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Abstract—We employ signed measures that are positive definite
up to certain degrees to establish Levenshtein-type upper bounds
on the cardinality of codes with given minimum and maximum
distances, and universal lower bounds on the potential energy (for
absolutely monotone interactions) for codes with given maximum
distance and cardinality. The distance distributions of codes that
attain the bounds are found in terms of the parameters of
Levenshtein-type quadrature formulas. Necessary and sufficient
conditions for the optimality of our bounds are derived. Further,
we obtain upper bounds on the energy of codes of fixed minimum
and maximum distances and cardinality.

Keywords—bounds for codes, linear programming, energy
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I. INTRODUCTION

Let I, be an alphabet of size ¢. We consider codes (sets)
C C F} = {(x1,...,2n) : ¥ € F} with the Hamming
distance d(z,y) between words =,y € F'. In setting of I
as a polynomial metric space [26] the following change of the
variable

2d 2
t=1—-—¢€T, = {t,;:—l—l—— : i:(),l,...,n}
n n
is very convenient. It brings the distances to "inner" products
and for z,y € F' we write

2d(x,
(x,y)y=1-— % =tp_q €T,

For any code C' C F' we use

s(C) == max{(z,y) : v,y e C,x £y} € Tp,

0C) :=min{(x,y) : v,y € C,x #y} € T),

to denote the counterparts of the minimum and maximum
distance of C, respectively. Denote by

Cnq(t,s):={C C F}'[s(C) < 5,4(C) > £} (1)

the set of codes in F};' with pairwise distances greater than or
equal to the minimum distance d := n(1 — s)/2 and less than
or equal to the maximum distance D := n(1 — £)/2. Let

l,8):= max{|C’| :C el

be the maximum possible cardinality of a code from
C4(¢, s). The investigation of the quantities like A, (n, ¢, s)
is one of the classical problems in the coding theory.

We are interested also in a minimum energy problem which
is somewhat more general but turns out to be closely related.

Definition 1.1: Given a (potential) function h(t) : [-1,1] —
[0,+00] and a code C C Fy, the potential energy (also
referred to as h-energy) of C is

En(C) = Z

z,ycCxy

h({z,y)).

While we only need the values of h on the discrete set
T,, for computing the h-energy, we further assume that h is
(strictly) absolutely monotone on the interval [-1,1); that is, h
and all its derivatives are defined and (positive) nonnegative
on this interval. This approach facilitates our investigation and
the explanation of our results. We remark that the function
F(z) = h(t), where z = n(1 —t)/2, is completely monotone
on (0,n] (ie., (~1)*F® (z) > 0 for all z € (0,n]) if and
only if h is absolutely monotone on [—1,1].

For absolutely monotone potentials h we consider the
quantity

En(n, M. £) := min{E),(C) : C € C,, 4(¢,1-2/n),|C| = M},

the smallest possible h-energy of a code from C,, ,(¢,1—2/n)
with prescribed size M.

General linear programming bounds for quantities like
Aq(n, ¢, s) and E,(n, M, ) were first introduced by Delsarte
[17] (see [18], [26] and references therein) and Yudin [29].
Linear programming bounds for energies of codes and designs
in different spaces (including F') were investigated for the
first time by Ashikhmin-Barg [1], Ashikhmin-Barg-Litsyn [2]
(see also [3], [4] Energies of codes in Fq" were considered
in 2014 by Cohn and Zhao [15] (see also [14]) with a focus
on (universally) optimal codes and by the authors [9] who
focused on universal bounds.

In this paper we use linear programming techniques to
derive explicit upper bounds for A4(n, ¢, s) and lower bounds
for &,(n, M, £). Our bounds can be computed for all feasible
values of ¢, n, s, and ¢, which makes them universal in the
sense of Levenshtein [26]. We are not aware of such explicit
universal bounds in the existing literature (see [21] for a
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particular case) more than 20 years after the chapter [26] by
Levenshtein and the paper [18] by Delsarte and Levenshtein.

There is an intricate interplay between the Levenshtein
universal bounds for A, (n, —1, s) and universal lower bounds
on & (n, M, —1) in different polynomial metric spaces (see [8]
for Euclidean spheres S” ! and [9] for Hamming spaces Fq").
We further that relationship to corresponding bounds for codes
from C,, 4(¢,1—2/n) to derive and investigate simultaneously
our cardinality and energy bounds.

For any real polynomial f(t) we consider its expansion in
Krawtchouk polynomials (see Section II),

OEDIF TR0
i=0
(if the degree of the polynomial f(¢) exceeds n, then f(t) is
taken modulo []? (¢ — ¢;)) and set
FZ = {f(t) : fO > Oafl ZO,Z: 172,...771}.

If f; >0fori=0,1,2,...,deg(f), then we write f(t) € F-.
The coefficient f is of special interest and we call it the zeroth
coefficient of f(t).

Following Delsarte [17], we have

where
Fous ={feFs: f(t)<0,tel[ls]}
Similarly, following Yudin [29], we have
En(n, M, 0) > max M(Mgo — g(1)), 3)

gegfhe

where
gflhe? ={geF> :g(t)<h(t),tell1)}.

Therefore, major results in this context crucially depend on
proper choice and investigation of polynomials that optimize
(2) or (3).

The Levenshtein bound (see [24]-[26]) and the energy
bound [9] work for / = —1 and, of course, depend on
the properties of Krawtchouk polynomials and their adjacent
polynomials which are orthogonal with respect to classical
positive measures. The case ¢ > —1, however, already involves
more challenging signed measures. In this paper we develop
the necessary theory of signed measures to be used in the
investigation of the optimization problems arising from the
right hand sides of (2) and (3). Then we derive and investigate
universal upper bounds for A,(n, ¢, s) and lower bounds for
& h (n, M 5 ¢ ) .

The paper is organized as follows. In Sections II and III
we introduce the so-called adjacent polynomials and signed
measures. Then we establish the positive definiteness of the
corresponding measures up to appropriate degrees. Properties
of the associated orthogonal (and adjacent again) polynomials
are derived and discussed in Section IV, where we define
Levenshtein-type polynomials f;’,fs(t) to be used in (2). A
Levenshtein-type quadrature formula is derived with nodes the

roots of f;,f’s(t) to serve in proofs and properties. In Section

V we obtain simultaneously Levenshtein-type upper bounds on
Ay(n, ¢, s) and (as in the case ¢ = —1) the strongly related
lower bounds on &y, (n, M, £). An important role in the proof is
played by what we call the (k, £)-strengthened Krein condition
extending the Levenshtein’s strengthened Krein condition.
Section VI is devoted to description of codes which would
attain our bounds. The distance distributions of such codes
are found as functions of corresponding quadrature formulas
parameters. In Section VII we prove necessary and sufficient
conditions for the optimality of our bounds (in other words, for
existence of improving polynomials from the sets F,, ; ; and
Qflh[)) The optimality (or existence of improvements) happens
only simultaneously for both bounds. A linear programming
refinement of our bounds is discussed in Section VIII, where
we provide evidence that in most cases the nodes of our
polynomials serve as the best approximation for the general
linear programming solution. Upper bounds on the energy of
the codes from C,, 4(¢, s) (including the case ¢ = —1) of fixed
cardinality M are derived in Section IX providing this way a
strip where the energies of all such codes belong. Examples
are shown in Section X where we build a Levenshtein-type
system of bounds for a fixed /.

II. KRAWTCHOUK AND ADJACENT POLYNOMIALS

For fixed n and ¢, the (normalized) Krawtchouk polynomi-
als are defined by

1
Q1) i= K" 2),
T

where
n(l—t)

2

is a change of the variable between the set {0, 1,..
the distances in Fq" and the set 7T,

rp = (q—l)i’(r,t), 1=0,1,...,n,
i

are certain dimensions of spaces of functions (see also (5)
below), and

KM () = 31 g — 1) () (“ - )

= VAN

z =

.,n} of

i1 = 0,1,...,n, are the (usual) Krawtchouk polynomials
corresponding to F' (see [28, Section 2.82]). In the sequel
we will omit the index (n,q) in the notation of Krawtchouk
polynomials.

