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Abstract—We employ signed measures that are positive definite
up to certain degrees to establish Levenshtein-type upper bounds
on the cardinality of codes with given minimum and maximum
distance, and universal lower bounds on the potential energy (for
absolutely monotone interactions) for codes with given maximum
distance and fixed cardinality. In particular, we extend the
framework of Levenshtein bounds for such codes.

I. INTRODUCTION

Let F, be an alphabet of size q. We consider codes (sets)
C C F} = {(z1,...,2n) : x; € F;} with the Hamming
distance d(w,y) between words z,y € F,'. In setting of F'
as a polynomial metric space [11] the following change of the
variable

2d
t=1-—¢€eT,:={-1+2i/n:i=0,1,...
n

7n}

is very convenient. For x,y € Fj' we write (r,y) = 1 —
2d(z,y)/n € T,.
For any code C' C F' we use

s(C) :==max{{(x,y) : z,y € C,x £y} € Ty,
0C) :=min{(z,y) : z,y € C,x #y} € Ty,
to denote counterparts of the minimum and maximum distance

of C, respectively. Set Cy, 4(s,¢) = {C C F?[s(C) <
$,0(C") > £} and denote by

Ag(n,s,0) :=max{|C|: C € Cy, 4(s,0)}

the maximum cardinality of a code in F7' with prescribed
minimum and maximum distance d = n(1 — s)/2 and D =
n(1 — £)/2, respectively.

Definition 1.1: Given a (potential) function h(t) : [-1,1] —
[0,+0c] and a code C' C F}', the potential energy (also
referred to as h-energy) of C' is

Ex(C)i= Y

z,y€C,x#y

h({z, y))-

While we only need the values of h on the discrete set
T, for computing the h-energy, we further assume that h is
(strictly) absolutely monotone on the interval [-1,1); that is, A
and all its derivatives are defined and (positive) nonnegative
on this interval. We remark that the function F'(z) = h(¢),
where z = n(1 —1t)/2, is completely monotone on (0,n] (i.e.,
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(—=1)*F®)(2) > 0 for all z € (0,n]) if and only if h is
absolutely monotone on [—1, 1].
For absolutely monotone potentials h we consider

En(n, M, 0) :=min{E,(C) : C € Cp4(1,4),|C| = M}

with prescribed n, ¢, ¢, and M.

In this paper we use linear programming techniques to
derive explicit upper bounds for A,(n,s,¢) and &, (n, M, £).
Our bounds can be computed for all feasible values of ¢, n, s,
and ¢, which makes them universal in the sense of Levenshtein
[11]. We are not aware of such explicit universal bounds in
the existing literature (see [8] for a particular case) more than
20 years after the chapter [11] by Levenshtein and the paper
[7] by Delsarte and Levenshtein.

There is an intricate interplay between the Levenshtein
universal bounds for A4(n, s, —1) and universal lower bounds
on &, (n, M, —1) in different spaces (see [1] for the Euclidean
sphere and [2] for F"). We further that relationship to codes
from C,, 4(1,¢) to obtain energy bounds. Lower bounds for
En(n, M, ) were considered first in 2014 by Cohn and Zhao
[4] and then by the authors [2].

General linear programming bounds for quantities like
Aq(n,s,€) and Ey(n, M, L) are folklore [6], [7], [11]. For
any real polynomial f(t) of degree at most n we consider
its Krawtchouk expansion f(t) = Y"1, FE™D(t) and set

Fs :={f(t): fo>0,f;>0,i=1,2,...,n}.

Following Delsarte [6], we have

£) < mi 1 1
Aq(nvsv ) >~ fGIggls,e f( )/f07 ( )
where Fy, 50 :={f € F> : f(t) <0, t € [{,s]}. Similarly,
Sh(nv ]\/[a f) > max M(Mgo - g(l))v )
9EGn 6;n

where G, 0, = {g € F> : g(t) < h(t),t € [£,1)} (see
Yudin [13]). Thus, major results in this context depend on
proper choice and investigation of polynomials that optimize
(1) or (2).

The Levenshtein bound (see [9]-[11]) and the energy bound
[2] work for ¢ = —1 and, of course, depend on the properties
of Krawtchouk polynomials and their adjacent polynomials
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which are orthogonal with respect to classical positive mea-
sures. The case ¢ > —1, however, involves more challenging
signed measures.

The paper is organized as follows. In Sections 2 and 3
we introduce the necessary adjacent polynomials and signed
measures and establish positive definiteness of the correspond-
ing measures up to appropriate degrees. Properties of the
associated orthogonal polynomials are derived and discussed
in Section 4, where we define Levenshtein-type polynomi-
als f{""*)(t) to be used in (1). In Section 5 we obtain
Levenshtein-type bounds on A, (n, s, ). As in the case £ = —1
this implies energy bounds on &y (n, M, £). An important role
in the proof is played by what we call the (k, £)-strengthened
Krein condition extending the Levenshtein’s strengthened
Krein condition.

