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THE BEHAVIOR OF THE PADE TABLE
FOR THE EXPONENTIAL

E.B. Saff and R.S. Varga

In this paper we survey recent Tresults and present some
pew theorems on the behavior of Padé approximants for e~2 .
The new results include necessary and sufficient conditions for
(1) & sequence of approximants to be pole-free in an infinite
sector, and (2) a sequence of approximants to converge geomet-
rically in the uniform norm over an infinite sector.

1 Introduction

While the study of the Padé table for the exponential
function dates back to Padé's thesis, there has been renewed
interest in the subject because of its usefulness in certain
numerical schemes for solving parabolic differential equations.
Several recent papers have appeared which consider the ques-
tions of location of.zeros and poles, regions of convergence,
and degree of convergence of sequences from the table (see D],
[9], ELOJ, [14],[16]). The purpose of the present paper is to
survey some of these results and also to establish some new
theorems. In this first section we introduce the necessary no-
tation, in Sec. 2 we discuss zero and pole-free regions, and
in Sec. 3 we consider the degree of convergence of Padé approx-
imants in unbounded regilomns. .

To bé specific we shall deal with the complex negative ex-
ponential function e © . For each pair (v,n) of nonnega-
tive integers the Padé€ approximant Rv n(z) of type (v,n) for

H
e © is defined as that unique rational function with numerator

degree v , denominator degree n , which has greatest con-

tact with e ° at the origin, i.e.,
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(1.1) e 2 - Rv n(z) = 0(zn+vfl) as z+0 .,

Explicitly it is known |6 that R, (2) =q, [(2)/B () ,
b 2 L

where

E (ntv-1) 1w (=z)3

@2 Q4@ = L e et

v,n .
.J=Q

and

% (n+v--')1n!zj

@3 Py 2@ L Ry T ey

The polynomials Qv n(z) and Pv n(z) are referred to re-
2 . 3

spectively as the Pad€ numerator and Padé denominator of type

(v,n) for e % . From the representations (1.2) and (1.3)

it is apparent that Q (z) =P (-z) , and so any result on
v,n n,v

the location of the pbi;s of Pad€ approximants to e ? has a
reformulation in terms of zeros.

The Padé approximants Rv’n(z) are usually studied in the )
context of the following doubly infinite array known as the

Padé table: _
r ' .
RO,O Rl,D RZ,O e

Ro,1 RFi,1 Ron oo

a.4) {Ro,2 R1,2 Rz cov -

. . . ] ..

Notice that the first row of the table consists of the partial
o .
x -
sums R 0(z) = ) (=2)¥/k! of e % and that the first col-
=0 .
umn is composed of the reciprocals of the partial sums for the

. n _
positive exponential, i.e., Ro n(z) = { z zk/k!] 1 . .
? k=0
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2 Unbounded pole-free regions

The asymptotic behavior of the poles of the firstncolumn
of (1.4), i.e., the zeros of the partial sums sn(z)= Z zk/k! -
was studied by Szegt [13] and Dieudonné [2] As a consequence
of their results it follows that any infinite sector with ver-
tex at the origin contains infinitely many poles of the se-
quence {R ()1 . By way of contrast it is shown in
R.S. Varga's thesis [17) that the infinite half-strip |y|</® ,
x>0 , is free of poles of the vhole sequence {Ro’n(z)}:=o .
More recently, Newman and Rivlin ([t],[5]) established that

there exists an unbounded parabolic region, namely

2.1) y2<dx , x>0 ,d%0.745 ,

[

which is pole-free for the sequence {Ro,n(z)}n=o . Further-
" more they proved that for this sequence parabolic growth char-~
acterizes the largest pole-free region symmetric about the pos-
itive real axis.

Using continued fraction techniques the authors were able
to improve upon the result of‘(2.l) and also to obtain similar
results for all the columns of the table (1.4). In stating

this theorem it is convenient to introduce the normalized Padé

approximants Rv’n((v+l)z) .

THEOREM 2.1. (Saff, Varga [8],[11]). For all v>0 , n»0 , the

‘normalized Padé& approximant Rv n((v+1)z) has no poles im the
?

unbounded parabolic region
(2.2) Pl:={z = x + iy :/?2 5:4(x +1) , x> -1} .

Moreover, every boundary point of Pl is a limit point of

poles of th lecti =
oles of the collection {Rv’n((v+l)z)}v=0’n=o .