The polynomials {Q;(t)}7_, form a basis of the space P,, of
real polynomials of degree at most n and satisfy the following
three-term recurrence relation

(t —ai)Qi(t) = biQis1(t) + ciQi1(t),
i = 1,2,...,n — 1, with initial conditions Q(¢t) = 1 and
Q1(t) = (¢t+q—2)/(2(¢ — 1)), where
(g —2)(n —20)

P =
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yo 2= D=i) %
qan qn
The measure of orthogonality for the system {Q;(¢)}7 is
discrete and given by

fn =" Y Paibs &
=0

where §;, is the Dirac-delta measure at ¢; € T,,. The form

9= [ F(O9(t)d (0

defines an inner product over the class of polynomials of
degree at most n. Note that
-1

ri = (/_11 (Qit)” dltn(t)) =il (5)

We also need (1,0) and (1,1) adjacent polynomials as
introduced by Levenshtein (cf. [26, Section 6.2], see also [24],
[25]). Denote

)= 1Q;(2)Q;(y), (6)
=0
and define [26, Eq. (5.65)]
1o, . Lit1) _
Q; (f)~—m7 =0,1,...,.n—1 (7

Similarly, denote

Z 10 10 10(y), (8)

where

u= OT“)
10 i=0,1,.

i = T, o J 7"177‘_17
! (j)(q_l)J

are the (1,0) counterparts of r;, and define [26, Eq. (5.68)]

T0(t, —1)
1,1 9
()= —t——"——= 1=0,1,...,0n— 2. 9
QMO = Ty ©)
Note that
) 2
L (L the-)
'f‘j’ = po—) - 7j:0717...7n_2,
( j )(q_l)J

give the explicit formulas for the (1,1) norm of the polyno-
mials Q;’l(t) similarly to (5).
The corresponding measures of orthogonality of the systems
{Q ) " and Q) "2 are
MO(L = dpn(t), (L= )L+ t)dpan(t),

respectively, where

(10)

2
1,0 _ q 1,1 ng

20— " T an-1)(g-1)

are normalizing constants (see [26, Section 6.2]). Of course,

the adjacent polynomials also satisfy corresponding three-term
recurrence relations

Ql s(t) bl EQlc (t)—|—cl sle (t)

where ¢ € {0, 1} b > 0 is the ratio of the leading
coefficients of Q7 (t ) and Q,°(t), ¢;° =1 5b1%, /1 >0
and a;° =1 — b1 C s

Note also the explicit relations [25]

(n—1,9)
Qo = Ko 2=l
> j=0"3

Ki(n—Q,q) (Z . 1)
S ()= 17
where z = n(1 —t)/2 as above, between the (1,0) and (1,1)
adjacent polynomials and the usual Krawtchouk polynomials.

For ¢ € T, We shall introduce below further adjacent
polynomials Q;” “(t) as generalizations of Q1! () (note that
(=—-1inQ) e( t) gives Q1" (t) by the definitions in [26, Eqn.
(5.66)] and (21) below). Under certain natural conditions the
polynomials Q}’Z(t) are orthogonal with respect to a signed
measure dp,, ¢(t) which is defined and investigated below.
With the next step, we shall use this new series to construct
polynomials Q}’Z’S(t) which are orthogonal with respect to
another signed measure dy, ¢ s(t) again to be defined and
investigated below. Furthermore, the signed measures dj,, ¢(t)
and dpy 0 s(t) are strong enough to imply properties which
are crucial for our constructions. Then our Levenshtein-type
polynomials will be constructed to be applied in (2) and,
moreover, as in the case £ = —1 [9], to setup polynomials to
be applied in (3). In all these constructions and investigations,
the Christoffel-Darboux formula [28, Chapter 3.2] plays an
important role.

These Levenshtein-type polynomials can also be viewed as
adjacent polynomials summarized by the following sequence:

Qi — Q" = Qpf — Qb (11)

where each subsequent family of polynomials can be expressed
in terms of the previous family using the Christoffel-Darboux
formula (see (7), (9), (21), and (25)).

We conclude this section with notations for the zeros of the
polynomials from the sequence (11). Let

Q) =

tiy <tig <. <t

0,
(1,

..,, where the
£), or the triple

be the zeros of the polynomial Q¢ (¢ ) | =
index a stands for the pairs (1,0), (1,1),
(1,4, s), respectively.

1,.
1

III. POSITIVE DEFINITE SIGNED MEASURES

Signed measures were first used by Cohn and Kumar in
[14] in the context of linear programming bounds for energy
of spherical codes.

Definition 3.1: A signed Borel measure ;1 on R for which
all polynomials are integrable is called positive definite up to
degree m if for all real polynomials p # 0 of degree at most
m we have [ p*(t)du(t) > 0. For such g, the bi-linear form

- / F(H)g(®) dpu(t)

is an inner product on the space P,

12)

l.e
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Suppose that &, ¢, and s are such that the roots of Q,lc’o(t)

lie in the open interval (¢,s) C (—1,1); that is, (note £ < 0)
—1<l<t) <th <s<L (13)

Then we define the following signed measures on [—1, 1] (see
(4) and (10))

dpine(t) = Mt =)L = t)dpn (D), (14)
ditns(t) = (s —t)(1 — t)dpn(t), (15)
dpnes(t) = Ot =E)(s = )(1 = )dpn(t). (16)
The normalizing constants in (14)—(16) are given by
RN ng*
2(g—1)(2(n—1) —ng(1 +£))’
1,5 . ng’®
T2 Ding(T+s) 20— 1))
clbs n’q®

2(q — 1)[4(n — 1)(ngdy — n — g+ 2) — n?q%ds)]’
where dy = (2+ ¢+ s)/2 and dy = (1 +£)(1 + s). We will
show below that for n, ¢, £ and s that satisfy (13) the constants
cbt, ¢b*, and ¢"%* are all positive.

The following theorem establishes the positive definiteness
of the signed measures (14)—(16) up to degrees k — 1, k — 1,
and k — 2, respectively, as a consequence of the appropriate
location (13) of £ and s.

Theorem 3.2: For given positive integers n > 2 and ¢ > 2,
let k, ¢, and s satisfy the inequalities (13). Then the measures
tn.e, Un,s and p, ¢ s are positive definite up to degrees k — 1,
k —1, and k — 2, respectively.

Proof. Modifying the classical Radau quadrature [16, Sec.
2.7] for integration with respect to discrete measures we con-
clude that the zeros of the corresponding discrete orthogonal
polynomial, the system of k£ + 1 nodes

el <ty <<t <1
defines a positive (i.e., the weights w;, t = 1,2,..., k+1, are
positive) Radau quadrature with respect to fi,,

1 k
foi= | FOd () = w0 f1) + D wif (@), A7
- i=1

that is exact for all polynomials of degree at most 2k.
Using (17) for f(t) = (¢t — £)(1 —t), we find that
k
-1
(M) =D wiltyy — A=) > 0.

i=1
Similarly, we can show that ¢! > 0 and c¢"'%* > 0.

Next, we apply (17) for ¢(t), an arbitrary polynomial of
degree at most k£ — 1, to see that

/ (1) dpin (1)
1
it / O = 00~ (1)

k
= MY wd (G~ 01 -5 2 0.

0018-9448 (c) 2021 IEEE. Personal ése s permitted, but republication/redistribution requires IEEE permission. Fe

The equality holds only if q(t,le?) =0foralli=1,...,k,
which would imply that ¢(¢) = 0. Therefore the measure
dpin ¢(t) is positive definite up to degree k — 1. That p,, s is
positive definite up to degree £ — 1 provided s > t,lc’,(,)f follows
similarly.

Finally, if ¢(¢) # 0 has degree at most k — 2, then we utilize
(17) again to see that

1
/ qQ(t)d/u'n,Z,s (t)

-1

s /_1 P ()t~ 0)(s — 1)1~ D)ddpia (1)
k

Y w0 — O — 01— ) > 0.
=1

This implies that the measure d, ¢,s(t) is positive definite up
to degree k — 2, as required. ([

Theorem 3.2 allows us to define orthogonal polynomials
with respect to the corresponding signed measures. This
provides essential ingredients for modifying Levenshtein’s
framework.

IV. CONSTRUCTION OF LEVENSHTEIN-TYPE
POLYNOMIALS

A. Existence and uniqueness of Q;’Z(t), ji=0,1,... k and
Q;v“(t), j=0,1,...,k—1

Some of the basic properties of orthogonal polynomials are
no longer valid for series of polynomials generated by signed
measures. Fortunately, our measures dy, ¢(t) and dp, ¢ s(t)
possess the necessary properties by Theorem 3.2. Applying
Gram-Schmidt orthogonalization we derive the existence and
uniqueness (for the so-chosen normalizations) of the following
two classes of orthogonal polynomials thus completing the
sequence (11).

Theorem 4.1: For given positive integers n > 2, ¢ > 2, let
k, £, and s satisfy the inequalities (13). The following two
classes of orthogonal polynomials are well-defined:

{Q }esg, wort. dpn e(), Q)" (1) =1;

1,6 - 1,
{Q ()=, wrt. dunes(t), Q7°(1) = 1.
The polynomials in both classes satisfy a three-term recurrence
relation and their zeros interlace.

For our purposes we shall restrict to values of ¢ such that

1,0
(L
Qk+1( ) <1

W)

As shown in the proof of Theorem 4.2 below the condition
(18) is equivalent to the requirement for the largest zero of
Ql’egt) to be less than 1.

