distance to the origin
is rp > 1/n. Orienting the facet to be perpendicular to the South-North polar axis at an altitude —ry (Z
being the North pole again) we obtain the estimate

Qn(C) < Up(z,C) = nh(—ra) + h(Z - x0) < nh(—=1/n) + h(1).

Therefore, we need only to consider codes C, || = n + 1, such that all n + 1 facets are within 1/n
distance from the origin and that the origin is in the convex hull of C'. Let by, ..., b, be the barycentric
coordinates of the origin. As it is they are all positive and add up to 1, at least one, say by = 1/(n -+ 1).
As done above, orient the facet {1, . .., 2, } to be perpendicular to the South-North polar axis at altitude

ro and let T be the North pole. Then T'(z, C) C [—1/n, 1]. Since byxg + - - - + byxy, = 0, we have

T

0=box -xg-+---+b,T-x, =byZT- 29— (1—by)rp > T I Ty =T - Yo,

n+1 n+1

where y¢ is the centroid of C. Denote the linear polynomial that interpolates h(f) at ¢ 1/nandt =1

with
o MM (1Y (1Y

n+1
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We modify the sequence of inequalities (44) as follows
Qh((?) < U (E, 0) < U_tJ" ('}: (7)
h(1) + nh(—1/n) + n(h(1) — h(-1/n))(T - yc) (46)
< h(1) +nh(—1/n)

Equality may only hold if b; = 1/(n +1),i =0,..., n and if all inner products between distinct points

in the code are equal to —1/n, which determines the simplex uniquely. []

Example 6.5. We next consider the cross-polytope C's,, of 2n points on 8"~ ! (see [28] for the case of
power polentials). This is a 3-design and the bound (3.8) yields that

QM (n,3,2n) = 2n [pohlag) + pr{m)] = nh ( %) f-1h (%) .

Indeed, the corresponding Gegenbauer polynomial 1’2(”) (t) = (nt* — 1)/(n — 1), has zeros +1/y/n and

the weights are determined as py = p;y 1/2. The optimal cubic polynomial in the class L(n, 3, h) is
the Hermite interpolant to h(t) at +1/y/n. For the 2" points & = (+1/y/n,...,+1/y/n) we have that
Tz, Cay,) = £1/+/n and
Qu(Can) = min Up(z,Cn) = Up(T, Can) = nh(—1/v/n) + nh(1/v/n). 47)
TEE™

Corollary 3.8 yields that
Q™ (2n) > nh(—1/v/n) + nh(1/V/n). (48)

For an upper bound we shall make use of the quadratic polynomial g(¢) that interpolates the potential
function and its derivative at —1/+/n and (only) interpolates the function at 1/y/n. As in the proof of
Theorem 4.6, one derives that g(t) € A(n,1/v/n,3, k) (note that in Theorem 4.6 we considered the
polynomial of degree 3 that additionally interpolates 2(¢) at —1). We find that

() S (g1 (1 (s

Its Gegenbauer expansion is

gty =" ; 'I {h (Lw) —h (—Lw) - %h’ (—%)J P™ (1)
& [h' (%) h’( %) ] A (49)
+

1 1 1 1 .
+ 531 (*ﬁ) 5"1 (ﬁ) = g2 (1) + g1 P (1) + go.

Note that for increasing strictly convex functions h(t) the Gegenbauer coefficients g, and g- are positive.

=

The best covering radius for 2n points on S™ ! is known for n 2,3,4 (see [7, Section 6.7] for
n = 4), and for n > 5 it is conjectured [7, Conjecture 6.7.3] that
1
Sop = 8 = S39n = —-
2n 2.2n 3.2n \/E
For the rest of this proof we shall assume this conjecture to be true. Let C' C §"~! be an arbitrary code
with |C'| = 2n. The facets of C' form spherical caps (with no points of C' in the interior of the spherical
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cap), let us select one with a largest diameter and let ¥ be its center. From the best covering radius
conjecture we have that T'(z,C') C [-1,1//n].
Qn(C) < mir Upl(z,C) < min Uylz,C).
{@:T(x,C)C[— 1]/\/51} {o:T(2,C)C[—1,1/4/n]} g
If C' is a spherical 2-design, then from (49) we derive that

1 1
min U,(z,C)=nh — | +nh|— ),
{@:T(,C)C[~1,1//a]} /(7€) ( \/ﬁ) (\/ﬁ)
which shows that the cross-polytope solves the maximal polarization problem among all spherical 2-
designs, which we formulate as a separate proposition. O

Proposition 6.6. For all n = 2,3,4 the cross polytope has optimal max-min polarization among all
spherical 2-designs. Should |7, Conjecture 6.7.3] hold (or s2, = 1/\/n), the proposition is true for all n.

