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Abstract

In this paper, we investigate Riesz energy problems on unbounded conductors in
R? in the presence of general external fields (), not necessarily satisfying the growth
condition Q(z) — oo as |z| — co asswmed in several previous studies. We provide
sufficient conditions on () for the existence of an equilibrium measure and the com-
pactness of its support. Particular attention is paid to the case of the hyperplanar
conductor RY, embedded in R%*!, when the external field is created by the potential
of a signed measure v outside of R%. Simple cases where v is a discrete measure
are analyzed in detail. New theoretic results for Riesz potentials, in particular an
extension of a classical theorem by de La Vallée-Poussin, are established. These
results are of independent interest.

1 Introduction

This paper is devoted to the study of weighted Riesz s-equilibrium measures in R?, d > 2.
We will be dealing with their associated Riesz s-potentials, of the form

U(z) = /Lm 0<s<d, (1.1)

T —

for measures o supported in R? where |z| denotes the euclidean norm of = in R%. Po-
tentials as in (1.1) will also serve to define our external fields, this time with measures o
supported in the ambient space R

Note that

Uy (z) == — /lOg;L' —t|do(t),

is the limit case of the Riesz potentials as s — 0 (sece e.g. [22]); hereafter, we refer to
this case as the log case or, simply, as s = (. In the present paper we assume 0 < s < d,
and in most cases we restrict ourselves tod — 2 < s < d.

In the case of logarithmic potentials it is common to study energy problems on an
unbounded conductor ¥ in the complex plane in the presence of an external field @
defined on . It is well known that if ) is admissible, that is, lower semi continuous,
such that the logarithmic capacity of {z € ¥ : Q(z) < oo} is positive, and @ satisfies the
condition

lim  (Q(z) —log |z|) = 400, (1.2)

|z]-—ro0, z€X
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then the existence of the equilibrium measure and the compactness of its support hold
29, Theorem 1.1.3]. Furthermore, in the last 15 years a class of external fields
satisfying a weaker growth condition than (1.2), namely,

true, see

lim (Q(2) —log|z]) = M € (—o0, x|,

|2|—ro0, zE€X

has received a growing interest. Under this condition it can be proven that there still
exists an equilibrium measure, though the compactness of its support is, in general, no
longer valid (see [5], [17] and [30], among others); however, recently a broad class of
“weakly admissible” external fields with compactly supported equilibrium measures was
found in [26].

The study of Riesz s-potentials was initiated in [27, 28]. Related minimum energy
problems (or Gauss variational problems) were investigated in [25], [22], [24], and numer-
ous contributions by N. Zorii, see the discussion before Theorem 2.1 for precise references.

Recent applications of the Riesz theory often involve compact conductors such as balls,
spheres or other compact manifolds in R?, but there are applications dealing with the
case of unbounded conductors, in particular, the whole space RY, see e.g. [11], [21] and
[23]. In these contributions the condition that

Q(r) > o0 as |z| — oo, (1.3)

is required to ensure the existence of the equilibrium measure pgo and the compactness
of its support; see also Section 4.4 in the recent monograph [7]. As pointed out in [23],
if condition (1.3) holds, it is easy to adapt the proof of [29, Theorem 1.1.3] to the case
of Riesz potentials for general 0 < s < d (see also [7, Theorem 4.4.7]). However, this
sufficient condition is clearly not sharp, as noted in the also recent article [2
simple family of external fields on the real axis for which lim,_,o, Q(z) = 0 is shown to
have compactly supported equilibrium measures.

, where a

In the present paper we aim to study Riesz s-energy problems in R? for general ex-
ternal fields @, not necessarily satisfying (1.3). In particular, the case of the hyperplanar
conductor R in the presence of external fields of the form Q(z) = U"(z), where v is a
signed measure compactly supported on R+ \ R?, is analyzed in detail. Note that here
we shall consider R? as embedded in R4"!; that is, RY = R? x {0} C R4

The outline of the paper is as follows. In Section 2 we state and comment on our main
results, first regarding general external fields (Q and second, relating to the particular case
where @ equals the potential U”, with v as above. Section 3 is devoted to some definitions,
properties and auxiliary results useful for the proofs of the main results. In particular
we prove a version for Riesz potentials of a classical result by de La Vallée Poussin for
Newton potentials. We also show the monotonicity of the Robin constant with respect to
the external field. These results may be of independent interest. In Section 4 the simplest
cases corresponding to discrete measures v are analyzed with more detail. Finally, Section
5 is devoted to the proofs of our theorems.
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2 Riesz energy problems in R? and main results

Hereafter, all the positive measures g considered are finite on compact sets and, when
they have unbounded supports, they integrate the Riesz kernel at infinity, namely

du(t)
AN mE < 00. (2.1)

e 3 be a closed (possibly) unbounded conductor on R,

Let

e P(X) be the set of probability measures on ¥,

e (Q(x) be a lower-semicontinuous function on >, lower-bounded if ¥ is unbounded,
such that {x € ¥, Q(z) < oo} has positive capacity (see below for the definition of
capacity).

Now, we consider the following energy problem for Riesz s-potentials : find a measure
o € P(X) that minimizes the weighted energy

Io(o) — I(0) +2 f Qz)do (x) — / f W 12 f Q)do(x),  (2.2)

among all measures in P(3). We denote by Wy () this infimum. When ) = 0 we obtain
the energy of ¥, that we simply denote by W (3). The capacity cap(K) of a compact set
K is the inverse of its energy and for a Borel set B,

cap(B) :=sup{cap(K), K C B, K compact}.

As usual, we say that an inequality holds quasi-everywhere (abbreviated q.e.) on a set if
the set of exceptional points is of capacity zero or, equivalently, has infinite energy.

Our first Theorem is a reminder of basic properties about the Riesz energy problem.
These properties are well-known in the case of the logarithmic kernel. For the Riesz
kernel, they are particular cases of more general results, obtained by N. Zorii, about
energy problems for families of noncompact conductors on a locally compact space, with
general kernels and external fields (also in the form of a potential of a signed measure of
finite energy), see (32, Theorems 1-4], [33, Theorem 1.2], [34, Theorems 7.2, 7.3]. The
results stated in the next theorem can also be found in [11, Theorem 1.2] or [7, Theorem
4.4.14], when (1.3) is satisfied. One of the main properties is a characterization of a
minimizing measure fig (also called equilibrium measure), whenever it exists, in terms of
the so-called Frostman inequalities. Throughout, we will denote by S, the support of a
measure fi.

Theorem 2.1. Assume 0 < s < d. Then,

(1) —o0 < Wp(X) < oo;

(i) if a minimizing measure jg exists, it is unique;

(iii) if g is a minimizing measure, the Frostman inequalities

Ure(z) + Q(x) > Fg, gqe €3, (2.3)
Uke(z) + Q(x) < Fo, T €S, (2.4)
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hold true, where the constant

Fo = I(pg) + -/ Qdpg,

is referred to as the equilibrium constant or the (modified) Robin constant.
() Conversely, if p € P(X) is a measure with Io(p) < oo satisfying

Ur(2)+Q(z) = F, qe zeX, (2.5)
Ut(z)+ Q(z) < F, gqe z€8, (2.6)

with some constant F, then p is a minimizing measure and F' = Fy. Moreover, if pg
exists, (2.5) may be replaced with the weaker inequality

UMz)+Q(z) > F, qe xz€8 (2.7)

Mot

For the sake of completeness, we will provide a proof of Theorem 2.1, see Section 5.

For the next results, we will need the notion of thinness of a set at infinity, due, in the
newtonian case, to M. Brelot [9] and J.L. Doob [13, pp. 175-176]. This notion has been
extended to the Riesz case (0 < s < d) by Kurokawa and Mizuta in [20], and since we will
need one result of [20], see Lemma 2.7 below, we will stick to the definition given there,
namely that a Borel set X is thin at infinity if it satisfies the following Wiener condition :

Z 2 cap ()J(k)) < 00,
k=1

where X% = Iz € ¥, 2F < |z < 2¥7'}. Denoting by @ the inversion ®(z) = z/|z|* with
respect to the unit sphere of R%, the previous inequality is equivalent to (see [22, p.287]),

o0

Z 25 cap (@(B™*))) < o0,

k=1

When d—2 < s < d, this is a Wiener necessary and sufficient condition for the point 0 to
be an irregular point of (the complement of) ®(3I). It is known from [22, Theorem 5.10]
that a point x in the closure of a set E is irregular if and only if F is thin at z. Hence,
with the definition above and when d — 2 < s < d, the set X is thin at infinity if and only
if (%) is thin at 0. For more details about the notions of thinness of a set at a point
and the fine topology, see e.g. |22, Chapter V, §3
at infinity in the theory of Riesz potentials, in particular how the notions introduced by
Brelot and Doob extend to this framework, see [35].
In the sequel, when ¥ is unbounded, we moreover assume that

. For a recent study of thinness of a set

A1) If the point at infinity belongs to the boundary of ¥, then ¥ is non thin at infinity.