(18)
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B. Explicit construction and investigation of the polynomials
QY (1), j=0.1,....k

The explicit form of the polynomials le-’e(t) can be seen as
a straightforward generalization of (6)-(7) by using ¢ instead
of —1. We utilize the Christoffel-Darboux formula (see, for
example [28, Th. 3.2.2], [26, Eq. (5.65)])
_ @0 - e we@

r—y

1,0
0,10
L]

(when x = y appropriate derivatives are used) in our construc-
tion. Moreover, similarly to [26], we use (19) to prove the
interlacing properties of the zeros of {Q; “(t)} with respect
to the zeros of {Q,°(t)}.

In what follows in this and the next sections we assume that

1,0
t°

pen <C<tpl (20)

Theorem 4.2: Let n, q, k, and £ be such that (18) and (20)
are satisfied. Then

70t ¢ :
M :7]1’etl+... ,

1,0,,\
Q0 = gy =

i=0,1,...,k (1)

with 7} > 0 and the polynomial Q! *“(t) has i simple zeros
tllf < 7‘1125 << tllf in the interval (¢, 1). Furthermore, the

following interlacing properties

1,6 1,0 ,1,0 . . )
tl,] € (ti,j7ti+1,j+l) y L= 17"'ak_1a] = 1a"'77/; (22)
1,0 1,0 1,0 L

5 e (i ) s 3= 1o k=1,

and, finally, t,lc’f; € (t,lc’f:l_k 1 1) hold true.

Proof. Tt follows from (19) that the kernel Til’o(t,ﬁ) is
orthogonal to any polynomial of degree at most ¢ — 1 with
respect to the measure /i, ¢(¢). Hence (21) follows from the
positive definiteness of dpu, ¢(t) up to degree k — 1 and the
uniqueness of the Gram-Schmidt orthogonalization process
(note also the normalization). The comparison of coefficients
in (21) yields " > 0,7 =0,1,..., k.

Next, it follows from (19) and (21) that the solutions of the
equation

QA _ Qi)
Q1 @

are the zeros of Q}’L](t) and the number /.

For every i < k the zeros of Q;fl(t) and Q°(t) are
interlaced and contained in the interval {ti?,ti%} Since
sign@;°(¢) = (~1)°, we have Q1% (¢)/Q;°(¢) < 0. The
rational function Q}fl (t)/QF°(t) has simple poles at ti’;-),
7 = 1,...,4, and simple zeros at tzjrom, jg=1...,i+ 1

(23)

Therefore, there is at least one solution tllf of (23) on each
interval (ti’;—), t}fl, j +1>, j =1,...,4, which accounts exactly
for the zeros of Q}’Z(t).

When ¢ = k we have Qifl(é)/Q,lc’O(f) > 0. Since ¢ €

(t,lﬁ’f:lyl, t,lc’,(i), we account similarly for the first £—1 solutions

of (23), namely ¢, (tl’o O i D, | = k-1
0018-9448 (c)(zozl)IEEE. Persor}xlal u’§@-i’s pgrm teﬁ%ht%éb&glic]ftléml]e ist%
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to establish the interlacing properties (22). For the last zero
of Q,lf(t) we use the fact that Q,lc’fl(t)/Q,lc’O(t) >0 fort e
(tifl,“l,oo). As lims_, o0 Q,lc’fl(t)/Qi’o(t) = 00, we have
one more solution t,{i > t11c£1,k+1 of (23). Then (18) implies
that tii < 1 because Q,ﬁfl(l)/Qllc’o(l) = 1. O

The positive definiteness of the measure dp, ¢(t) implies

that B
= ([ (@) dmaw) >0

fort =0,1,...,k—1. The three-term recurrence relation from
Theorem 4.1 can be written as

NNPSW] PN, PN
(t—a;")Q; () =b; Qi1 (1) + ¢ Q4 (),
i=1,2,...,k—1, where

PLE L

1, Tis19% 1,0

> 0, ¢, = T > O7 a;
T

1,6
1,6 M1 . 1,6 1,0
bi" = —7 =1-b;"—c;".
i

The initial conditions are Q¢(t) = 1 and

_ ngngl +ng—2n+2)t+ A
B 2B ’

0

where
A=n*(g—1)(gf+q—2) +n(gl + 59 — 6) — 2(q — 2),
B =n*(q—2)(qf +q—2)+2n(qf +4q — 3) — 4(q — 2).

Finally in this description we note that by Theorem 4.1 the
zeros of the polynomials Q;’Z(t) interlace; i.e.,

Le _ 1,0 Le . ;
G <tly; <tiii, 1=12,...,7—-1

We conclude this section with a property of the polyno-
mials Q}’g(t) which will give a particular answer to positive
definiteness problems to arise below.

Lemma 4.3: Tf £ is as in (13), then (t — £)Q}"(t) € F for
every i =0,1,...,k— 1.

Proof. For every i = 0,1,...,k — 1 it follows from (19)
and (21) that

(- 0QM (1) = 1

=1 (@0 -00*w).

where ¢; = Q;jrol (6)/Qg’0(£) < 0 as in the proof of Theorem
4.2. Now Q}’O(t) € F\ (this is immediate from the definitions
(6)-(7)) completes the proof. O

of Q,lcff(t) and

C. Construction and investigation
Levenshtein-type polynomials

In this section we perform the next step in our construction.
Using the system {Q}’Z(t)}fzo from the previous section we
derive explicitly polynomials ng“(t), i =1,2,...,k—1,
orthogonal with respect to the measure i, ¢ s(t). The last
polynomial in this sequence, Q}Cff(t), will be the main

ingredient in our Levenshtein—tﬁ)e olynomials.
s/publications/rights/index.html for more information.
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Consider the Christoffel-Darboux kernel associated with the
polynomials Q;’Z(t):

Rif(ey) = Y r Qi (0)Q)" ()
§=0

1,0 1,0 1,0 1,0
PLlplit Qi+1($>Qi (y) — Qi+1(y)Qi (z)
7 K3 xr — ,y
for 0 < ¢ < k —1 (when x = y appropriate derivatives are
used). Given (20) and assuming that

b

e <s< t}g’j;, (24)
we define
Q”ﬁw-5ﬁﬁﬁ i=0,1,....k—1. (25
3 : R:‘e(17s)7 b PR ] .

We focus on the polynomials Qiff (t). Their existence,
uniqueness, and the correctness of the definition (25) follow as
in Theorem 4.2. The proof of the next assertion about the zeros
of Qiff (t) is similar to the corresponding part of Theorem
4.2 but we include it for convenience of the reader. In addition
to (18) we require

L) QL)
k k
B RETNT

in order to get the smallest zero of Q,lc’f’ls (t) in the interval

(6, 10).

Theorem 4.4: Let n, q, £, s, and k be such that (20), (24),
(18) and (26) are fulfilled. Then the polynomial Qiff (t) has
k — 1 simple zeros a; < aig < -+ < ag—1 such that

(26)

1,0 1,6 1,6
ap € (ﬁ’ tk71)a Qi1 € (tk—l,i’tk,i-i-l)’
1=1,2,...,k— 2. In particular, { < o1 and ag_1 < s.

Proof. 1t follows from the Christoffel-Darboux formula for
R,} ** and the definition (25) that the solutions of the equation

V0 _ Q)
llc,fl(t) llcf1(5)

are the zeros of Q1“7 (t) and the number s.

The rational function Q,lg’z(t) /Qi’fl(t) has k — 1 simple
poles at the zeros t}g’fl H»t=12,... k=1, 0of Q,lc’fl(t), and

27)

k zeros at the zeros t,lc’i, 1=1,2,...,k, of Q,lf(t). Therefore,
there is a solution of (27); i.e., a zero of Q,lcff (t), in each
interval (ti’fl i,ti’f+1), i = 1,2,...,k — 2, which accounts

exactly for k—2 zeros, say ag < ag < --- < aj_1. Moreover,
since Q1“(s)/Qy",(s) < 0 under the assumptions for s, we
actually have

1,4 1,4 .
Q41 € (tk—l,i7tk,i+1)’ 1= 2,37 ey k—2.

Note that aj—1 <t} _; < 7y, < .

Since the function Qi’é(t)/Qi’fl(t) increases from —oo
to +oo in the interval [—oo,t,lﬂ’flyl), the inequalities 0 >
Q' (5)/Qpl1(s) > QY (0)/QyE(6) (see (26)) imply that
the smallest zero «; of Cge%_ii (rt) lies in the interval (£, t+))

epublication/redistribution requires TEEE r‘p]err.nission. See http://www.ieee.org/public

Finally, using again that Qi’e(s)/Q,i’fl(s) < 0 and the fact
that the function Qi’z(t) / Q,lﬂ’fl(t) strictly increases from —oo
to 1 fort € (ti’ka_l, 1], we have the root s of (27) in this
interval. ]

We can already define the Levenshtein-type polynomial

5O = (- 05 (@5 )

and proceed with an investigation of its properties.