In particular, Theorem 2.1 implies that the first column
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of the table (1.4), for which v=0 , is pole-free in Pl (a
region larger than that of (2.,1)) and, in general, the (v+l)st
column {Rv n(z)}:=° i1s pole-free in the parabolic region

]

(2.3) P, 1= {z=eHy ¢y < 40D Grivil) |, x > —(vHD}

These facts have proved useful in'approximation estimates for
the matrix exponential as discussed in a recent papér of
Van Loan [lSJ.

While Theorem 2.1 is sharp, it does not include the fact
that for an arbitrary fixed v the largest pole-free region

for the sequence {Rv n(z)}:= has parabolic growth. We shall

. o
prove this in

THEOREM 2.2. For each fixed v>0 , the Padé approximant

-z
Rv,n(z> for e has a2 pole of the form

(2.4) (n+/E'xv,n) + i/g'yv o ° where x n + iyv’newv(#o)

’ Vy

as mwe .

Note that as

2
nyv,n

lim

2
= (Im wv) s
n-+e n+v5;x\

»

there are poles of the Rv n(z) which asymptotically fall on
id

the parabolic arc y2=(Im wv) X , a mn+ , When v=0 |,

Theorem 2.2 reduces to the known result of Newman and Rivlin

UJ. The proof of Theorem 2.2 requires the following lemma:

LEMMA 2.1. For each nonnegative integer v , the function

: 2
(2.5) F (z):= f: tVeT?t"t /zdt , (O<t<w)

1s an entire function having at least one (finite) zero w (#0).
£ = —_— v

Proof. It is easy to see that Fv(z) is entire. More pre-

cisely, on writing
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«

(2.6) Fv(z) = 3 ak(v)zk s

k=0
it follows from (2.5) that
Jeh1
(—l)K 2 2 T(k+;+l)
(2.7 a (v) = W s k20 .

Using Stirling's formula one can verify from (2.7) that Fv(z)
is of order 2 for each v and, moreover, Fv(z) is an en-
tire function of perfectly regular grbwth; specifically if

(r):=max |F_(z)| , then
MFv z]=r "

1in MF (r)
(2.8) lim ——"—— =

2
T+ T

I

Now assume to the contrary that Fv(z) has no zeros. By

the Hadamard Factorization Theorem ([1,p.22]), we can express

Fv(z) as Fv(z)=eq(z) » where gq(z) 1is a polynomial of de-

gree not exceeding the order of Fv . Hence, since Fv is of
order 2 , there exist constants 0150, such that
a,zto 22 a, 2z z2

(2.9) Fv(z) = Fv(O)e 1 = ao(v)e 2 » for all z .

Using (2.7), (2.8), and the fact that MF (r) = Fv(-r) , it is
easy to show that v

1 v+2 v+l
a, =% , @y = -2 TG—§~9/T¢-§—9 ,

and hence the right-hand member of (2.9) is completely speci-
fied. Equating the coefficients of 22 in (2.9) results in

the equation

¥ -1 )

2 2 r(l’-+2—3-) 22 r(—";’—l) [/2‘ r(%—g)}
. = {1+ s
2 ‘ . 2 TCX%lD
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which after some minor manipulations becomes

(2.10) v &2 = 2002

But this equality must fail for every v>0 . 1Indeed, if v=0,
the left side of (2.10) vanlshes, while the right side is 2 ,
If v 1s positive, one side of (2.10) is an integer, while the
other side is a rational multiple of 7 . Thus the assumption
that Fv has no zeros yields a contradiction, and Lemma 2,1

is proved. 1

We can now give the

Proof of Theorem 2.2. Since for each pair (v,n), the Padé

numerator Q“’n(z) and Padé denominator Pv,n(z) have no com-
mon factors, it suffices to show that for each fixed v , the
polynomials Pv,n(z) have zeros of the form (2.4). Using the
representation (1.3) the following integral formula can be

derived:
® -t n_v
(2.11) (a+v)! P, n(z) = I e (t+z) t'dec , (O§;<+w) .
N b °
Letting z = n + Yn v and making the éhange of variables
t=/m u , O<u<+e , in (2.11) we find that '