A2) @ is continuous at oo, i.e.

lim Q) = Q(o0) € (—o0,00].

|z| o0, zEX

Remark 2.2. The assumptions A1-A2 imply that, when ¥ is unbounded, (2.3) is satisfied
at x = oo, namely Q(oo) > Fg. Indeed, recall that a potential of a measure p that
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satisfies condition (2.1) tends to 0 at infinity, up to a set thin at infinity, see Lemma 2.7
below. Also, inequality (2.1) is a necessary and sufficient condition for finiteness almost
everywhere of the potential U*, see 22, p. 61]. It follows in particular that a minimizing
measure i satisfies (2.1).

Our next result concerns the existence of a minimizing measure on an unbounded sct
¥, in a general external ficld (), depending on its behavior at infinity. In that connection,
see also [34, Theorem 8.1].

Theorem 2.3. Let Y be an unbounded conductor on R and () an external field satisfying
conditions Al -A2. Then, for 0 < s < d,

(i) sufficient conditions for the existence of a solution pg to the Riesz energy problem
are the following growth conditions on () at infinity:

|z[*(Q(z) — Q(ox)) < —1, for large x in X; (2.8)
or

lim
|z]—o0, zeX\P

Q) — Q(x0)) < —1, (2.9)
for some set P thin at infinity.

(i) if a minimizing measure jig erists on X, a necessary condition for jg to have un-
bounded support is that QQ(oc0) is finite and

" Q) — Qo)) = —1, (2.10)

lim inf
|| =00, zeX\P

X

for some set P thin at infinity.
(111) if d — 2 < s < d and there exists ¢ < 1 such that

C
||

then the Riesz energy problem has no solution.

- < Q(z) — Q(0), T €N, (2.11)

Remark 2.4. Note that if Q(o0) = oo, condition (2.8) is trivially true. As to be expected,
if () equals a constant, condition (2.8) is not satisfied.

Theorem 2.3 applies to the particular case where the external field () is due to the
action of an attractive mass placed at a point outside of the conductor ¥ (so that @) is
lower-semicontinuous on ). For instance, assuming 0 ¢ », we have the following.

Corollary 2.5. Under the assumptions in Theorem 2.3, if 0 ¢ ¥ and for some ¢ > 0,
c

Qz) = r € X,

then

(i) for 0 < s < d and ¢ > 1, the minimizing measure g exists and, for ¢ > 1, it has
bounded support,

(it) for d — 2 < s < d and ¢ < 1, a minimizing measure 1o does not exist.

50f36 1/26/2022, 11:50 AM



Firefox

6 of 36

o

Remark 2.6. Corollary 2.5 extends for a general dimension d > 2 the results obtained in
[2, Theorem 2.1] for the case where d = 2, ¥ = R and @ is created by a single attractive
charge placed at a point in R* \ R. When ¢ = 1, the support of the weighted equilibrium
measure can be unbounded, as, for instance, in the above case, or more generally, when
¥ = R4 and @ is created by an attractive charge placed at a point in R\ R?, see Section
4.2, case (i). It can also be bounded, see Remark 5.3 for more details.

In the current paper, we will also consider in detail the case where the conductor
¥ = R? and Q is the potential U” of a signed measure v supported in R4\ RY,

Q) = () = [ 2

WA
An auxiliary result about Riesz potentials will be useful.

Lemma 2.7 (cf. [20, Theorem 3.3|). Let pu be a positive measure in RY. Then, there exists
a Borel set P thin al infinity such that

du(t
lim  Ut(x)=0, if u(t) (2.12)
2|00, 2RI\ P =1 1t
lim l2|*U" () = pu(IR), if p(RY) < oo. (2.13)

|z| o0, zeRI\P

From this lemma, we see that condition (2.9) of assertion (i) and assertion (ii) of

Theorem 2.3 imply the following.

Corollary 2.8. Let 0 < s < d. Let v be a signed measure of finite mass (both, v and v~
in the Jordan decomposition v = v* — v~ have finite mass) with support in RN RE (not
necessarily compact), and let QQ = U" be as above. If v(R¥YY < 1, then there exists a
unique equilibrium measure pg. Moreover, if v(RU) < —1, the support Sy 18 a compact
subset of RY.

Indeed, we have Q — U” — U"" with v" the weak balayage of v onto R? and v(R!) —
v (RY), see Lemma 3.11 for details. Moreover (2.13) can be applied to each terms in the
Jordan decomposition of the signed measure v* = v/ — v and the union of two sets thin
at infinity is also thin at infinity.

The situation where ( and v are as above, and v(R1) = —1, will be referred to as
a weakly admissible setting, using the parallelism with the logarithmic potential scenario.
For this purpose, we denote by y = (y1,...,%a, yar1) an arbitrary point in R**! so that
the distance from y to the conductor R? equals |y, 1].

Our final main result is the following one.

Theorem 2.9. Letd —2<s<d and Q = U", v(R*"Y) = —1. If

[ sl vt > 0, (2.14)

then S, is a compact subset of R,
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Remark 2.10. Theorem 2.9 extends to Riesz potentials what was established in [26] for
the logarithmic kernel in R? with ¥ = R in the weakly admissible setting. Here, when
the total attractive charge of the external field equals in size the charge to be spread
on R? it is possible to get a compactly supported equilibrium measure. However, in
this border case not just the sizes of the charges are important but also their distances
to the conductor. This very interesting phenomenon may be illustrated with a simple
example. Namely, if the external field consists just of an attractor of unit charge, then
the equilibrium measure exists but its support will be unbounded (the whole conductor
R? in the current setting); but if this simple configuration is slightly modified by adding
a negative charge —¢ to this attractor, it is possible to place a repellent of positive charge
¢ sufficiently far from the conductor so that the equilibrium measure becomes compactly
supported (observe that the total attractive charge remains equal to one).

With the level of generality considered so far, not much more can be said about the
equilibrium measure i and its support S,,,. In Section 4 we will discuss some particular
situations where the simplicity of the external field allows for a more detailed analysis.

3 Auxiliary results

In this section properties and auxiliary results related to Riesz energy problem are proved.
Also, we recall the notions of Kelvin transform, balayage and signed equilibrium measures,
which will be useful in the sequel. Throughout, it will also be convenient to introduce the
parameter «, 0 < « < d, given by

a:=d—s.

3.1 A de La Vallée Poussin theorem for Riesz kernels

In this subsection, we give a version for Riesz potentials of the following result by de La
Vallée Poussin for Newtonian potentials, or more generally, for superharmonic functions,
see [12, p. 21]:

Theorem 3.1. Let w and v be two superharmonie functions defined tn an open subset )
of RY, with respective Riesz measures p and v. Assume w > v in Q. Then the restriction
of the signed measure . — v to the set

E={zeQ, u(z)=v(z) < oo}
15 a negalive measure.

See also [29, Theorem 1V.4.5] for the logarithmic case in the complex plane. A similar
result was proved by Janssen [18, Theorem 2.5] in a general potential theoretic setting,
see also Fuglede [15, Theorem 1.1] for the Newton case.

In this subsection it is assumed that d — 2 < s < d or equivalently 0 < o < 2.

We can now state the main result of this subsection.

Theorem 3.2. Let p and v be lwo positive measures such that the potential U" s finite
p-a.e. (for instance p has finite energy). Assume

U <U*+C, wv-almost cverywhere, (3.1)
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where C > 0. Then the restriction of the signed measure o — v to the sel
E = {z eRY U"(x) = U*(x) + C < oo}
15 a negalive measure.

Remark 3.3. Notice that the statement of Theorem 3.1 does not hold for Riesz subhar-
monic kernels |z| % with d — 2 < s < d. Indeed, considering the equilibrium measure w of
the unit ball B C R?, we know that

U“(z) = W(B), =zcB,

where W(B) denotes the Riesz energy of B. Applying Theorem 3.1 with U“ and the
constant function equal to W(B), the inequality W (B) < U“(z) would imply that w < 0
on any open subset ) of B, which is not true as the support of w is the entire ball B
when d — 2 < s < d.

Let us first recall the notion of balayage, see [22, Chapter IV, §5], in particular p.264.
Given a closed set F' C R? of positive capacity and a measure o satisfying (2.1), there
exists a unique measure

o = Bal(o, F)
called the Riesz s-balayage of o onto I satisfying the following:
® S5z CF,
e 0 is zero on the set of irregular points of F', and

U%(x) = U°(z) q.e. on F, U°(x) < U°(x) on R%. (3.2)

If d =2 and s = 0, the usual logarithmic case, the balayage o preserves the total mass:
l5o]l = |||, but this is not true for general d — 2 < s < d. Actually, ||&|| = ||lo|| for
all measures o if and only if F' is not thin at infinity, see [16, Theorem 3.22]. In the
logarithmic case, (3.2) is modified in the sense that

U(z) =U%(2) +C qe.onF,  U™(2) <U%(2)+C onC,

where C' = 0 if, for example, C\ F' is a bounded set.

We remark that for 0 < s < d — 2 we shall utilize a measure ¢*, which we call weak
balayage, for which only the first part of (3.2) holds true, namely U°"(z) = U(z) q.e.
on F. For signed measure v, we define v* := (v")” — (v ) | where v = v" — v~ is the
Jordan decomposition of v.