Denote by L;(t), ¢ = 0,1,...,k + 1, the Lagrange basic
polynomials generated by the nodes ap < a1 < -+ < a1 <
ay, < 1 and define

1
Pi = / Li(t)d,un(t), 1= 0, 1, SN

-1

(28)

k+1. (29

The next statement is an analog of one of the main theorems
(Theorem 5.39) from [26]. It involves the zeros of f;,f’s(t) to
form a right end-point Radau quadrature formula with positive
weights.

Theorem 4.5: In the context of Theorem 4.4 let oy := ¢ and
ay = s. Then the Radau quadrature formula

1 k
fo= [ 00 = pa f) + 3 peflen) G0
- =0
is exact for all polynomials of degree at most 2k. Moreover, the
weights p;, ¢ =0, ..., k, are positive, and pi1 > 0 provided
(t—0)Qy (t) € Fs.

Proof. Tt follows from (29) that the formula (30) is exact for
the Lagrange basis and hence for all polynomials of degree at
most k£ + 1. By a polynomial division, any polynomial f(¢) of
degree at most 2k can be written as

F(t) = @)t = Ot = 5)(1 = QLT (1) + 9(0),
where deg(q) < k — 2 and deg(g) < k + 1. Then the
orthogonality of Q,lfff (t) to all polynomials of degree at most
k — 2 with respect to the measure dyi,, ¢ s(t) and the fact that
the right-hand side of (30) is the same for f(¢) and g(¢) show
the exactness of the quadrature formula (30) for f(t).

We next employ the quadrature formula (30) to show the
positivity of its weights p;.

Using the polynomial f(t) = (1 —¢t)(t —¥¢) (
(30) we obtain

=

because of the positive definiteness (up to degree k& — 1) of the
measure dfi, ¢(t). Now f(s) > 0 implies py > 0. Similarly,

2

(1=t - (M) in
(30) and the positive definiteness (up to degree k — 1) of the
measure dji, s(t) (see Theorem 3.2) we conclude that pg > 0.

To see that p; > 0 for ¢ = 1,2,...,k — 1, we use
the polynomials f(t) = (1 — t)(t — £)(s — t)ui_, ,;(t),
respectively, in (30), where uy_1;(t) = iff(t)/(t — ;).
Then deg(ug—_1,;) = k — 2 and the positive definiteness of
dpin ¢,5(t) (up to degree k — 2) yields

1
pif (o) = J W21 4() dpim g.a(t) > 0.

2
) in

2
lllf(t)) dpin,e(t) >0

with the polynomial f(t) =
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Since f(o;) > 0 for this choice of f, we derive that p; > 0.

Finally, we consider the weight pp,1. In this case we use
F(t) = f3:5%(t) in (30) and find that

fo=prs1f(1) = prg1(1 = s)(1 = £).

Thus it is enough to see that the zeroth coefficient of f3; )
is positive. We use (25) to obtain that f; is equal to

1,¢,s _l.es
ffl(t—ﬂ)(e—f)(l—t) O

t—1
+f Ot —s) 125( t)dpn (t)

- 117:01» f, (f - () ( Ilc7£(t) _kakLl(t)> d/én(t),

where py, = ( )/ Ql’é (s) < 0. Then, under the assump-
tion (t —0)Qy’ ‘( t) € F and with (£ — £)Q}*, (t) € F- from
Lemma 4.3, it follows that the last integrand belongs to F. and
in particular its zeroth coefficient is positive. This completes
the proof of the theorem. O

din (t)
3D

Remark 4.6: The polynomlals f” ©5(¢) can be also con-
structed via the system {Q}°(t)}5_, instead of {Qil’e(t) ko
in the sequence (11). Of course, the resulting system

o 1 is the same.

{Q* ()}z

V. BOUNDING CARDINALITIES AND ENERGIES

In the proof of the positive definiteness of his polynomials
Levenshtein used (see [26, (3.88) and (3.92)]) what he called
the strengthened Krein condition

(t+1)Q; ' ()Qy' (t) € Fs

for every 4,5 € {0,1,...,n — 3}. We need the following
modification.

Definition 5.1: We say that the polynomials {Ql L)Lk o
satisfy (k, ¢)-strengthened Krein condition if
(t= Q" ()R (1) € P

for every 4,j € {0,1,...,

The strengthened Krein condition (32) holds true in F" for
all admissible ¢ and j (see [26, Lemma 3.25]). However, the
(k, £)-strengthened Krein condition (33) is not true for every
¢, and for fixed ¢ is true only for relatively small k. On the
other hand, for fixed n, all relevant pairs (k,¢) are finitely
many and can be therefore subject to computational checks.
Lemma 4.3 says that the condition is satisfied for all pairs
(4,0),i=0,1,...,k — 1.

The main result in this paper is the following. It includes
our Levenshtein-type upper bound on A,(n, ¢, s) as an analog
of Theorem 5.42 of [26] and its counterpart, a universal lower
bound on & (n, M,{) as an analog of the universal lower
bound for &, (n, M, —1) from [9]. We will use the notation

S; —Z“—Z q—l)’(?)
for j € {k —1,k, k+1}.

=0
Theorem 5.2: Let n, q, k, £, and s satisfy the conditions
(18), (20 3 524) and (26) and suppose the (k, {)- strengthened

ersonal use is permitted, but republlcatlon/redlsmbutlon requires

(32)

(33)
k} except possibly for i = j = k.

EEE permission. See http://www.ieee.org/pub

Krein condition holds. Then the polynomial fJ; £5 (1) belongs
to F,¢,s and, therefore,

n,E,S(l) 1
Ay(n, l,s) < =2k~ — = Lok (n, £, s), (34)
fo Pk+1
where
S (Q111(5) - ()
Log(n, £, 8) :=

e Quin M@y () riQu(HQp*(s)
S (@7 (0-QL°(0) 51 (R (0-Q1%, ()

Furthermore, for fixed ¢, for h being an absolutely monotone
function on [—1,1), and for M determined by

Fai (1) = M,
the Hermite interpolant'
M
goi " (t) =

belongs to Qny ;- and, therefore,

H((t = ) f3:°*(£): h)

En(n, M, €) > M(Mgo — goi"™ (1))

k
=M pih(v).
=0

The bounds (34) and (35) can be attained only simultane-
ously by codes which have all their inner products in the roots
of fo; - **(t) and which are, in addition, 2k-designs® in Ey.

Proof. Tt follows from the definitions (25) and (28) that the
polynomial f17*(t) can be written as

O+ Qi) )Z HOM(0QH(9),

where rl “>0,i=0,1,...,k — 1, and the constants ¢ =
(1= )/ + e)RE (1) and e = —QL'(5)/@1 (5) are
positive under the assumptions for £ and s. Since QY(s) > 0
for 0 < i < k—1, the polynomial fJ; bt ) becomes a positive
linear combination of polynomials (t 0HQk (t)Q}’e(t), where
i € {k,k —1} and j < k — 1. Therefore fj;"*(t) € F>
because of the (k ¢)-strengthened Krein condition. This and
the obvious fi-“*(t) < 0 for every t € [(,s] implies that

n,l,s
Tok (t) € Fu WLyse

To compute the ratio f5; £5(1)/ fo we write fo as in (31) and
then use the representation of (t—f)Q}’l(t) by the Christoffel-
Darboux formula (see (19) and (21)) for j = k—1 and k. The
integrand becomes a linear combination of the polynomials
QIO(t), i =k —1,k,k + 1. Since

[ @ e = [ o - 5

Sj
after simplifications we obtain the explicit form of the bound
(34).
We proceed with the energy bound. Denote by t; < to <
- < tgy, the zeros of fy; “*(t) in increasing order and count-
ing their multiplicity; i.e., t1 1= ag = £, to; = to;41 = Qy,

(35)

e(t — ) (

'The notation g = H(f; h) signifies that g is the Hermite interpolant to
the function h at the zeros (taken with their multiplicity) of f.
2 Also known as orthog%onal arrays of strength 2k.
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i = 1,...,k — 1, and tox := «a = s. Then the Newton
interpolation formula gives that the polynomial gg,’f’M(t) is
a linear combination with nonnegative coefficients of the
constant 1 and the partial products

m

[[¢-t), m=12...

j=1
Since t9;, 1 = 1,..., k, are the roots of Q,lf(t) +aQ,1€’f1(t)

(see (25)) it follows from [14, Theorem 3.1] that the partial
products H;.nzl(t —t9j), m =1,...,k — 1, have positive co-

k.

efficients when expanded in terms of the polynomials Qy(t),
1=0,1,...,k — 1. Therefore g;l,f’M(t) is a linear combina-
tion with positive coefficients of terms (¢ — Z)Q}’é(t)Q;’e(t),
i, € {0,1,...,k — 1}, and the last partial product which
is in fact f;,f’s(t). Now gg,f’M(t) € F. follows from the
validity of the (k,£)-strengthened Krein condition and from
f;k’e’s(t) € F., obtained in the first part of the proof.