We are able to prove that the cross polylope has optimal max-min polarization among the class of
centered codes, namely codes for which 1'(z,C) C [~1/y/n, 1/+/n] for some & € S"1.
Proposition 6.7. For all n € N the cross polytope is optimal for the max-min polarization problem
among all centered codes of cardinality 2n. Moreover, for any optimal centered code C*, there exist a

point & € 8" such that T(x,C*) = {—1/v/n,1/\/n} with each inner product value having equal
multiplicity n.

Proof. LetT € 8" ! besuchthat '(Z,C) C [~1/v/n, 1/y/n). Observe, that I'(—%,C) < [-1//n, L/+/7n]
as well. We will prove that for such centralized codes we have

Qu(C) < min {Uy(—7,C),Up(Z,C)} < nh(—1//n) + nh(1/yn). (50)
Since h(t) < g(t) on [—1/\/n, 1/y/n], we have
Un(#,C) < U,(7,C), Un(—7,C) < Uy(—F,C). 51)

Using PI(")(?E) t and P(”)(t) (nt® —1)/(n — 1), we compute
U,(z,C) (’QL P( ‘) Cy) ¢ L P”)(r y) + nh(—1/y/n) + nh(l/v/n)

yel’ yel’
ga L n(r ?,r) : b g1 L )+ nh(—1/y/n) + nh(1//n)
yelr yel!
~nfT-y)? -1 . .
gy — =1 t2ng)@-yo) + nh(-1/vn) + nh(1/vn),
yelr

where ¢ is the center of mass of (7. Similarly,
~ 2
- n(r-y)© —1 ~
Ug(—7,C) = g2 Z % (2ng )T - yo) + nh{—1/yn) + nh(1//n).
: n
=e

Since 1T'(x,C) C [-1/v/n,1/y/n] and T(—Z,C) C [-1/y/n, 1/+/n], we conclude

min {U,(—z,C),Uy(z,C)} < nh(—1/vn) + nh(1//n),

which along with (51) implies (50). Obviously, the cross-polytope C,, is centered code, so equation (47)
implies that 'y, is an optimal code for the max-min polarization.
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Next, let C* be an optimal max-min polarization code among all centered codes with cardinality 2n.
As (s, belongs to this class we have

nh(—1//n) + nh(1/y/n) = Qu(Can) = Qu(C*) < min {Up(—7,C*), Un(& C*)} .
From (51) we derive that
nh(~1/y/m) + nh(1/y/n) < min {U,(~ & C"),U, (& C")}
olF . 1)2 —
go Z w 2|7 - yoo |+ nh(—1/y/n) + nh(1/y/n),
yeom n—1

which implies that T(Z,C*) = {—1/v/n,1/y/n} and T - yo+ = 0. Hence, there are n inner products of
each of the two values.

Therefore, any optimal C* splits into a disjoint union of two codes C} and 3, each of cardinality n,
such that

Cre={mstn}y O3 i={z1,.., by Toyi= Tz = —=, i =1,...,n
[

Acknowledgment. This material is based upon work supported by the National Science Foundation
under Grant No. DMS-1929284 while the authors were in residence at the Institute for Computational and
Experimental Research in Mathematics in Providence, RI, during the Colaborate@ICERM program.

REFERENCES

[1] Andreev, N. N., A minimal design of order 11 on the 3-sphere, Math. Notes 67, 417424 (2000),

[2] Bannai, Ei, Bannai, EL., A survey on spherical designs and algebraic combinatorics on spheres, Europ. J. Combin. 30, 1392-1425

(2009).

Bannai, Ei., Bannai, Et., Tanaka, H., Zhu, Y., Design theory from the viewpoint of Algebraic Combinatorics, Graphs Combin.

33, 1-41 (2017).

[4] Bannai, Ei., Bannai, EL., o, T., Tanaka, R., Algebraic Combinatorics, Berlin, Boston, De Gruyter, 2021.

[5] Bondarenko, A., Radchenko, D., Viazovska, M., Optimal asymptotic bounds for spherical designs, Ann. Math. 178, 443452
(2013).

[6] Bondarenko, A., Radchenko, D., Viazovska, M., Well-separated spherical designs, Constr. Approx. 41, 93-112 (2015).

[7]1 Bérdczky Jr., K., Finite Packing and Covering, Cambridge University Press, 2004,

[8] Borodachov, 5. V., Polarization problem on a higher-dimensional sphere for a simplex, Discr. Comput. Geom. 67, 525-542
(2022).

[9] Borodachoy, 8. V., Min-max polarization for certain classes of sharp configurations on the sphere, arXiv.2203.13756.

[10] Borodachov, S. V., Hardin, D, P, Saff, E. B., Discrete Energy on Rectifiable Sets, Springer Monographs in Mathematics,
Springer, 2019.

[11] Boyvalenkov, P., Danev, D., Uniqueness of the 120-point spherical | l-design in four dimensions, Arch. Math. 77, 360-368
(2001).

[12] Boyvalenkov, P., Dragnev, P., Hardin, D., Saff, E., Stoyanova, M., Universal lower bounds for potential energy of spherical
codes, Constr. Approx. 44, 385—415 (2016).