Now we consider the family of balayages g{]‘r, r > 0, of & (the unit point mass at
x = () outside of the balls |z| < r. The balayage 3[},1‘ is a probability measure supported
on the complement of B(0,r). Its potential satisfies

R U(x) = =], |o| >,
vhe =1
Ubr(x) < |z|7%, |z <.

For 2y € RY, we set &,,,(z) := do,(z — xp) and, for u a potential, we will consider its
average with respect to d,,

Lo (o, 1) = /u(m)dgyuT(i) r > 0.
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Note that, when u is the potential of a measure p,

u(z) dp(y)

N J |x— y|""

L.(xg,7) is a finite number. Indeed,

Lu(xg,7) = / u(x)doy, () = /US-'"U-" (x)dp(x),

and for 0 < ry < r, we have

- ) 1p(x
f Ubror (2)du(z) < / ﬁ < 0Q,
71 <|a—mg| .

1 <|a—zo| |'L - :L‘U‘S

where the last inequality follows from (2.1), and

' - e
/ L,roarn:r(x)d#(w) g f ﬁ < 00,
Jz—xzg|<r

j—sol<ry |7 = 71°

where the first inequality uses the fact that the mass of d,, , is outside of the ball B(zy, ).
For the proot of Theorem 3.2, we will need several lemmas.

Lemma 3.4. Let
du(y)
uw) = [ HW
J |z —yP
with pi a positive measure, finite on compact sets. Let xy € RY. The function r — L (zq, 1)
satisfies
lim L, (xg, ) = u(xg), (3.3)
0
and is non-increasing with r.
Moreover, the functionr v Ly (xo,r) is absolutely continuous on any closed subinterval
of (0,) and, almost everywhere, one has

, 2¢4 . e
L.u(.;t:[;,’.") - Td‘E] / (Tz B |‘T’ - wU|2) /2 ]dﬂ‘(‘l% (3‘”1)
[—zp|<r
where )
A I'(d/2) (3.5)
‘o oo dja2 (a/2) :

Remark 3.5. Note that (3.4) is finite for almost every r > 0. Note also that in the
newtonian case o = 2, (3.4) simplifies to

— 4 L (20, 7) = 2¢q2(B(20,7)). (3.6)
In view of 3.3 we will define L, (g, 0) as u(xg).

Proof. Equality (3.3) and the fact that r — L,(x¢,r) is non-increasing are shown in [22]
p- 114 and p. 126 respectively.
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In the sequel, we choose g = 0, the proof being identical at any other point y € RY.
Let r; be a fixed positive number with 0 < r; < r. We write

L(r) — L(ry) :== L,(0,7) — L,(0,7)

B f| L (UPe )~ UBn () + / o U0 U@ a).
7 - (3.7)

To reexpress the last integrals, we will use the following expression for the Green function
of the ball of radius r, see e.g. [10, Theorem 3.1]

Go(2,y) = U (x) — U (z) — # /0 SN 48 ds, 3y e BO,r),

where ¢, is the constant (3.5) and

(r* — =) (r* — |y[*)
e —yl?

a =

When y = 0, we get

b 301 Cd,ox ¢ /21 —d/2 — |Ci"|2
Go(x,0) = U () — U (z) = | |a’:_ s (1+s) ds, a = W
|7 Jo T

Making use of the above expression, (3.7) becomes

Cdo a,a 2-1 N-df2 g o
_/I F/,5/ (14 5)“2ds dp(z)

x|<<ry |3‘ @
Cd,x “ af2—1;- —d/2
- s (14 s)"““ds du(z).

ri<|z|<r |x|d—a J0

Performing the change of variable t = |z|v/s + 1, we get

L0r) — L{r) = —2c4a /I » ( /t Dz |$|2}“/2—'t1—ddt) du()

=71

% f ( f - |m|2)“/2't'ddt) ().
r <z <r t=|x|

Since the integrand in the double integrals is positive, we may interchange the order of
integrations which leads to

1)~ 1) = 20 [ ([ PP o))

|=|=0

Finally, since both L(r) and L(r;) are finite numbers, the double integral is also finite
which implies, by Fubini theorem, that the function

i
iy (tZ o |;t:|2)”‘/2_1t1_ddu(a:)
|z|=0
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is integrable. Hence, L(r) — L(ry) is the indefinite integral of an integrable function, from
which follows that the function r + L(r) is absolutely continuous, differentiable almost
everywhere, with derivative equal to

—2(:,1,,1?“1‘1’/ (r?* — |;1:|2)‘”/2’1du(;r).

|xz|=0
O
The following lemma. is a consequence of the previous one.
Lemma 3.6. Assume L,(xq,r) is differentiable at r > 0. Then,
da [ . .
— 4L (z,7) = 2Cd'“d_ t(r? — )2 (B (o, t))dt. (3.8)
T =0

Remark 3.7. Note that in the newtonian case o = 2, (3.8) just gives (3.6) again.

Proof. We have

T t r T
f t(r? — 12)e/2 ! f dp(x)dt = / f t(r? — 2)22 Ldtdu(x)
t=0 |z—xqn|=0 |e—zp|=0 Jt=|z—xp|

L , s [ e
) / (r* — |z — xo|*)*/? [ (1— S)”/z_ldsdp(:.f;)

|e—xq|=0 J 5=0

1 /"
— [0l duta)

o :I.‘*.’,Cu':[]

where the variable s in the second equality is such that * — |z — xo|* = s(r? — |2 — x0/?).
Hence, the right-hand side of (3.8) is equal to

% d [ | " -
o £ (ﬂ—mﬂmW%wm%mf r(r® — |z — 20")** du(a)
& dr |12—:C()|:U |:£—1:(||:U
= —r?L! (x,7).

O

Finally we recall a result from measure theory. Its proof uses the Vitali covering
theorem, see [31] for details.

Lemma 3.8. Let A be a Borel set, and let v be a signed measure in R, Suppose that for
each x € A there is a sequence t, | 0 with v(B(x,t,)) > 0. Then v|a is a non-negative
measure.

Proof of Theorem 3.2. From the domination principle, see [22, p. 115], we know that (3.1)
actually holds everywhere on RY. Hence, with « = U* and v = U, and for R > 0,

Lo(z,R) < L,(z,R) +C,  z€R%
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Consider a point zy € FE. Then v(xy) = u(zy) + C' < oo and thus
Ly(zo, R) — v(wo) < Ly(xg, R) — u(xo).

Since 7 — L, (g, 7) is an absolutely continuous function, we have, for any € > 0,

R
/ L (zg,7)dr = L,(xo, R) — L,(zo,€)-

From the non-positivity of L! (xg,7) and the monotone convergence theorem, we get by
letting ¢ tend to 0,

R
/ L! (xg,7)dr = L,(xq, R) — v(zq),
Jo

and the same holds true for the function L,. Consequently,

"R "R
' - .
/ L (o, r)dr < / L (zo,7)dr.
Jo Jo
Next, considering equation (3.8) applied to u and v, taking the difference between the
two and then the antiderivative, we get

R R
- / rl L, (zo,r)dr = 2(:,,:?,,/ HR? — 32 Yy — v)(B(zo, t))dt, R>0. (3.9)

=() t=0

In the sequel, we fix an R > 0 and show that there exists an 0 < r < R for which the
inequality pu(B(zy, 7)) < v(B(xy,r)) holds true. We proceed by contradiction. Assume
that, for all 0 < r < R, we have p(B(xg,r)) > v(B(xg,7)). Then, the right-hand side
of (3.9) is a positive number. On the other hand, consider a fixed § > 0. For all € > 0
sufficiently small, we have

R
d < / L., (zo,7)dr.

Then, for some R’ € (0, R,

R R R
0 < [ L;n—tr(mf)? 'T‘)d?' = [ r d(T‘dL;—u(mﬂv 'I'))f){'f‘ =€ ¢ [ Td‘r":n—v (:]’,’0: T)f)t‘.?'?
e o€ v €

where in the last equality we have used the Bonnet’s mean value theorem for integrals,
cf. [1, Section 12.6] (note that r ¢ is a positive decreasing function). Observing that

R

R
: d : LAyt PR W A PR T o
0—1]]}%(—5& ) Sl”fé/ L, (xo, T)dr / rL,,_,(xo, r)dr,
[a

0

we get a contradiction since by (3.9), the above integral is a negative number.
Repeating the argument with a smaller value of R, we get a sequence r, | 0 such
that pu(B(zo,r,)) < v(B(z,7,)). It then suffices to apply Lemma 3.8 to conclude the
proof. a
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3.2 Monotonicity and continuity of the equilibrium constant

In this section, we always assume that a minimizing measure exists. We derive mono-
tonicity and continuity of the equilibrium constant with respect to the external field. This
result, which may be of independent interest, is an analog of [29, Corollary 1.4.2] for the
logarithmic kernel. It will be used in the proof Theorem 2.3.

Let us start with a lemma.