Multiple application of the Rolle’s theorem implies that
g2 5M (1) < h(t) for every t € [¢,1) and therefore g™ (1) €
6" The explicit form of the bound (35) via the weights
Di ‘and the nodes a; follows from the quadrature formula
(30) applied for gS;f’M(t) and the interpolation conditions
g™ () = h(ew), i = 0,1,... k.

There are two kinds of conditions for attaining the general
linear programming bounds (2) and (3) (see, for example, [25,
Egs. (32)-(33)] for (2)). First, the inner products of distinct
points of any attaining code must be among the zeros of
the polynomial f(¢) in (2) or the abscissas of the touch-
ing/intersection points of the polynomial ¢(¢) and the potential
function h(t) in (3). Second, the complementary slackness
conditions f;B, = 0 (or ¢;B, = 0) for i = 1,2,...,n,
where (B, By, ..., B],) is the MacWilliams transform of the
attaining code, have to be satisfied.

By our construction, the roots of the polynomial f;fs(t)
coincide exactly with the abscissas of the touching/intersection
points of the graphs of ¢2:“™ (¢) and h(t). Further, f1;*(t) €
F implies (and gz, ,jf’M(t) € F- does as well) that B} = 0 for
i=1,2,...,2k; i.e., any attaining code has to be a 2k-design.

Therefore, the bounds (34) and (35) can be attained only
simultaneously by codes which have all their inner products
in the roots of fgk’e’s(t) (equivalently, in the abscissas of the
touching/intersection points of the graphs of gg,f’M(t) and
h(t)) and which are, in addition, 2k-designs in F'. This
completes the proof. O

The bound (34) was obtained and investigated for £k = 1
(in our notations) and the corresponding ¢ and s by Helleseth,
Klgve and Levenshtein [21]. In that paper, comparisons with
the Levenshtein bound (see [25]) obtained by polynomials of
degrees 2 and 3, and detailed descriptions of all known codes
attaining Lo (n, ¢, s) can be found. We discuss some examples
from [21] in Section X. The bound (35) for k£ = 1 is given by

Ep(n, M, 0) > M?(poh(€) + p1h(s)),

where py and p; can be computed as shown in Example 6.3
below.

For k£ > 1, it does not seem customary to consider the
bounds (§4 and (35) for fixed k and varying ¢ and s. Instead,

E. Personal use is permitted, but republication/rédistribution requires IEEE permission. See http://www.ieee.org/publications_stan ards/BL’Mi-cli

in Sections VII and X-A we describe them as a system of
bounds for fixed / > —1 and varying & = 1,2,... and
corresponding s € I g) - (t,lc’fl, x—1+ 1), like the Levenshtein
bound is described with fixed ¢ = —1.

The optimality of the bounds (34) and (35) will be discussed
in Section VII.

Remark 5.3: The above proof of the bound (35) does not
require M to be integer. In particular, the expression at the
right hand side of (35) is defined for any real M € [2,q"].
This is customary in certain investigations.

VI. CODES ATTAINING THE BOUNDS — CONDITIONS,
DISTANCE DISTRIBUTIONS

Like in the case £ = —1 (see Theorem 5.55 and Remark
5.58 in [26]; also [6] for details), codes which attain the bounds
from Theorem 5.2 have special combinatorial and geometric
properties. Also, it is important that the bounds (34) and (35)
can be attained only simultaneously since the conditions of
their attaining coincide.

The conditions «; € Ty, i = 1,2,...,k — 1, are quite
restrictive. For example, they say that all roots of Q}Cff (t)
belong to T,,. In particular, the roots of Qiff(t) must be
all rational which is usually a good starting point for deep
algebraic investigation. However, in this section we focus on
the combinatorial meaning of the fact that all inner products
of attaining codes must belong to the set {cg, aq,..., g}

Definition 6.1: Let C C F' be a code. For fixed x € C' and
tn—i € Tn, 1€ {0,1,...,n}, denote by

Aia) = {y € O (o) = tui},

the number of the points of C at distance 7 from z. The system
of nonnegative integers (A;(z) : ¢ = 0,1,...,n) is called
distance distribution of C with respect to .

It is clear that Ag(z) = 1 and that A;(z) # 0 is possible
only fori € {d,d—1,...,D—1,D}, where d and D are the
minimum and maximum distance of C, respectively (recall
that s = 1 — 2d/n and ¢ = 1 — 2D/n). We show that for
codes attaining (34) and (35) the whole distance distribution
can be computed.

When dealing with distance distributions, it is convenient
to use the following characteristic property of designs in
polynomial metric spaces (see [25] for Hamming spaces;
Equation (1.10) in [20] for the general case of polynomial
metric spaces). A code C' C F' is a 7-design if and only if

S f((@.y) = folCl

yeC

(36)

holds for every x € F' and every real polynomial f(t) of
degree at most 7.

Theorem 6.2: If a code C' C C,, 4(¢, s) attains the bounds
(34) and (35), then its distance distribution with respect to any
point z € C does not depend on the choice of = and can be
computed from a system of linear equations. Explicitly, we
have

AOéi :Aal(m):pzlcl (: P '27 ZZO,l,,k
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Proof. Let C' be a code that attains the bounds (34) and
(35). By Theorem 5.2 the code C is a 2k-design, so (36)
holds. Fixing © € C and grouping the terms with the same
t,,—; in the left hand side we write (36) as

1+ZA 77.7,

In our case A;(z) # 0 is possible only if t,_; € {ap =
lyaq,...,ak—1,8 = oy} (see Theorem 5.2). Setting consecu-
tively f(t) = 1,£,t2,...,t* in (37) yields the Vandermonde-
type system

= folCl. (37)

af =b,|C|, u=0,1,... k,

1
bu:/ t"duy,
-1

is the zeroth coefficient in the Krawtchouk expansion of ¢“,
u=0,1,...,k.

Since the solution of (38) is unique, it follows that the
distance distribution {A,,(z) : ¢ = 0,1,...,k} does not
depend on the choice of x € C' and can be computed from the
system (38) (so it is uniquely determined by the parameters
n, ¢, £, s, and |C| = Lag(n, ¢, s)). Thus we can omit x in the
notation of the distance distributions of C.

The combination of (38) and the quadrature formula (30)
gives explicit formulas for the distance distributions. Indeed,

(38)

where

setting (again!) the polynomials f(t) = 1,¢,2,...,t* in (30)
produces the system
k
1+ Y piad =by, u=0.1,....k. (39)
i=0

Multiplying all equations of (39) by |C| and taking into
account that

Pr+1|C| = prr1Llox(n, f,s) =1

by (34), we obtain the system (38) again but with unknowns
pi|C|. The solutions of both systems must coincide; i.e.,
Ay, = pilC|, i=0,1,...,k, as required. O

Of course, the formulas from Theorem 6.2 have to produce
nonnegative integers. Thus they in fact yield strong necessary
conditions for existence of codes attaining (34) and (35).

The above approach works (to some extent) also for the
external (when = € F! \ C) distance distributions of C' with
respect to z. Then it yields a system of 2k + 1 equations with
respect to n unknowns A;(z), A2(x),..., A,(z) (note that
Ag(z) = 0). Typically, n is quite larger than 2k 4+ 1 and our
system has many solutions. However, the solutions belong to a
finite set and it is possible to find them for subsequent analysis
(see, for example, [11], [12]). Such computations could yield
upper bounds on the covering radius of codes attaining (34)
and (35). In fact, this approach works in general for designs
in Fq" as well (see [11], [12]).

We remark also that the computations of distance distribu-
tions of attaining codes allows easy derivation of the energy
of these codes.

0018-9448 (c) 2021 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission

Example 6.3: We show how Theorem 6.2 works for £ = 1.
Assume that C C C,, 4(¢, s) attains the bound Lo(n,?, s).
Then the system (38) (for £ = 1) is solved explicitly as
follows. We have by = (2 — ¢)/q and (38) becomes

A+ A, =10 -1
CAg+ sA, = C=0IC
S q i

whence we obtain
q(1+s)(|C] —1) —2|C]

S P R
L 20— a0+ o) - 1)
’ q(s = 0) '

Now pg = A¢/|C| and p; = A,/|C| are computed in turn and
the energy of C' (attaining the bound (35)) is given by

En(C) = |CP (poh() + pih(s))
= [Cl(Aeh(€) + Ash(s)) .