[13] Boyvalenkov, P., Dragnev, P., Hardin, D., Saff, E., Stoyanova, M., Energy bounds for codes in polynomial metric spaces, Anal.
Math. Phys. 9, 781-808 (2019).

[14] Boyvalenkov, P., Dragnev, P, Hardin, D., Saff, E., Stoyanova, M., On spherical codes with inner products in a prescribed
interval, Des. Codes Crypt. 87, 299-315 (2019).

[15] Boyvalenkov, P.. Dragnev, P., Hardin, D., Saff, E., Stoyanova, M., Bounds for spherical codes: the Levenshtein framework
lifted, Math. Comp. 90, 13231356 (2021).

[16] Boyvalenkov, P., Stoyanova, M., Linear programming bounds for covering radius of spherical designs, Results Math. 76, art.
no. 95 (2021).

[3

7/15/2022, 2:44 PM



Firefox

28 of 28

28 P. G. BOYVALENKOV', P D. DRAGNEV?, D. P. HARDIN, E. B. SAFF, AND M. M. STOYANOVA®

[17] Cohn, H., Conway, I., Elkies, N., Kumar, A., The D4 root system is not universally optimal, Experim. Math. 16, 313-320
(2007).

[18] Cohn, H., Kumar, A., Universally optimal distribution of points on spheres, J. Amer. Math. Soc. 20, 99-148 (2007).

[19] Conway, J. H., Sloane, N. J. A., Sphere Packings, Lattices and Groups, Springer Verlag, New York, 1988,

[20] Delsarte, P., Goethals, I.-M., Seidel, J. J.. Spherical codes and designs, Geom. Dedic. 6, 363-388 (1977).

[21] Ericson, T., Zinoviev, V., Codes on Euclidean Spheres, North-Holland Mathematical Library, Elsevier Science, Amsterdam,
2001.

[22] Fazekas, G., Levenshtein, V. I., On upper bounds for code distance and covering radius of designs in polynomial metric spaces,
I. Comb. Theory Ser. A, 70, 267-288 (1995).

[23] Hardin, R. H., Sloane, N. I. A., New spherical 4-designs, Discr. Math., 106/107, 255-264 (1992).

[24] Levenshtein, V. L., Bounds for packings in metric spaces and certain applications, Probl. Kibernetiki 40, 44—110 (1983), (in
Russian).

[25] Levenshtein, V. L., Designs as maximum codes in polynomial metric spaces, Acta Applic. Math, 25, 1-82 (1992).

[26] Levenshtein, V. L., Universal bounds for codes and designs, in Handbook of Coding Theory, V. S. Pless and W. C. Huffman,
Eds., Elsevier, Amsterdam, Ch. 6, (1998): 499-648.

[27] Musin, O. R., The kissing number in four dimensions, Ann. of Math. 168 1-32 (2008).

[28] Nikolov, N., Rafailov, R., On extremums of sums of powered distances to a finite set of points, Geom. Dedic. 167, 69-89
(2013).

[29] Seymour, P., Zaslavsky, T., Averaging sets: a generalization of mean values and spherical designs, Adv. Math. 52, 213-240
(1984).

[30] Sloane, N. J. A., Hardin, R. H., Cara, P, Spherical designs in four dimensions, in Proc. 2003 IEEE Inform. Th, Workshop,
253-258 (2003).

[31] Stoyanova, M., On the structure of some spherical codes and designs, PhD thesis, Inst. Math. Inform., Bulg. Acad. Sci. (2009),
(in Bulgarian).

[32] Su, Y., Discrete minimal energy on flat tori and four-point maximal polarization on $2, PhD thesis, Vanderbilt Univ. (2015).

INSTITUTE OF MATHEMATICS AND INFORMATICS, BULGARIAN ACADEMY OF SCIENCES, 8 G BONCHEV STR., 1113
SOFIA, BULGARIA

Email address: peter@math.bas.bg

DEPARTMENT OF MATHEMATICAL SCIENCES, PURDUE UNIVERSITY, FORT WAYNE, IN 46805, USA

Email address: dragnevp@pfw.edu

CENTER FOR CONSTRUCTIVE APPROXIMATION, DEPARTMENT OF MATH EMATICS, VANDERBILT UNIVERSITY, NASHVILLE,
TN 37240, USA

Email address: doug.hardin@vanderbilt.edu

CENTER FOR CONSTRUCTIVE APPROXIMATION, DEPARTMENT OF MATHEMATICS, VANDERBILT UNIVERSITY, NASHVILLE,
TN 37240, USA

Email address: edward.b.saff@vanderbilt .edu

FACULTY OF MATHEMATICS AND INFORMATICS, SOFIA UNIVERSITY "ST. KLIMENT OHRIDSKI”, 5 JAMES BOURCHIER
BLvD., 1164 SOFIA, BULGARIA

Email address: stoyanova@fmi.uni-sofia.bg

about:blank

7/15/2022, 2:44 PM