Lemma 3.9. Ford —2 < s < d, and v a probability measure on R? satisfying (2.1), the

following inequality holds

“inf "(U"(x) +Q(x)) < Fy, (3.10)

T .‘1,, o
where “Inf” denotes the essential inf in the sense of [29, p. 43].

Proof. We essentially follow the proof of [14, Theorem 1.3], where (3.10) was proved in
the case of an external field Q on the d-dimensional sphere S¢ C R4 and d — 1 < s < d.
Let L be some constant such that L < U¥ + (), gq.e. on S, or

e
U"=U" > L—-Q—-U", qeonsS,,.

From the second Frostman inequality, il'lf.s',,_Q (—UH"e — Q) > —Fp; hence

U"—=U" >L—Fy, qe onsS,, = pg ac

Assume now that L > Fp and consider any bounded non polar subset A of S It

Suo-
Sy is bounded one can take A = S,,. Let wq be the equilibrium measure of A and
let o0 — cap(A)wa — W (A)w,, where cap(A) and W (A) respectively denote the Riesz
capacity and Riesz energy of A. Then U? < 1 on R? and in particular on Suo- Thus we
have

yret=Fo)e < v = e on Shg-

By the domination principles [22, Theorems 1.27 and 1.29], the inequality is satisfied
everywhere, and then, by the principle of positivity of mass, cf. [16, Theorem 3.11] or [24,
Theorem 1.7 p. 62|, we get 1 + (L — F)cap(A) < 1, which is a contradiction. O

Proposition 3.10. For d — 2 < s < d, the Robin constant F is a non-decreasing,
continuous function of ). More precisely, let Cec > (O be some nonnegative constants.

Then

C < (Urer(z) — Fy) — (Ure2(z) — Fy), x €RY,
C<Qo—QyonS,, — ( @) ( (=) ) (3.11)
: C<F-F,
and
Urei(z) — ) — (Urez(z) — Fy)| <€, x€RY
Qs — Q] < ¢ on Sy, YSug, == I ( )= ( )
|F2 — F1| < €.

(3.12)
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Proaf. The prool is based on the following identity:

Ure(z) — kg = inf{U" (z) — “inf"(U" + @), v € P(X)}, r € RY, (3.13)

S

where the essential “inf” can also be taken on S, , instead of ¥. The left-hand side is
no-smaller than the infimum because pg € P(X) and “inf,oy" (U#? + Q) = Fy. For the

converse inequality, using (2.4), note that,
Ure(z) + Q(x) — kg + “inL”(U” +Q) SU"(x) +Q(x), x€S,,,
xre
or equivalently

Ure(z) <U"(xz) + (Fo — “ini”(U" +Q)), €S,
TEX
where the constant term Fy — “inf,ex” (UY + Q) is non-negative by (3.10). Then, by the
domination principles in the preceding proof, the inequality holds everywhere. Thus the
left-hand side in (3.13) is also no-larger than the right-hand side.
Now, if C' < )y — Q) on S, we have, for a given v € P(}),

ey

Suf(UY+ Q) < ¢ oinf (U4 Q) < ¢ inf (U 4+ Qs) — C;
z€y 5 S

TEs 1@y ZTEL [25)

hence

U(x) — * inf "(U" + Qo)+ C <U(x) — “if”(U" +Q)), xcR
7 ESH

:L"F,S,..Qz

Taking the infimum over  and making use of (3.13), one gets the first inequality in (3.11);
the second inequality C' < I — I} simply follows by letting 2 go to infinity (here we note
that a potential that integrates the Riesz kernel at infinity, tends to 0 at infinity, up to a
set thin at infinity, see Lemma 2.7. The second implication (3.12) can be proved in the
same way. O

3.3 Kelvin transform and formulas for the sphere and the ball

In the sequel, we will use the Kelvin transform, see e.g.

22, Chapter TV.5]. We denote
by 7' the Kelvin transform in R*!, with respect to the point ¥ = (y1,...,¥a:1), Yar1 > 0
and with radius v/2y4,;. It maps R? onto the sphere Sj of radius 1, having y as its north
pole. This transformation was used in [3] and, recently, in [2]. Then, with z* = T(x),
t* = T'(t), we have

?

2Yas1lz — ¢

|z —ylle* =yl = 2yasn, " =2 = ——.
" EREIE

For the Riesz potentials and energies, we have the following relations:

ok |',1" - U|“ * «
Ut (z%) = ——-U"(x), L (") = T (), 3.14
(z*) CTEE (@) (17) (1) (3.14)
where ( " ‘ |
2Ya11)"" t*—yl’
dipt (") = T —du(t) = ————du(t). 3.15
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Note, in particular, that

p(RMY) = (2ya10)"2U* (). (3.16)
We also recall that the surface area of the d-dimensional unit sphere ¢ C R**! equals

2,}T(d{ 1)/2

I'((d+1)/2)

Wy =

(3.17)

The equilibrium measure of the d-dimensional unit sphere S¢ is the normalized surface
measure, denoted by o4. Tts energy W(S?) is given by

T‘(d%) I'(«) )
- od I —~, 0<s<d, d=>3, )
WS = T (2D (d— %) (3.18)
20/(2 — s), 0<s<2d=2,

see |7, Formula (4.6.5)]. Ford —2 < s < d and d > 2, the equilibrium measure wy of
the closed ball By of radius R in R is absolutely continuous with respect to Lebesgue
measure, with density

wh(z) = ( = TPt s/2) (3.19)

T ] 9% /01 cp = e 1
R? — |x|?)e/? ! REI(1 — «/2)

see [22, p. 163], [7, Eq.(4.6.12)]. Its potential at the point y = (0, yg41) equals

dwp(x s d 5 3
U“R(y) —/ dwr(z) = Yapa 21 (‘, : 1‘|‘j A ) (3.20)

I s PEGE 9! 2
we |7 —yl* 22 20 Yan

which is easily checked from the Euler integral formula for hypergeometric lunctions.
Finally, the s-energy of Bp is

5 S5 ¥
W(By) = 5B (E’ 5)1 (3.21)

where B(z,y) denotes the Beta function, see [7, Section 4.6, p. 183].

3.4 Weak balayage and signed equilibrium measures

The following result plays an important role for our analysis.

Lemma 3.11. Let 0 < s < d and y = (y1,...,yas1) € RT\R? with ya1 # 0. The weak
balayage 4, of 6, onto R is given by

(2|yaz[)?*
waW (S%) |z — y|?d—s

WLy e W
dé,) () dz, (3.22)
where dx denotes the Lebesque measure in RY. Moreover, there is no mass loss in this
case; that s, ||6)|| = ||0,|l = 1. Furthermore, if v is a signed measure of finite mass
with support in R\ R? (not necessarily compact), its weak balayage v is given by the
superposttion

v (z) — ( A () dv(y)) da. (3.23)
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Remark 3.12. We note that for d —2 < s < d the weak balayage measures o) and "

coincide with the respective s-balayage measures 8, and 77 defined in (3.2).
Y 1]

Proof. Without loss of generality assume yy.1 > 0. To prove (3.22), it suffices to verify

that ) ;
[t 5

(2yan1 1 :
U%'(z) = / o - rdr=——, z€ R%.
N e P R P
We shall utilize the Kelvin transform 7' from the previous subsection. The relation be-
tween the measure normalized unit surface measure doy on S and the Lebesgue measure
on R? is '

=yl (2yan) da
wydog(x*) = g do = o — g2
which yields
- 1 1
U (2) = = / doy(z*), 2" €S
W (J_ d)|z _ gls s Iz* _ ;'L'*|"" y

?, the integral above equals W(S%) for any
e 5'31 equation (3.22) follows. The total mass of ;" is computed as

As a4(z*) is the equilibrium measure on S¢

- (2,%“ l)d K 1 [ 1 )
0| = - —dr = dog(z*) = 1.
19 | ,[Ra wagW (S4) |z — y|2d-s W(s?) , s |[z* — y|* ala”)

The equation (3.23) for any z € R? can be derived as in [22, Section 1V.5, (4.5.5)], which
completes the proof. O

For our analysis the notion of signed equilibrium measure will be very important.

Definition 3.13. Let 3 be a closed subset of R%. A signed equilibrium measure for ¥ in
the external field @ is a signed measure 7¢y; supported on X such that ng(X) = 1 and
there exists a finite constant Cg y. such that

Ume=(z)+ Q(x) = Coy q.e. on X. (3.24)

Remark 3.14. If this signed equilibrium measure exists, then it is unique, see [8, Lemma
23]. Note also that 7¢ s, has finite energy (and finite weighted energy) as can be seen from
integrating (3.24) with respect to 7g .

Our next result describes the main properties of the signed equilibrium measure. This
result corresponds to [19, Lemma 3], where it was established for the logarithmic kernel

in the complex plane, when S, is a compact set.