VII. ON THE OPTIMALITY OF THE BOUNDS (34) AND (35)
In this section we assume that n, g, k, and £ € (t,lcgrol 1 ti?)
are fixed and there exists an interval I ,Ef) C (t,lc”g, 1) such that

forevery s € I ,ie) the bounds (34) and (35) are optimal in the
following sense

Lok (n,£,s) = min{Lo;(n,¢,s) : j > 1};

i.e., the bound Loy (n, ¢, s) is optimal for every s € Ig) among
all bounds Lyj;(n, ¢, s) (if any with j # k) . Then the image
of I ,gé) under the function Loy (n, ¢, s) (which is continuous in
q") denoted by JQ(?.
Forse I ,ié) and positive integer j, we define

Z pLQ] O‘L

Similarly, for M € J. (k) and positive integer j, we define

s) is a subinterval of (Lok(n, ¢, t;:z)’

n,l L
1 (5) = Loy (n, K s)

Sn[( :_+szQj az

where the parameters (p;, a;)F_, come from fixing s € I 0
by the equality M = Log(n,!,s). Note that the values of
S;L’e(M ) for integers M € JQ(? are just particular values of

R}“e(s) for s € I ,gf). On the other hand, it is clear that M
could be considered as real variable whenever this facilitates
an analysis.

Remark 7.1: The quadrature formula (30) applied for
QU (t) with 1 < j < 2k implies immediately that
R (s) = 0 for all s € I\ and that S7"(M) = 0 for all
M e Jéf;). Thus we sometimes assume (to avoid trivialities)

in what follows that j > 2k + 1.

The next theorem gives necessary and sufficient conditions
for existence of better bounds than (34) and (35) (obtained
by polynomials from F,, ;s and gflhg, respectively). Its part
ag is a counterpart of Theorem 5. 47 from [26] (see also [7,
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Theorem 3.1]) and its part (b) is a counterpart of Theorem 5.1
from [9].

Theorem 7.2: (a) Given n, ¢, £, k, and s € I ;K), the bound
(34) can be improved by a polynomial from F, ., if and
only if there exists a positive integer 7 > 2k + 1 such that
R;-L’é(s) 0. In particular, if R"é( ) > 0 for every j < m
then (34) cannot be improved by a polynomial from F,, ; , of
degree at most m.

(b) Given n, q, £, k, M € JQ(?, and a strictly absolutely
monotone h, the bound (35) can be improved by a polynomial
from gf ¢ if and only if there exists a positive integer j >
2k + 1 such that S} “(M) < 0. In particular, if S ‘M) =0
for ever(y j1<m then (35) cannot be improved by a polynomlal
from G, ¢ of degree at most m.

Proof. (a) Assume that R?‘Z(s) > 0 for every positive
integer j. Let f(t) € Fp s and

fO=ult)+ > £Qi)

§>2k+1

where wu(t) has degree at most 2k and zeroth coefficient uyg.
Note that f(o;) < 0 for i = 0,1,...,k, f; > 0 for j >
2k + 1, and fy = wp. Applying (30) to u(t) and using that
Log(n,£,s) = 1/pg+1, we obtain

_ou(d) k
Lgk(n,f,s) Z u(e)

k
_ nf
B Lgk n, é z% Z fj

J>2k+1
f(1)
Lok (n, 4, s)

Therefore, f(1)/fo > Lar(n, £, s); i.e., f(t) does not produce
better bound than (34).

Let, conversely, R"e(s) < 0 for some j > 2k + 1. We
construct a degree j 1mproving polynomial of the form

Z 0iQi(t

where the number ¢ and the polynomial a(t) of degree j — 2k
will be properly chosen.

The polynomial a(t) is immediate — applying polynomial
division we consider the unique polynomials a(t) (quotient)
and b(¢) (remainder) such that

fo = w=

u(t) = (alt) + &) f2:"* (t)

Q;(t) = alt) f33°° (1) + b(2),
where the remainder b(t) has degree at most 2k — 1. Let
2k—1
b(t) = Z bin(t)7 n . S Z szz
i=0

be the Krawtchouk expansions of b(¢) and f;f’s(t), respec-

tively. Then it is easy to see that

b;
c:= IIIaX{— min a(t), max —,0

0018-9448 (c) 2021 IEEE. Personal use is erm?t%e[{ a5l republlga%t&§l%élsn]rbfion rz}ulres IEEE permissio

(recall that f; > 0 for every ¢ = 0,1,...,
U(t) S fn’g}s.
Since the polynomial

v(t) = Q;(t) = efgi*(8) = (1)

has degree at most 2k, its zeroth coefficient vy (which co-
incides with the zeroth coefficient of v(¢)) can be computed
from (30). We have consecutively

2k) guaranties that

n,l,s
_ ey () - ) — ba
oo sz n,l,s) +Zp, (Cf% ;) b(cn))
- L2k n, g S ZP’LQ] az
= & — T-L’Z(s) &
Lok(n bs) Loy (n, €, s)

Therefore v(1)/vg < Laokx(n,¥,s); ie., v(t) improves on
Lok (n, ¢, s), which completes the proof of the sufficiency.
(b) Suppose that S} E(]W ) > 0 for every positive integer j.

Any polynomial ¢(t) € g( ¢ can be written as

gt) =ut)+ Y g;Qi(t)

§>2k+1

for some polynomial u(t) of degree at most 2k with zeroth
coefficient ug. We have g(o;) < h(w;) for i = 0,1,...,k,
g; > 0 for every j > 2k + 1, and go = ug. Therefore, using
(30) for u(t) (recall that M = Lok (n, ¥, s)), we consecutively
obtain

Mgo — g(1) = Mug — g(1)
k
- MY nake)= Y u
i=0 §>2k+1
k
A LR I
1=0 7j>2k+1 j>2k+1
k 1 k
= MY pigler) =M Y g (MﬂLZpin(ai))
i=0 j>2k+1 i=0
k
= MY pigla) =M > g;87" (M
i=0 Jj>2k+1

k
< MY pib(a),
i=0

where, for the last inequality, we used S’ “(M) >0 for j >
2k + 1. Hence the bound, produced by g( ), does not improve
on (35).

Conversely, assume that h is strictly absolutely monotone
and suppose that S;L’e(M ) < 0 for some positive integer j >
2k + 1. We are going to improve (35) by using a polynomial

Z v;Qi(t)

where the number £ > 0 and the polynomial a(t) of degree at
most 2k will be pr b]perly chosen.
public

n. See http://www.ieee.org

v(t) = eQ;(t)
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Denote ~
h(t) == h(t) —eQ;(t)
and select ¢ such that A(D(t) > 0 on [¢,1] for all i =
0,1,...,7. This choice of ¢ is possible since the function £ is
strictly absolutely monotone. Since R (t) = K (t) > 0 for
i > j the function h(t) is absolutely monotone.

Now the polynomial a(t) is chosen to be the Hermite
interpolant of the new function A at the nodes ¢ = oy (simply)
and o, @ = 1,2,...,k, (doubly) exactly as the original
gg,f’M(thoes. Then we can infer as in Theorem 5.2 that
a(t) € QSB implying that v(t) € QT(B.

It remains to prove that v(¢) gives a bound which is better
than (35) indeed. Let

2k—1
a(t) = Y aQi(t)
=0
and note that vy = ap and v(1) = a(1) + . We multiply by
pi and sum up the interpolation equalities for a(t) to compute

k k k
Z pia(ey) = Z pih(a;) —¢ Z piQj(a).
Since
k
M pia(e:) = Mag — a(1)
=0

by (30) and

k
MY piQj(ai) = MS (M) -1

=0

by the definition of the function S;l’z(]\/f ), we obtain

k
Mag = a(1) = MY piblas) +& — M8} (M)
i=0
which yields
k
M'UO —’U(l) = MZth(az) _EMS;I/’Z(M)
i=0

k
> M Z pih(ai).
=0

The last inequality means that the polynomial v(t) gives better
than (35) bound. U

Remark 7.1 and Theorem 7.2 give the following optimality
property of the bounds (34) and (35).

Corollary 7.3: None of the bounds (34) and (35) can
be improved by using polynomials from F,, s and gff‘g ,
respectively, of degree at most 2k. 7

The corresponding optimality results for the case ¢/ = —1
were proved for the maximum code problem by Sidelnikov
[27] (see also [24]) and for the minimum energy problem by
the authors [9].

We provide another formula for the test functions. We use
the notations

J
Qj (t) = Z aj,iti

for the coefficients of the Krawtchouk polynomials,

k

1

S, = — ak,
u 112}{:(7%7 g’ S) + ;p’Lal

and recall that b, := /711 t"du, as in the proof of Theorem

6.2.
Lemma 7.4: With the above notations,

J
Z a,j,z-bi =0
=0

for very positive integer j.