2ntu+l o
(2.12) (@+)! P (A w) =n 2 j e TR Urp 4 XT Ve
? ’ o /a o

The logarithm of the integrand above is, for u and w fixed

and n large,

wZ u2 1
(/nw - E—) - wu-3-+vlou+ 0= ,
B4
and so
o /—_2 a2
1im e /E\J{l + w+§}n uv/e n w-w /2 o gl /2 )
N+ a

Now the proof given by Newman and Rivlin Dﬂ can be adapted here
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to show, using the Lebesgue Dominated Convergence Theorem, that

(@)1 P, (@/a v) '

2n+v+l
Yo w-w /2 2
€ n

(2.13) 1lim

n--x

© 2
= J uve VHTY /zdu =:Fv(w) ,
()

the convergence being uniform on compact subsets of the w-

plane. Since, by Lemma 2.1, F (W) (#0) has a finite zero, say

LA Hurwitz's Thecrem implies that P, n(n+/5 W) possesses a
?

zero, say w=w n,suc:h that w_ <+w_ as n* . This means
’

v v,o v

Pv n(z) has a zero of the form (2.4). |
>

Concerning pole-free sectors for the Padé approximants

R\, n(z) the following is known:
»

THEOREM 2.3 (Saff, Varga [9], [11}). For every v>0 , n>2 ,

, . ~2 I
the Pade approximant Rv,n(z) for e has no poles in the

infinite sector

(2.14) 'Sv’n:={z:larg z] < cos-l(n;_:;Z_)}

.

Furthermore, for any fixed o¢ , O<o<t= , each element in the

sequence of approximants {R

v

n (z)};=l satisfying
373
v+l

(2.15) 1im n,=+= , lim v,/n,=0 , and ( ) > o,
. j —— nj_l —

Jo= Jo= J

for all 3j>1 , 1is pole-free in the infinite sector
-1 .1-¢
(2.16) S :={z:|arg z| < cos” (3}

and SU is the largest sector of the form ]arg z] <yu s w0,

{R"_-] ’ﬁj (z) }j -1 satisfying (2.15).
In particular, for any (fixed) o>0 |, So is the largest

which is devoid of all poles of any sequence of approximants

pole-free sector of the form |arg z| < w , w>0 , for the
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sequence {R[on] n(z)}:=l » where [*] denotes the greatest
bl
integer function. This fact has an interesting geometric in-

terpretation as explained in [9].
Using Theorems 2.2, 2.3, and the results in [11}, we can

deduce the following new result

THEOREM 2.4. A necessary and sufficient condition that a se-

[ d «
quence of Pade approximants {Rvk,nk(z)}kﬂl , with oo, be
ole-free in some infinite sector [arg z| <u, w0, is that

(2.17) 1lim inf v /n >0 .
it k' Pk

Proof. The sufficiency part follows immediately from Theorem
2.3. To prove necessity assume that (vk nk) is a sequence
such that L Weas and lim inf v /nk=0 . Our aim is to show
that for every u>0 , there are infinitely many poles of the
sequence {Rv (z)}:=1 in the sector ]arg z| <u . For
K"k
this purpose let {(v ,n )}j =1 denote & subsequence of
{(vk,nk)}k=1 for which ;iz vj/nj=0. Ve conside; two separate
cases:
Case 1: If some subsequence of {vj}j -1 is bounded, then
there is evidently a subsequence {(vl’ni)}£=l of {(v ’nj)}j=l
for which vp is constant, say vp=v for all Zg} , and for
which lim np= = . But as a consequence of Theorem 2.2, the

sequence {R (z) }f_ -1 has poles which asymptotically (as
hadedd
n[*«) lie on sdome parabola opening about the positive real

axis. Therefore the sequence has Infinitely many poles in any

sector of the form Jarg z| < u , u>0 .

Case 2: If v, += ag Jo , and limv/n =0 , then the

b 373
result of Corollary 3.1 of [113 applied to the sequence
{7, 4 (z)} of Pad€ denmominators for e - again shows that
j’ 3
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there is no pole-free sector of the form ]arg z] <y, uo,
for the sequence {Rvj,nj(z)}j=l A |

The next theorem has application to stability questions
and extends results in [3] and [18].