1o

Lemma 3.15. Let d—2 < s < d and let 33 be a closed subset of R%. Assume an equilibrium
measure j1o and a signed equilibrivm measure ng s, exist. Denote by -11(5 s, the positive pari
mn the Jordan decomposition of nox. Then,

(i) one has
pQ < 'Wfb,)r (3.25)

In particular,
L}

78]

cS

) )
gx”
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(it) Let ¥y C % be such that Sug C 21. I ngx, is a positive measure, then g = ng s, -

(i1i) Let ¥ = RY and let QQ be an external field such that Sy 18 compact. Assume thal
there exists an Ey > 0 such that, for each R larger than Ry, the signed measure ng g, s

negative near the boundary of Br. Then Sy, C Bg,.

Proof. (i) From (3.24) and (2.3) (2.4) we have that

Ut (z) < UMes™(z) + C — Fg, q.c. on X, (3.26)
L (r) = U (z) + C — Fg, q.c. on S, (3.27)
The assumptions in Theorem 3.2 are satisfied. Indeed, by the domination principle, (3.26)

holds everywhere in R%, which implies that C'— Fyy > 0 by letting z tends to infinity. From
Theorem 3.2 and (3.27) we thus derive that ug + Nos < 7752 on S, and consequently
ho = 'f!c{g‘}:‘

(ii) The fact that pg = 7.y, is a consequence of (3.24) since, under this hypothesis, the
inequalities (2.6) and (2.7) characterizing the equilibrium measure are satisfied by the
positive measure gy, .

(iii) Assume Sy, 18 not included in Bg,. Consider the smallest ball Bg, @ > Ry, that
contains S,,,. Since pq satisfies (2.5) (2.6) on Bp, it holds that ug = pg.r, the weighted
equilibrium measure of Bi. Now pick some z € 0B, N Sug- In a small neighborhood V/
of z, we have g g, (V) < 0 while ug z(V') > 0 which contradicts (3.25). O

4 External fields created by pointwise charges

Now, we are concerned with the particular case of external fields as in Corollary 2.8 and
Theorem 2.9, created by signed discrete measures v supported in R4\ RY, of the form

k k k
By, s . o —s/2 ,
Qx) =Y % U%) = yle—yl *=> % (2 +van) ", (4.1)
j—1 j=1 j—1
where y; = (0,...,0,¥;411), with y; 411 # 0. Without loss of generality, we assume that
Yidr > 0,5 =1,... k. For the charges, we assume that
k
I = Zq/j < —1.
J=1

In the sequel, the case I' < —1, where the compactness of the support of jig is guar-
anteed by Corollary 2.8, will be called admissible (using the analogy with the logarithmic
potential setting, see [29, Chapter I]), and the case ' = —1 will be called weakly admissible
(here, only the existence of pg is ensured a priori by Theorem 2.3).

4.1 Admissible setting

We will focus on the case of a single “attractor”, that is k = 1, and

T=mn<-—L
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We suppose, without loss of generality, that y = (0;y4y1), with y4.1 > 0. Then, the
external field acting on the hyperplanar conductor R? is given by

7 z € RY. (4.2)

) = R e

From Theorem 2.3 we know that the equilibrium measure pg has compact support, ex-
tending the result in [2, Theorem 2.1] for the case d = 1. Since the external field is radial,
the support S, has circular symmetry, but it may be, in principle, a ball, a sphere or
several spheres, or even several shells. Observe that (Q is convex in the closed ball

Yd+1

Vs+ 1

(but not in the whole IR?); hence we can only assert that the intersection of S,,,, with that
ball is a convex set and, in our case, it is a ball.
We now state our main result in this section.

|| <

Theorem 4.1. Let d — 2 < s < d. The equilibrium problem in R? in the external field
(4.2) satisfies the following.

(1) The support Sy of the equilibrium measure g is a closed ball By, .

(it) The density of jg is given by

] ‘ (2ya11)" 1 sin(am/2)
tu’rQ(T) = _KYHF,H-O(:’L)l HU,HU(:L) = [’V(Sd)Wd |$ _ ylgd_s - T J(‘(Luy) »
(4.3)
where W(S9) and wq are given in (3.18) and (3.17), respectively, and
o u®* 1 du
J(z,y) ::f ; ; T, (4.4)
0 (u+1)((R0_|$| )u+R0+yd+1)

The density of jg vanishes on the boundary of Bp,.

(i1i) The radius Ry is equal to Ry = yqs1/z where z is the unique positive solution of
the equalion,

5 d 5
82401 @ 1+£ 14+—- 24 —z) =
2 ) 3 bl ~
’“( 2 279

[(o/2)1(2 + 5/2)
CAT(14d/2)

(4.5)

In particular, Ry is a linear non-decreasing function of the distance yqy -

Remark 4.2. Theorem 4.1 extends for general dimension d and d — 2 < s < d the results
in [2, Theorems 2.1 and 2.3] ford = 1 and 0 < s < 1.

Remark 4.3. When s = d — 2 (Newton Coulomb case), with d > 3, [23, Proposition
2.13], which in turn extends [29, Sec. IV.6|, yields the explicit expression of S, and
the density of pi. Observe that in [23] the growth condition (1.3) is required, but it is
just to ensure the existence of jy and the compactness of S,,; the proof of that result
casily follows without assuming (1.3). Indeed, [23, Proposition 2.13] shows that if d > 3
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Figure 1: The radius Ry of the support S“Q as a function of the attractive charge ~

(d:328221y4:1)

and Q(x) = Q(|z|) = Q(r), with r¥1Q’'(r) being a non-decreasing function on [0, 00),
then S, = {z € R? : 7y < |z| < Ro}, where r is the smallest value of r > 0 for which
41 Q' (r) > 0 for r > 1y, and Ry is the smallest positive solution of the equation

R¥Q(R)=d 2. (4.6)

Since for our external field (4.2) we have that v ' Q'(r) = —ysr? (r* + y3,,) "2 > 0,
for each r > 0, and

('-"'d_l Qr(r))r = _’TSd?"d_Ly;iH ("'2 + y§+1)—2—s/2 >0,

we get rp = (0 and, consequently, Sm‘, is a closed ball. To determine the radius R of the
ball, (4.6) may be used. Namely, for d = 3,s = 1,5, = 1 and different values of v, the

following values of R are obtained in Table 1.

v [ =100 =25 [ —=1.1 [ —1.001
R 0524 [ 1.090 | 3.90 | 38.73

Table 1: The radius R of S,

4o for different values of the charge v (d =3,s = 1,y = 1)

It is easy to check that, as is natural, the higher the size of the attractive charge, the
lowest the radius of the ball. Moreover, the result in [23] provides the expression for the
density of pig, namely, in our case,

a1

dpg(x) = ( T drdog_(u), z =ru, r=|z|,

o9 2 \21a/2
r + yd+1)2+.s/).

with doy | denoting the normalized surface measure of the unit sphere S91 in R9.
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Figure 2: Density of the equilibrium measure as a function of r for d = 3, s = 2, v = =5,

ys = 1 (solid line) and y;, = 2 (dashed line)

Remark 4.4. The results in [23] were partially extended in the recent paper [4, Theorem
I.1] for more general values of s, in particular for d — 2 < s < d; but there the conductor
is the unit ball in R? and the external field @ is assumed to be convex. Furthermore,
in [4, Theorem 1.2] the author obtains the expression of the density of the equilibrium
measure, provided that its support .5, 1s a ball in R?. This last result also applies to our
Theorem 4.1, in particular to the expression for the density of the equilibrium measure in
(4.3), and one can check the coincidence of (4.3) (4.4) with [4, Eq. (8)]. However, there
is an important difference in the method of proof which makes this part of Theorem 4.1
of interest itself: while we need to prove first that S, is a ball, and take advantage of
this proof to find the density of the equilibrium measure, for the proof of [4, Theorem 1.2]
the author obtain that density by handling the Fredholm integral equation of the second
kind derived from the Frostman’s identity in S, (see (2.3) (2.4)). Furthermore, though
our external field is not convex in the whole R? it would be possible to adapt the method

of proof of [4, Theorem 1.1] to prove that S.u-Q is a ball centered at the origin in our case.

4.2 Weakly admissible setting

IfI" = —1, assertion (i) of Theorem 2.3 guarantees the existence of the equilibriui measure
o, and condition (2.14) applied to the external field (4.1) provides

E
Z Vi¥iae >0,
=1

-

as a sufficient condition for the compactness of S,,. Thus, we get infinitely many con-
figurations (indeed, a continuum) of charges and distances {(v,,y;a41),7 = 1,...,k}
producing compactly supported equilibrium measures.

Case (i). A single attractor at y = (0,y41)s yay1 > 0 and v = —1.

In this case, pg = S;f: the balayage of §, on R?, and from Lemma 3.11, we know that
its support is the entire space R? (see Remark 2.10 above).
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Let us focus now in the simplest non trivial case of two points, that is, an “attractor
repellent” pair.

Case (ii). An “attractor-repellent” pair

1= (0y1a11), Y2=(0;y2a11) Wwith y=-1-—v, Fp=7>0.