Proof. This is the zeroth coefficient of Q;(¢) which is, of
course, equal to 0. O

Lemma 7.5: With the above notations,

bu = Su
for every u=20,1,...,2k.
Proof. This follows from the quadrature formula (30) ap-
plied with the polynomial ¢*. |

Theorem 7.6: For every s € I lgz)

and positive integer j > 2k,
J
n, L
Rj (S) = E Qj oy (Su

u=2k-+1

_ bu)

and, correspondingly,
J
n,l
SEUM) = Y aju (Su—bu)

u=2k+1

with parameters coming from M = Log(n,¢,s) € Jé? as in
Theorem 5.2.

Proof. 1t is enough to prove the formula for R;M(s)
Grouping the powers of «; in the definition of R;"e(s) and
using Lemma 7.4 yield

J
RY(s) = aju(Su—bu).
u=0

Now Lemma 7.5 implies the required identity. (]

For fixed n, ¢, ¢ and k, there are only finitely many
seT, NI ISZ) and finitely many M € J,if). Thus a numer-
ical investigation of the signs of the functions R}l’é(s) and
S;“e(M ) can be performed.

We conclude this section with a few comments on the
possibility for using higher degree polynomials.

Corollary 7.3 implies (like in the case ¢ = —1) that
improvements of the bounds (34) and (35) by polynomials
are only possible for degrees higher than 2k. We refer to (34)
and (35) to as first level bounds and call second level bounds

) . ()
any improvement by polynomials from 7, ¢ s or G, ;.

In the proof of Theorem 7.2 we, in fact, produced improv-
ing polynomials. However, the numerical experiments show
that these are marginal and are never optimal like the first
levels are. A detailed second level universal bounds based
on Levenshtein-type quadratures that generalize (30) will be
developed in a future work (see [10] for the spherical codes
case when £ = —1)
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VIII. ON OPTIMAL LINEAR PROGRAMMING RESULTS

Corollary 7.3 shows that the bounds (34) and (35) cannot
be improved by using polynomials from £, and Qn 7
respectively, of degree at most 2k. However, the require-
ments f(t) < 0 (or g(t) < h(t), respectively) for every
t € [4,s] (for every t € [{,1], respectively) are stronger
than really necessary. What we need in fact, is f(¢t) < 0
(or g(t) < h(t), respectively) for every ¢t € [¢,s] N T, (for
every t € [¢,1)NT,, respectively). Of course, we always have
{4,s} = {tn_p,tn—a} C Ty, but the roots ay, g, ..., 1
of the polynomial f1;"*(¢) are not necessarily in the set 7.
This makes a difference for £ > 1 allowing a natural relaxation
of our linear programming problems.

We describe a modification of the polynomials f3; 45 (1) and
g;’kM Z( t) which is going to produce better bounds provided
the new polynomials are still good for linear programming.

We replace the double roots o, aa, . .., ai—1 (the touching
points, respectively) with their closest neighbours from 7,.
More precisely, if «; € (t;_1,t;) for some integer j € {n —
D,n—D+1,...,n—d}, then we replace the double zero «;
of fgk’e’s(t) by two simple zeros 2,1 = tj—1 and yo; = t;.
If o; = t;, then one can try both (v2;—1,72:) = (¢j-1,%;) and
(tj,tj+1). Finally, setting 7o := £ and y2x—1 := s, we define
our refining polynomial for the maximum code problem to be

2k—1

fref(t) = H t_'Yz Zszz
1=0

Then

gref() (fref( )(t_tn d— 1

Z 9:Qi(t)

will be our refining polynomial for the minimum energy

problem. Note that in g, we may have intersections at ¢, _4

and at t,,_4_1 or t,_g441 instead of touching at s = ¢,,_4.
The above construction obviously preserves the conditions

for free(t) and grof(t) for staying feasible at the points of T,;

i.e., we still have

fref(t) S 0
for every t € T,, N [¢, s] and

Gret (t) < h(t)

for every t € T, N [¢,1)).

Therefore, only the positive definiteness of fior(t) and
Jret(t) remains to be investigated. We remark that the new
polynomials have obviously for > 0 and go > 0. Moreover,
it follows from the construction that for every ¢ =0,1,...,k
we have fier(c;) > 0 and grer(;) > h(ay) with equality
if and only if a; € T,. Thus the quadrature formula (30)
implies that the new polynomials have f, > 0 and go > 0.
Furthermore, it also implies that

£ () frer(1) goiM (1)
2kfo 2 (fret)o’ g0 %M

so the bounds (34) and (35) are indeed improved as claimed
above ggrowded the new polynomials are still feasible

gref(]-)
M’

S (gref)O -

EE. Personal use is permitted, bt republication/redistribution requires ?EEE permission. See http://www.ieee. org/glbllcatlons stan

Numerical investigation of the remaining feasibility condi-
tions f; > 0 (g; > 0) for i = 1,2,...,2k — 1 show that they
are satisfied in numerous cases. Moreover, numerics lead us to
the following conjecture concerning the relaxation of the linear
programing over the discrete subset [¢,s] N T, or [¢,1] N T,
as introduced above.

Conjecture 8.1: For fixed ¢ > 3, n, and ¢ there exists a
constant s(g,n, £) such that whenever s € [—1, s(q,n, £))NT,
(that is large enough d/n = (1 — s)/2) the new polynomials
fret and gyt solve the relaxed linear programming in the
context above.

In other words, we conjecture that for most parameters the
roots ai,ae,...,ar_1 of the Levenshtein-type polynomial
an,e,S(t) are the best approximation of the optimal nodes for
general linear programming. This implies significantly faster
computation compared, for example, to the simplex method
(see [5], [30]). More detailed investigation in this direction

will be considered elsewhere.

IX. UPPER ENERGY BOUNDS FOR CODES WITH GIVEN
CARDINALITY AND MINIMUM AND MAXIMUM DISTANCE

For given ¢, n, M, s, and ¢, denote by

Crg(M,£,5) := {C C F': |C] = M, s(C) = 5,0(C) = £}

the set of codes in F' of cardinality M € [2,¢"], minimum
distance d = n(1—s)/2 and diameter D = n(1—¢)/2. In this
section we derive a universal upper bound on the quantity

Up(n, M, ¢, s) := max{E}(C) : C € Cy, 4(M,0,s)},

where h is absolutely monotone.
The linear programming problem in this case can be for-
mulated as follows

Up(n, M, L, s) < min  M(poM — p(1)), (40)
PHEQ \ 4.,
with N
p(t) = > piQilt),
i=0
Q,(‘Z’Lj)mgﬁs = {p(t) € F< : p(t) = h(t),t € [{, s]},
where F< := {p(t) : p; <0,i=1,2,...,n}

We construct polynomials which belong to the set Qn Ml
and therefore provide upper bounds for Uy, (n, M, 4, s) by (40).
Let s € 1(5)7 ag = l,aq,...,ar_1,0, = s be the roots of
fgk’e’s(t) as above, and pg, p1,...,pr are the corresponding
weights from (30). Note that the parameters of the quadrature
(30) no longer come with M but with s instead.

We consider

M0, 0,
P (0 1= AL

ZPL ztv

where A > 0 is a parameter (to be determined and optimized
later) and

) +gr(t 41)

_HgarnZS() h(t
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is the Hermite interpolation polynomial to the function h(t)
that agrees with h(t) exactly in the roots of the Levenshtein-
type polynomial f;,f’s(t) (counted with their multiplicities).

Note that deg(gr,) < 2k — 1 and therefore deg(p};*""*)

2k. Let

2k—1

Zfz ), gr(t) =Y 9:Qi(t)
1=0

be the Krawtchouk expansions of f1-*(t) and gz, (t), respec-
tively.
The next theorem is the main result in this section.

nls

Theorem 9.1: Let n, q, k, £, and s be such that the conditions
of Theorem 5.2 are fulfilled and let C' € Cy, 4(M, ¢, s). Then

+M? szh a;)

pg‘kM“(l)M (M — Lo (n, ¢, )

Eh(C) —= Lgk(na&s)

for every large enough \. In particular,

Un(n,M, 0, s) < Usp(n, M, L, s) (42)

n,Ml,s k
p?l;: v (1>M (M — LQk(nagas)) 2
= M2Y pih(a

sz(n7£’ S) + plh‘(a)

where A is chosen by

A= max{ 1<z<2k’—1} 43)
fi
The bound (42) can be attained only by codes which have
all their inner products in the roots of f,; 5(¢) and p; B, = 0
for i = 1,2,...,2k, (B}, By,...,B),) is the MacWilliams
transform of the attaining code.