THEOREM 2.5 (Saff, Varga [9]). If n<v+4 , the Pad€ approxi-
mant Rv n(z) for e ° has all its poles in the open left

’

half-plane.
The above theorem is sharp in the sense that the approxi-
mant Ro 5(z) , for which n=v+5 , does in fact have a pole
’
in the right half-plane. However the following assertion can-
be made with regard to diagonal sequences of the table (1.4) of

the form {Rn_T

’n(z)}:gr y T251

THEOREM 2.6 (Saff, Varga [9)). For any integer 1>5 , there
exists an integer wmw=m(T1) such that the approxzimants

0
{Rn-r,n(z)}n=m have all their poles in the open left half-
plane.
3 Geom c e Padé roximants

in unbounded regions

In this section we discuss results concerning geometric
convergence of Padé approximants on the nomnegative ray
EL+¢) , and on infinite sectors of the form ]arg z] U,

u>0 . First we set
-x
G.1) "y,n’ e —Rv,n(x)lle[0,+w) .
Notice that when wv>n , we have nv’n=|e -Rv’n(m)[ = e
When v<n the following estimates are known:

THEOREM 3.1 (Saff, Varga, Ni [12)). For any nonnegative inte-

gers v and n with O<v<n , there holds
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(.2) nd <m < e b.

oDy (3) (n+1)2 v,n — oiV (1\:)1)

where y 1s a positive constant independent of v and n .

To state the next theorem we need the function g(B) de-

fined for O0<g<l by

By py1-B '
@.3) g B o1, g(@)il/2, gL
2 .

THEOREM 3.2 (Saff, Varga, N [12]). Let {v(m)} _, be a se-

quence of nonnegative integers with O<v(m)<n for all =n ,

and satisfying lim v(n)/n = . Then

n-e .

1/n

v(n),n=g(8) Te

(3.4) 1im n

ne

As min g(B) = g(1/3) = 1/3 , it follows from the above

0<p<1 o
theorem that for any sequence {v(n)}n=l , there holds
lim inf ni/B. L

b v{n),n 23 >

. o
with equality possible for the sequence {R[n/3] ’n(x) }n=1 .
Indeed numerical computations appear to indicate that for each
fixed n the smallest error oon ? v=0,1,2,,,., occurs when
’
v=[n/3] . Another consequence of Theorem 3.2 is stated in

THEOREM 3.3 (Saff, Varga, Ni [12]). A necessary and sufficient

’ o
condition that a sequence of Padé approximants {R\e(n),n(x) }n=l

converges geometrically in the uniform norm to e ¥ on [0,+=)

(it e et i it

1s that

v{n)
n

(3.5) 1im sup <1l .

N
Concerning geometric convergence in the uniform norm over

infinite sectors we shall prove the following new result:
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THEOREM 3.4. A necessary and sufficient condition that a se-

@

quence of Padé approximants {Rv(n),n(z)}n=l converges geo-

metrically in the uniform nomm to e Z in some infinite sector

s, :={z: |arg z| <u} , uw>0 , is that

(3.6) 0 < lim inf "é“) < lim sup

e n-re

v(n)
=

<1l .

Proof. That condition (3.6) 1is sufficient to ensure geometric
convergence in some Sv , >0 , is proved in [12]. To demon-

strate pecessity we assume that for some u>0 , the sequence

{Rv(n),n(z)}:=1 satisfies
' -z 1/n
(3.7) lu;iup |le "R\.(n),n(Z)HLw(Su) b

Since Su contains the ray {Q,+°) » it follows from Theorem

3.3 that 1im sup v(n)/n < 1 . Furthermore,as (3.7) evidently

implies that for n large enough, the poles of the sequence

{ (z)} must omit the sector s, Theorem 2.4 implies

Rv(n),n

1im inf v@)/n >0 . |
bewma-l

Concerning estimates for the size of the sector Su of
geometric convergence for a sequence satisfying (3.6), the
reader 1s referred to [12]. We remark that although no column’
of the table (l.4) converges geometrically to e in an in-
finite sector, each column does, in fact, converge geometri-
cally to e ° on an unbounded parabolic region (see [10]).

~ Of course the poles of the Padé approximants to e = are,
in general, not all real. For computational purposes it is
sometimes desirable to deal with rational approximations whose
poles are all real and coincident. 1In [ZJ it is shown that

there exists a sequence of rational functions of the fom
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_q (%) ‘ .
r (x) =——=— , degp__, <mn-l ,n=1,2,...
n (1+ _E_)n et 1 ’ L] L] 4

such that

”e—x - rn(X)”Lm[O,'**") = 0(%1‘) as o .

Some further properties of this sequence are discussed in L?].
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