Now, the external field is given by
I+~ 0
Qx) = — 7 : 7
(2 + uf ) (2 + 45 400)*"

(4.7)

and, by Lemma 3.11, the density of the signed equilibrium measure on R? is given by

o0 (1 + VYT e VYo a1
7, a\ L) = = - — 4.8
nQ,R (T) wd]{v(sd) ( |1L' o yllzdf.‘:‘ |’L‘ _ y2|2d75 ( )
We set
a1 2/(2d—s 1/2
oy B Y2 dt1 /(=) - pyid+1 - y‘g,dﬂ
g= L, =gt R DY)
147 Y1.d+1 I—p

where, in the definition of R, it is assumed that the argument of the square root is
nonnegative.

Theorem 4.5. Let d — 2 < s < d. Regarding the equilibrium problem in R® in the
weakly admissible external field (4.7) three different cases arise according to the value of
the quotient ys a1 /Y1041

(i) If yo,a11 /a1 € (0,9"9), S, C By, where B, denotes the complement of the ball

Br, and the radius R is given by (4.9).
(it) If Yzai1/y1,441 € [¢"%, 971, then S,, = R? and pg = g pa.

(iii) If ya,ai1/yrar1 € (g%, 00), Su, C Bg, with R also given by (4.9).

Remark 4.6. We conjecture that in case (i), Sy, is the complement of a ball of radius
larger than R, and that in case (iii), S, is a ball of radius smaller than R. Note that the
case where yo q11/Y1 441 = 1, that is, Y2 441 = ¥1.441, is included in part (ii) of the previous
theorem. In this case, part of the negative charge cancels with the positive one and it
results in a single attractor of charge —1 as in case (i) at the beginning of this section.
Furthermore, the conclusion is the same if the attractor and the repellent are placed at
the same distance of the hyperplanar conductor R? but on different half-hyperplanes of
]RdJrl-

For an illustrative purpose, in Figure 3 the density of the positive part of the signed
equilibrium measure of R?, with s = 1, in the presence of the external field created by
an attractor of charge —2 placed at (0,0,1) € R? and a repellent of charge 1 located at
(0,0, 3) is shown; also, in Figure 4 it is plotted that density as a function of r = /22 + 2.
It is clear that the support of the positive part of 7g is a compact subset of R?. Thus,
Lemma 3.15 implies that S, is also a compact subset of R?. In this case, part (iii) in
Theorem 4.5 applies and we have that S,, C Bp, with 2 = 4.978.

Numerically one can check the validity of the conjectures made after Theorem 4.5. In
that connection, Figure 5 shows the radius Ry of the ball S, (case (iii) of Theorem 4.5)
as a function of the charge v and as a function of 1,4 with d = 3, s = 2 and ¥, 4=1.
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Figure 3: Density of the positive part of the signed equilibrium measure (blue). In red,
the plane IR2.

<105

Figure 4: Density of the signed equilibrium measure 15 pe as a function of r, near the
QR )
point where it vanishes.

5 Proofs

5.1 Proofs of Theorems 2.1, 2.3 and Corollary 2.5
We start with the proof of Theorem 2.1.

Proof of Theorem 2.1. (i) The inequality —oo < W(32) holds because the unweighted
energy is positive and Q is lower-bounded on R?. Moreover, since {z € ¥, Q(z) < oo}
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Figure 5: The radius Ry of the support S, as a function of v (left) and as a function of
Y24 (right) (d=3,5 = 2,414 =1)

D.4:
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01t
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Figure 6: Density of the equilibrium measure as a function of r ford =3, s =2, y14 = 1,
yo4 =4, v = 3 (solid line) and v = 1 (dashed line)

has positive capacity, there exists an n € N such that X, := {z € X, Q(z) < n} has the
same property. Hence, there exists p1,, € P(3,,) such that Ig(p,) < oco.

(ii) The uniqueness of a minimizing measure can be proved as usual, see e.g. [29, Theo-
rem 1.1.3], based on the fact that for two measures g and v, I(p — v) = 0 if and only if
= v, see [22) Theorem 1.15].

(iii) The Frostman inequalities can be proved by following the arguments of [29, Theorem
[.1.3] for weighted logarithmic potentials.

(iv) For the characterization of the equilibrium measure, we follow the proof of [6, Propo-
sition 2.6] : assume p satisfies (2.5)-(2.6). Pick any v € P(X), with Ip(r) < co. Writing
v=pu+ (v— p), we have

Ig(v) = Ig(p) + I(v — p) + ZL(U“ + Q) (dv — dp), (5.1)

where the right-hand side is well-defined since Q is lower-bounded on R?, the energies and
weighted energies of pand v are finite, and the mixed energy satisfies (g, ) < 1(p)1(v),
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see [22) p. 82]. Making use of the Frostman inequalities for y, we obtain

/‘(U”' + Q)(dv — dp) > F-/dy - Ffd,u, = F(v— p)(RY) = 0. (5.2)

Moreover, by [22, Theorem 1.15], I(v — p) > 0. Hence, from (5.1) we derive that Io(v) >
Io(p). We conclude that 4 is a minimizing measure, and, finally, F' = Fy by uniqueness.
For the last assertion, one may restrict v to be in P(S,,,). Then, (5.2) still holds and the
end of the argument remains the same. O

We now proceed with preparations for the proofl of Theorem 2.3. We will make use of
the Kelvin transform 7" as defined in Section 3.3. Iere, we choose T' of radius V2 and
center y = (0,0,...,1) in R4 which sends R? onto the d-dimensional sphere S in R**!,
centered at 0 of radius 1. We keep the notation 2* = T'(z) so that, in particular,

|z —yllz” —y| = 2. (5.3)

Note that ¥* = T(X) is a closed subset of S, hence a compact set in R1,

We first check how the minimization problem (2.2) and the Frostman inequalities
(2.3)-(2.4) translate when we apply the Kelvin transform. We know from (3.14)-(3.15)
that for Riesz potentials and energies, we have the following relations,

U () = 2 Ple — yPUM(), L) = L(p),

where

du* (1) = 2%/ :ff(f}' — 2721 — y|*dp(L).

Note that, by (3.16), the condition u € P(X) translates into 252U (y) = 1.
Then, with Q*(z) = Q(z*), the minimization problem (2.2) becomes

a8/ *
min (L(;L’“) { 2[@01”*(,,)),

[t —yl*

where the minimum is taken over all measures u* supported on £* such that 252U+ (y) =
1. The Frostman inequalities (2.3)-(2.4) on ¥ become the following ones on ¥,

. ZQ () — F
Uta(x) + 2“/‘31(1)| >0, q.c onX", (5.4)
r—y®
: ‘,,HQQ*(‘I) o !‘1 - 1%
Uke(z) 42 7|;r 7 <0, zeS,, =Sy (5.5)

As a preliminary result, we show the existence, under some assumptions on @*, of a
measure 1* on ¥* satisfying 2°/2U"" (y) = 1 and the above Frostman inequalities.

Lemma 5.1. Assume

Q(z) <Q*(y) — 2%z —y|®, in a neighborhood of y, (5.6)

or O .
lim ZM < -1 (5.7)

oy, sEX\P |z —yl*

about:blank

1/26/2022, 11:50 AM



Firefox

25 of 36

24

where P is thin at y. Then there erists a constant F' < Q*(y) and a measure p* on the
compact set X* with 2°/?U* (y) = 1 such that

* o *(x —F

U (:17)+2“”% >0, ge. onX", (5.8)
. ) —F

w%ﬂ+2W%§%ﬁrg& z € S, (5.9)

Remark 5.2. Recall that (5.8)-(5.9) on X* correspond, via the Kelvin transform, to (2.3)-
(2.4) on X.

Proof of Lemma 5.1. We will obtain the measure u* by considering the weak-* limit of a
sequence of measures 1, solving the problem on the set 2¥ | obtained from ¥* by removing
its intersection with the open ball centered at y with radius 1/n. The fact that there exists

a measure jy on X with 25121 #n(y) = 1 satisfying for some F}, the Frostman inequalities

. ,Q*(x) — F,
Utn () 4+ 28/2% >0, qe. on X, (5.10)
. g Q(z) — F,
i) 4 2@ s 5.11
Ut () Z/ZQIi oF ur,

just follows by considering the corresponding problem, via the Kelvin transform, on
the compact set ¥, = T(X;) (this just uses the fact that Q(z) = Q*(z¥) is lower-
semicontinuous on %,). Next, since

[| 427,

U F‘“:a — 2_‘9/2
diam(¥*)s — vt y) :

the masses of the g are uniformly bounded, and we may consider a subsequence (still
denoted by p) which converges weak-* to some measure p*. The F,’s are lower bounded
since, from (5.11) and the fact that a Riesz potential is positive, we have, for z € S,.,

—00 < ian Q (x) <Q(x) < F,.
rex*

They are also upper bounded. Indeed, we know that U is finite q.e. and, by the lower
envelope theorem,
liminf U (z) = U* () qe. 2 € R%
T

Thus, in view of (5.10), and possibly by considering a subsequence, we can find some
Ty # y € X* such that

E . *(x
Vn, ———< 252U (20) + Q(z0). +1 < o0,
el lzo — y*
(here we also use that {# € ¥*, Q*(z) < oo} is of positive capacity). Consequently, we
may again consider a subsequence so that F,, tends to some constant F' as n goes large.
Taking the limit in (5.10) and making use of the lower envelope theorem, we get

I (.L) |.L — ylﬁ >

0, q.e. on X",
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For the second inequality (5.11), recall from [22, Eq.(0.1.10)] that

o0 oo
\ al
Sec ) U S
N

N=1n=N

Hence, for x € S,+, we can find a sequence x, — x with z, € S,-. Making use of the
principle of descent, we get
Q*(z)—F

UM (z) + 28252 < liminf U" (x,) + lim inf
3 n

g32@7(En) — Fu
z —y|* "

|0 — y*

< 0.