Proof. Since p; = —\f; + ¢g; and f; > 0 for every i =
0,1,...,2k, it follows that large enough A\ > 0 will make
p; <0 for every 1 < ¢ < 2k—1. Adding the obvious paj, < 0,
we conclude that p;kM & *(t) € F<.

Moreover, the absolute monotonicity of h(¢) and the in-
terpolation conditions for g (¢) imply that gr(t) > h(t)
for t € [(,s]. Since fi:"*(t) < 0 for t € [(,5] and
iM% () = grlew) = h(ay) for every i = 0,1,...,k,
it follows from (41) that p(t) > h(t) for every t € [{,s]
(whatever A > 0 is). Therefore p;lkME () € QE:’ EL”‘S for
large enough A and it remains to compute the corresponding
bound.

We first note that Loy (n, £, s) > M follows from the mono-
tonicity of the bound (34). Expressing py by the quadrature
formula (30) and using the interpolation conditions we obtain

poM — py o (1)

* (mm )

whence we get (42) with X still to be optimized. The de-
pendence of the right hand side of (42) on the parameter A
comes from pg;; 6% (1) only. Since M (1) is linear and
increasing with respect to A, the best bound is obtained when
A is chosen as in (43); i.e., when it is the smallest possible

real number which satisfies all conditions Di= —Af;
0018-9448 (c) 2021 IEEE. Personal use is permitted, but republication/redi trlbutlon
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1=1,2,...,2k — 1, simultaneously. Note that A > 0 by (43)

since at least one of the ratios, gax—1/far—1, i positive.
The description of necessary conditions for attaining codes

is similar to that in Theorem 5.2. ([l

Corollary 9.2: The energy of every code from C,, 4(M, ¢, s)
belongs to the interval [L, U], where

k
L:=M*)" pih(aj)
=0

(the parameters are determined by M = Lok (n, ¥, s'); i.e., by
M) and

k

+ MY pih(a)
=0

M (M — Lok(n, ¢,s)f(1))

U= Log(n, ¢, s)

(the parameters are determined by f3; ©2(t); i.e., by s), respec-
tively.

A modification that adds ¢ to the interpolation nodes for
gr(t) (so ¢ becomes a double node) works in a similar way
as in Theorem 9.1. However, it is not difficult to prove that
the bound produced is the same.

It is clear that the refining technique from Section VIII can
be applied for improving the bounds (42) and, consequently,
for shrinking the interval [L, U] from Corollary 9.2.

X. EXAMPLES
A. System of bounds for ¢ =2 and £ = —1+2/n

We show as a typical example the mix of the Levenshtein
bounds (see [26, Table 6.3]) and our Levenshtein-type bounds
(34) for As(n, ¢, s), where

2—n

! = tl =—-1+4+ 2 =
n n
is fixed (this ¢ corresponds to D = n — 1, the second largest
possible diameter). The first four bounds (two Levenshtein
bounds and our bounds for £ = 1 and k£ = 2) are explicitly
stated.
For s € [¢, —1/n] the first Levenshtein bound

2 — -1
AQ('I’L, nas) S >
n s
is valid. Our bound (34) for k =1
2—n 2—n 21 —=s)(n—-1)
A <L Z )y =2 TR 77
2(n, n 8) = La(n, n '8) 1—(n—2)s

is valid for

1 2
1,0 41,0
5 € (tl’l’tl*l} - (E’ n(n — 3)} ’

Then the next Levenshtein bound
2—n

5) < (I—-s)n2+ (n+1)s)

A
2(m, n 1 —ns?

comes for

vn—1—-1
t117t22
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Our bound (34) for k£ = 2 is given by
2—n

2 —
AQ(”) nas) S L4(n7 78)

2(1 — s)n(n —1)(9s(n —4) +n — 18)?2
81nAs® +9Bs?2 + Cs+ D

where
A = n®—9n?+25n — 18,
B = 29n% —207n% + 351n — 162,
C = n®—38n*+369n — 675n> — 648n + 972,
D = —n*+436n°—279n2 + 81n + 162.

It is valid for
1,0 41,6
ERS (t2)2,t2)2}

B (x/n—l—l 2+\/n3—12n2+41n—26]

B n ’ n(n —5)

The even weight codes C' C F', where n = 2m+1 is odd,
attain the bound

2—m n—4
L2(m71) (2m+17 n n >:22m

and the corresponding bound (35).

B. Cases k=1 and k = 2

As mentioned above, the case £k = 1 was considered by
Helleseth, Klove and Levenshtein [21]. In our notations, their
bound (see [21, Theorem 1]) is

L
Adnb8) < T T AT F 2ga = D 1 0
where L = ng?(1 — s)(1 — £).

Examples with { = —1 are covered by the Levenshtein
bounds (see, for example, Table 1 in [25]). For £ > —1 and
k =1, we extract the following examples from [21].

Forn = 6,q =2, = -1/3 (D =4, s = 1/3
(d = 2) an explicit nonlinear code in [21, Example 1]
has cardinality M = 16 = Ly(6,—1/3,1/3). For n = 5,
qg=2¢=-3/5(D =4),s=1/5(d = 2) the binary
[5,4,2] even weight code in [21, Example 2] has cardinality
M =16 = Ly(5,—-3/5,1/5). Forn = 56,q = 3,{ = —17/28
(D = 45), s = —2/7 (d = 36) the Hill (ternary) projective cap
(see [22]) has cardinality M = 729 = L(56, —17/28, —2/7)
and for n =78, g =4, £ = —25/39 (D = 64), s = —17/39
(d = 56) the Hill (quaternary) projective cap (see [23]) has
cardinality M = 729 = L(56,—17/28,—2/7). All these
codes have h-energies which attain (35) for the corresponding
parameters and for every absolutely monotone h. In all cases
the distance distributions of the attaining codes are easily
computed by Theorem 6.2 (see Example 6.3).

The ovoids in PG(3, q) (see [13]) are codes C' C F}' with
parameters

n=¢+1,d=¢"—q D=¢ |C|=q¢"

Thus we have
_1-4

B 142¢—¢?

2 b 2
0018-9448 (c) 2021 IEEE. Personal use is penliit?bd,(})ut republicationiedﬁ’stgbution requires IEEE permissio

and the bound (34) is attained,

1-¢®> 1+2¢—¢°
|C|=M=q4=L2<q2+1, q + q Q)

1+ (127 1+ q2
The distance distribution of these codes can be computed by
the system (38) (for £ = 1; as in Example 6.3)) and is given
by

A= (q-1)(@* +1) =n(g—1),

As=qlg = 1)(¢* +1) = nd.

Thus, in turn we find

n(g—1
POZAEP2=¥7
q
n(g—1
PlZASPZZ%'

Then the energy of C (attaining the bound (35) for every
absolutely monotone h) can be computed as

En(C) = M? (poh(£) + p1h(s))
- v (56 1 (4255)).

Even more interesting example coming from [21] is given
by an infinite series of codes constructed by Dodunekov,
Helleseth, and Zinoviev [19]. For a prime power g and positive
integers m and 2 < N < ¢™+1, the length and the cardinality
of the codes from [19] are given by

" -1
-1

Further, for these codes we have
(N —-2)g™ —2(N —1)¢q" '+ N

N, |C] = ¢*™

n =

N(gm—1) ’
m _ 9 m—1 1
PR it
qgm =1

corresponding to d = (N — 1)¢™~! and D = Nqg™!,
respectively. For these ¢ and s, the condition f; > 0 for the
polynomial f3“*(t) is satisfied for N > 1+ (¢™ — ¢)/2 (this
corresponds to condition (16) from [21]). For such N and with
the above n, ¢ and s we have

O] = ¢*™ = La(n, ¢, s).

The distance distribution of these codes is computed by the
system (38) for kK = 1 (as in Example 6.3). We have

m_—1)N
A@:qu—l—Q(q ) :
qg—1
A, = " — DN
qg—1

The h-energy is given by
En(C) = ¢*™ (Ach(£) + Ash(s))

and attains the bound (35) for every absolutely monotone h.

Examples with k& = 2 are already rare. In fact, there are
many cases with integer L4(n, ¢, s) but most of them (among
the checked) fail to produce integer distance distributions

n. See http://www.ieee.org/publications_standards/publications/rights/index.html for more information.
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from Theorem 6.2. Two well known attaining codes are the
projections of the binary Golay codes of lengths 23 and 22.
Indeed, the first projection of the binary Golay code has
parameters n = 23, { = —9/23 (ie., D = 16), s = 7/23
(i.e., d = 8) and

9 7
=2 =r,023 =, —
c! 123, -, 5)
and the second projection has parameters n = 22, £ = —5/11
(ie., D =16), s =3/11 (i.e.,, d = 8) and
5 3

=210 =122, — =, ).
|C] 4(22, =37 77)
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