Next, we show that F' < Q*(y). For some set A, thin at y, we have

lim U (z) = U* (y) < liminf U"(y) = 27°/2,

Ty, vEAy

where we refer to |24, Theorem 5.1, p. 79] for the equality and to the principle of descent
for the inequality. Now, rewriting (5.8) as

Lo W) — F

U (x) + : _
@) |z —y|* |z —yl°

>0, q.e. on X",
we get, together with (5.6) or (5.7), that the sum of the first two terms is less than or
equal to 0 q.e. near y. The inequality Q*(y) > F follows.
Finally we show that 29/2U* (y) = 1. Assume to the contrary that 2°/2U% (y) < 1.
Then, the previous reasoning shows that Q*(y) > F. But (5.9) entails that
Q*(z) - F

T <0, z€S,,
|z —y|*

which shows that y ¢ S,.. Hence UM is continuous at i and 2%/2U* (y) = 1, a contradic-
tion. O

Proof of Theorem 2.3. (i) The Riesz energy problem on ¥ and the associated Frostman
inequalities are equivalent, via the Kelvin transform, to the Frostman inequalities on 3%,
considered in Lemma 5.1. Moreover, from (5.3), we see that assumptions (5.6) or (5.7)
are respectively equivalent, under the Kelvin transform, to

Q(x) < Q(00) — |z —y| ™ = Q(c0) — (|z|> + 1)™/%, in a neighborhood of oo,
or

lim |z — y|*(Q(z) — Q(o0)) = lim lz[2 4+ 1)¥2(Q(z) — Q(0)) < —1,

|z|—ro0, zeX\P || oo, :I:C_E\P(
where P is thin at oco. Since these conditions are slightly weaker than (2.8) and (2.9) | 1)
follows from Lemma 5.1 and assertion iv) in Theorem 2.1.

-

(ii) Assume that ;¢ satisfies (2.3)-(2.4) and has unbounded support, that is co € S,,.
As im0, U@ (2) = 0 (up to a set thin at infinity, see Lemma 2.7), we already get from
(2.3)-(2.4) evaluated at infinity that Q(oc) is finite and equals the Robin constant .
Now, multiplying both inequalities (2.3)-(2.4) by [z|®* and making use of the fact that,
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outside of a set thin at infinity, limy, o |2|*U#?(2) = 1, see Lemma 2.7, we get (2.10).

(iii) Assume now that d — 2 < s < d and that a probability measure pu¢ exists that
satisfies the Frostman inequalities on X, where we substract QQ(oo) on both sides:

U"(xz) + Q(z) — Q(o0) = Fp — Q(o0), q.e. on 3,
U'e(x) + Qx) — Q(oo) < Fp — Q(0), = € Sy,

From the first inequality evaluated in a neighborhood of infinity and the fact that both
Ure and Q(x) — Q(o0) tend to zero at infinity (possibly outside a set thin at infinity for
U#e, see Lemma 2.7), we derive that 0 > Fiyg — Q(00). Then, from the sccond inequality,
the assumption (2.11) evaluated near infinity and the fact that the potential U@ (x)
behaves like 1/|z|* near infinity, possibly outside a set thin at infinity, recall (2.13), we
derive that S,, must be bounded. Thus, comparing external fields, we have, for some
e > (), .
c
P +e< BE <Q(x) — Q(o0), = €S,

In the case of the external field —1/]z|* we know from assertion i) that a minimizing
measure exists, and Corollary 2.5 shows (see below) that the corresponding Robin constant
is zero. Thus, together with the property of strict monotonicity of Proposition 3.10, we
obtain that Fyp — Q(o0) > 0, a contradiction. Hence, no probability measure on ¥
satisfies Frostman inequalities and, by the direct implication in Theorem 2.1, no measure
minimizing the weighted energy Iy exists on Y. O

Proof of Corollary 2.5. Corollary 2.5 is a consequence of Theorem 2.3, except for the
fact that the proof of assertion iii) of the theorem relies on the property that Fp = 0
when Q(z) = —1/|x|®. So, in that case, we give two direct proofs, of possible independent
interest, of the existence of a minimizing measure pg and the fact that Fp =0 :

1st proof, on X using balayage (recall that d—2 < s < d): inequalities (2.3)-(2.4) become

Uta(z) — U(x) > Fy, qe. on X,

Uke(z) — U™(z) < Fy, x€S,,,
which are satisfied when pg = 5o, the balayage of dy on ¥ (see Section 3.2). Note that, by
[16, Theorem 3.22] and assumption A2, we know that there is no mass loss when sweeping
out dy onto ¥, thus ||§0|| = 1, as required. Note also that we get Fy — 0 for the value of
the Robin constant.

2nd proof, using the Kelvin transform of center 0 and radius 1 : note first, that |z||z*| =
1 and for a general ¢, (5.4)-(5.5) translate into

. E
Ute(x) — |T('|i >¢, qe on X

. E
Uke(z) ——2L <¢, z€8,

al =

with the condition U*2(0) = 1. Assume Fy, = 0. Then the above inequalities characterize,
up to a constant, the unweighted equilibrium measure for the compact set »*. Then, we
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know that U*@ (r) = cq.e. on ¥ and, in particular, because of assumptions A1-A2, equality
holds at 0, which induces ¢ = U*2(0) = 1. In particular, we see that the unweighted energy
problem on ¥* corresponds to the energy problem on ¥ with external field —1/|z|* and,
as a consequence, we deduce again the existence of pg on ¥ when ¢ = 1. O
Remark 5.3. We just saw that the energy problem with Q(x) = —1/|x|* on ¥ corresponds
to the unweighted energy problem on the compact set ¥*. When s = d — 2, it is known
that the support of the equilibrium measure is included in the outer boundary of ¥*, and
thus the support of pg is included in the boundary of ¥, which may be a bounded set.

5.2 Proof of Theorem 2.9

From Lemma 3.11, the weak balayage of v is given by (3.23)

2(.2 . |Ud+1 ‘u d
A’ = : du( lr. xc R®.
v W (S%)wq (/ |z — y|2t v(y) | dz,

Since ?/(Rd+]) = —1, the signed equilibrium measure 7 exists and agrees with —v", i.e.
2 sl
! ) d
dng(r) = ——=—— - dv(y) | dz, = € R
e(r) W(S?)wqy |z — y|2d—s (v) '

which implies that, for = large, its density behaves like
2{1 "
x
e i | |Van|"dv(y).
W (S?)wgy|x|?d—s 1 v)
From condition (2.14), this density is negative which guarantees the compactness of S,

'rh_g 2

O

and then Lemma 3.15 ensures the compactness of S, .

5.3 Proof of Theorems 4.1 and 4.5

In this subsection we assume that d — 2 < s < d, therefore the weak balayage from
Lemma 3.11 is regular balayage. The next lemma we study the balayage Bal(d,, By) of
8, onto the ball B C R? of radius R. By symmetry, its density Bal’(é,, Bg)(z) is a radial
function of z. As we are about to see, it behaves like (B2 — |z|2)~/2 near the boundary
of Bg. Hence, it will be convenient to introduce the following notation,

Ap(z) = (R? — |z|>)*/*Bal'(8,, Br)(x), lz| < R,
A3 = |m|1313a_(‘!{2 — |z|*)**Bal'(3,, Br)(x). (5.12)

Lemma 5.4. Let y = (0;yqe1) with ygy > 0. The following holds true:
(1) The density Bal'(6,, Br)(z), |z| < R, is given by

/ o (2yag)e 1 sin(af)1(x) ;
Bal (511: BR)(LL) Hf’[sd)wd ((|]r|J + 'y§+l)d7"'/2 + w(R? — |:]?|2)‘-*f‘2 ’ ({).13)

where

I(z) = /Oo ™2 du
V=) Cr R )R R )
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(i) Let mp be the mass of Bal(d,, Br). Then

U= (y)

mp =
The mass mp is a non-decreasing function of R and a decreasing function of yq1. More-
over
lim mp =0, ]1m mp = 1. (5.15)
R0 3

o0

The second limit can be made more precise, namcly, as R — oo,

me =1 aB(S'/:;, a/2) (yr}?{tl)” * ”((%])) as It = co. (5.16)

(iti) With the notation introduced in (5.12), we have

o ’(]) 2% g kil : :
pn— infed g 2sin(eg)Bld/2,a/2) (5.17)
Ry ) mwaW (57) ‘

(iv) For x € By, we have

(2yas1)* (12 — |a?)
W (5w,

(R? — |z|>)*/2 1 sin(af) [™ 21y _
x T2 iz T NI 5 =] >0. (5.18)
(|2 +yZ, )% o Joo (AR yg ) o+ B2 z)?)

Proof. (i) From Lemma 3.11, the superposition principle, 22, Eq.(4.5.6)], and the expres-
sion for the Poisson kernel of a ball, [22, Eq.(1.6.11), p. 121], we derive that the density
of the balayage of 4, onto By, is given by

2Yg1)” 1 I'(d/2) sin(am/2)A
Bal'(6,, Bp)(z) = ( ) 5.19
al'(6y, Bi)(z) W (ST wy \ (22 + 42,,) "2 T TU2HI(RE — [g[2)o72 ) (5.19)

Ap(z) — AR =

where

Ao / (|t|2 _ RQ)u/Z dt
wer (JH2+ Y ) o — 4

Using polar coordinates in R%, A may be rewritten as

o H/ sin ()daj / RJ)“/‘E p 1 sin®2 0 dp db
R (p*+ yw d=s/2 (p% + |z|? — 2p|x| cos )42

Setting p = p1|z|, we have

/ i sin® 2 0 d¢ 1 / N sin® 20 do
Jo (p*+|z|> — 2p|x|cos @)W |x|d Jy (pF+ 1 — 2p; cosf)?

From [22, p. 400], the above expression equals

1 T d
_— sin®~* fdb,
P2 (" = [2]?) / e
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which allows us to write A as

d—2 T 0o 2 2\ex/2
-t — k%)= pdp
A=2r | | / sin* 6 do / (p
oy o I

Jr (P +yi )2 (0 = [2?)

ﬂ_cﬁ/2 _.Ut.r/"& dv

o0
I'(d/2) /[, (v+ R +y3.)4 %2 (v + R> — |z)2)
This, along with (5.19), complete the proof of (5.13).
(ii) Formula (5.14) follows from [22, Eq.(4.5.6")]. From the second Frostman inequality
and the domination principle, U¥#(y) < W(Bg) and thus, mp < 1. Since the mass of
a measure can only decrease when performing a balayage, and since, for B < R, the
balayage onto Bg can be obtained by the balayage onto By followed by a balayage onto
Bp, we derive that my increases with R. From (5.14) it is immediate that my is a
decreasing function of 4.

When R — 0, U“%(y) — |y|™ while W(Bg) — oo which implies the first limit
in (5.15). The behavior (5.16) of mpg at infinity is derived from (5.14), (3.21), and an
expansion of (3.20) when R — oo.

(iii) The behavior of the density of the balayage near the boundary of By simply follows
from (5.13) and the casily checked equality
I(R) = (B + y2,,) "2 B(d/2, a/2).
(iv) The expression (5.18) for Ap(z) — A}, follows from the definition of Ag(z), A}, and
the expression (5.13) for the balayage. The inequality is equivalent to
(R — |z|?)e/? 1 1 ?T) /"30 v/ 1 dy
Jo (

: = > —sin(as — . e
(aP ¥ 3o o = 7 oinleg v Ry )T (0 B2 [a]?)

But the last integral is smaller than

1 /*00 ,Uur,/2 ld?;‘ (RQ . |x|2)n/2 1 /'00 _Uu/Q ld_,”
(R +yg, )2 e (R —z?) (R +yi )" )y (v+1)
B (Hz o |:L.|2)(1/2—1 T
(B2 +yg,,)" 2 sin(af)’

which proves the inequality since (R* + y3, )% > (|z|> + y3, )/ O

Proof of Theorem 4.1 (i) The proof is based on the signed equilibrium measures,
as explained in Section 3.2. Since the support S @ of the equilibrium measure g is a
compact set, it is a subset of a ball By, for R large enough. Pick such an 2 > 0. The
signed equilibrium measure 7 i of the ball By exists and can be expressed in terms of
the balayage Bal(é,, Br) and the equilibrium measure wg,

'f}Q,H = 7’}'8(};3((51‘., BR) =+ (J. + ’;f’m,n)w”. (52[])

Indeed, the right-hand side satisfies (3.24) and has total mass 1. In view of (3.19), (5.17)
and (5.20), the density of 1g g near the sphere |z| = R satisfies

H(R) = lim (B2 o)t 1(0) = 37+ (1 miden
o ~(1 - c ;
’l’yd+1ﬁ.£,(g ].—‘(l + S/Z) (J. + ’}'m;g)

(R? + 42, ) " 7T (1—of2)  R®
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Observe that

lim H(R) = I%im H(R)=0_,
—r o0

n—0
where, for the first limit, we note that mp — 0as R — 0, and, for the second limit, we note
that, as R — oo, the second term is dominant (since s < d) and that 1+ympr — 1+ < 0.
Hence, by continuity, there exists values of R for which H(R) = 0. We denote by Ry the
largest such value (which exists).
We next check that 7g g, is nonnegative on the closed ball By,. Indeed, from (5.20),
and the definition of Ry, we have

— yAR, + (L +ymp,)eg, = 0. (5.21)
Hence, for |z < Ry,

(RQ - |‘L| /2’}2;) R( ) _’TARU(x) + (1 + 'YWLRU)CRU = _'T(ARO(‘II:) - }(—i'.u) s 01

where, for the last inequality, we use (5.18).

Now, for R > Ry, we know that ng (1) < 0. Hence by iii) of Lemma 3.15, S, i
included in Bg,, and by ii) of that same lemma, pg = 1g,r,. In particular, the support
of p1¢ is the ball of radius Ry.

(ii) By combining (5.20) with the explicit expressions (3.19) and (5.13) of wp, and
Bal(d,, Br,), together with (5.21), we may derive that

15

, B (2ya41)™ 1 sin(an /2)(I(x) — I(Ro))
o) = iy i, (T e )

Performing the change of variable v = (R} — |z|?)u in I(z) and I(Ry) leads to (4.3).
Finally, when |z| = Ry, the second factor of (4.3) reduces to

1 sin(am/2) [™ L oare
(Rg+y3+1)d—‘;/2 (1_ Tr/ )/U (u+1) Lyes? ldu):()J

which shows the vanishing of i, on the boundary of the ball.
(iii) Recall that the radius /2y of the ball S, is a solution of (5.21), that is

—yAy, + (1 + ymp,)cg, = 0.

Plugging the explicit expressions of A}, , mg, and cg, given respectively by (5.17), (5.14),
and (3.19), and making also use of (3 20) and (3.21), one may check, after some compu-
tations, that the following equation is obtained,

y d a2 T(a/2)T(1 +5/2) .
z/Z(Fl(z 5 1+2 )—(1+z) m)—— TR (5.22)

where z = (Ry/y4y1)°. The left-hand side, that we denote by (i(z), is equal to

G(Z):7 (2F1(bd1+2 «)—gFl(l-l-;gl‘l‘ ))

r(d?é)lrtlsﬂ/z)zﬁﬂ fn 221 = @) (1 4 z2) 7 ()

d d s
— — L 1 1+ —,24-,—2]).
s+ 2 (+2 tyety
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This gives (4.5). Finally, we show that a solution to equation (5.22) exists and is unique.
First, we notice that (G(z) is a non-decreasing function of z € |0, 0c0). Indeed,

(1 + s/2) 1 2201 — ) o2y )52 gy )
(d/2)I'(1 — «/2) /n #(1 — ) (z+1/2) (e (5.23)

and it is clear that, for any = € (0,1), (z + 1/2)
Second, G(z) satisfies lim, ,o G(2) = 0 and

G(z) = T

#/2-1 is a non-decreasing function of z.

L T(e/2)T(1+ s/2)
zh{Io]Q G(z) rd2)

where the above limit follows, e.g., from (5.23). Third the right hand-side of (5.22) is
positive and always smaller than the above limit because v < —1. Actually it tends to
that limit as + tends to —1 from the left. O

Proof of Theorem 4.5 The density (4.8) of the signed equilibrium measure 7y ge van-
ishes when

(14 "I)?fﬁdnﬂfp | ?J%m])d $/2 ’}’?J-(z],d|1(|5r|2 f '?}lz,dn)d /2 = 0.

Solving for |z|?, we get
2 2
o PYdar1 — Yaan

= R
1—p

||
where p and B are defined in (4.9). Hence, 1y pe 1s a positive measure if and only 1
i / 1R defined 4.9). H s To,R posit [ and only if

PYT a1 — Ya,di1

11— <0 and (LMY a1 — Waa11 = 0,

where the second inequality expresses the fact that the density of 7, ge is positive at
infinity. Tt is then straightforward to see that the above inequalities are equivalent to
Yo.ai1/y1am1 € [g"% g V). Finally, if the first inequality is not met, No.me 18 a true signed
measure and one checks that

nore(r) <0, |z| € [0,R), nore(x) >0, |z| € [R,00), when ysq11/11a11 € [(],r]l/d]:

Nowrt(z) 20, 2| € [0, R], ngra(x) <0, |2| € (R,00), when ya411/Y1.411 € [g Ve 50).

Together with (i) of Lemma 3.15, it implies the statements (i) and (iii) and finishes the
proof of the theorem. O
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