II. ADJACENT POLYNOMIALS

For fixed n and ¢, the (normalized) Krawtchouk polynomi-
als are defined by

n 1 n
Q1) i= K" (2),
T

where z =n(1 —1)/2, r; := (¢ —1)'(7}), and

KM (2) = S (1 (g = 1) O

j=0
i = 0,1,...,n, are the (usual) Krawtchouk polynomials
corresponding to F'.

The measure of orthogonality for the system {Ql(."'”) )},
is discrete and given by

n

fon =Y Taibt,, 3)

i=0

where d,, is the Dirac-delta measure at ¢t; € T;,. The form

(f.g) = / F(®)g(t)dpn(t)

defines an inner product over the class of polynomials of
degree at most n.

We also need adjacent polynomials as introduced by Lev-
enshtein (cf. [11, Section 6.2], see also [9], [10])

Ki(nfl’q)(z —-1)

Ql(l,o,n,q)(t) = . -
Z]’:O (j)(q - 1)]
n—2,
Q(1,1,7L,q)(t) — Kz( q)(Z — ].)
Yo (") (@ — 1)
where z = n(l — t)/2. The corresponding measures of

orthogonality are, respectively,
(1 = t)dpn(t), 1=+ )dpn(t), ()

where ¢®? are normalizing constants (see [11, Section 6.2]).

For ¢ = 1 — 2d/n € T, we introduce further adjacent
polynomials QEI’Z’”"]) (t) orthogonal with respect to a signed
measure dv,, ¢(t) which is defined and investigated below. We

shall use le’[’"’q)(t) to construct Levenshtein-type polyno-
mials to be applied in (1).

For abbreviation purposes, in what follows we will omit n,
q and the brackets in the indexing of the adjacent polynomials.

III. POSITIVE DEFINITE SIGNED MEASURES

Signed measures were used by Cohn and Kumar in [3] in the
context of linear programming bounds for energy of spherical
codes.

Definition 3.1: A signed Borel measure v on R for which
all polynomials are integrable is called positive definite up to
degree m if for all real polynomials p # 0 of degree at most
m we have [ p(t)?dv(t) > 0.

Let t;"lo < t}’g << t}:io be the zeros of the polynomial
Q;°(t). Given ¢ and s such that £ < ) < ) < s, we
define the signed measures on [—1, 1] (see (3) and (4))

dvne(t) = Mt = O = t)dpn(t), (5)
dvm g,5(t) Mt = )(s = 1)(1 = )dpn(t), (6)
where the normalizng constants are given by
ol — n*q"
230 o(n—9)(2i —n—nl)r,_;’
b niq"

230 (n—1)(2i —n —nl)(n+ns—2i)r,_;

The following lemma establishes the positive definiteness
of the signed measures (5) and (6) up to degrees k — 1 and
k — 2, respectively. This will allow us to define orthogonal
polynomials with respect to these signed measures providing
essential ingredients for modifying Levenshtein’s framework.

Lemma 3.2: For given k > 1, let s and / satisfy ¢ <
tllc’? < til{?c < s. Then the measures dv,, ¢(t) and duv,, ¢ s(t)
are positi\}e definite up to degree £ — 1 and k — 2, respectively.

Proof. Modifying the classical Radau quadrature [5, Sec.
2.7] for integration with respect to discrete measures we con-
clude that the zeros of the corresponding discrete orthogonal
polynomial, the system of k£ + 1 nodes

1,0 1,0 1,0
{8 <nf < <nf <1},

defines a positive Radau quadrature with respect to iy,

1 k
fo= / SOy (0) = w1 (1) +> wif(t), (@
_ =1

that is exact for all polynomials of degree at most 2k.
We apply (7) for q(t), an arbitrary polynomial of degree at
most k£ — 1, to see that

/ PO = / P01~ 1)(t — Odpn(t)

-1

k
1,0 1,04 /,1,0
=3 wi(ty) (1 =)t =0 = 0.
=1

The equality holds only if q(t,lc?) =0foralli=1,...,k,
which would imply that g(¢) = 0. Therefore the measure
dvy, ¢(t) is positive definite up to degree k — 1.
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If ¢(t) # 0 is of degree at most k£ — 2, then we utilize (7)
again to derive that fil @2 (t)dvy e s(t) > 0 as above. O
Remark 3.3: It can be proved analogously that the measure
dvy, 5(t) = (s—t)(1—t)dpu, (t) is positive definite up to degree
k—1. We will use this fact in the proof of Theorem 4.5 below.

IV. CONSTRUCTION OF LEVENSHTEIN-TYPE
POLYNOMIALS

A. Existence and uniqueness of Q;’Z(t) and Q;’e’s(t)

Applying Gram-Schmidt orthogonalization we derive the
existence and uniqueness (for the so-chosen normalizations) of
the following classes of orthogonal polynomials with respect
to the signed measures (5)-(6).

Theorem 4.1: Let ¢ < ti’z < t,lc’% < s. The following two
classes of orthogonal polynomials are well-defined:

{Q;7Z(t)}§:0, w.r.b. dvg e(t), Q}’Z(l) =1
{Q;’e’s(t) w.r.t. dvy es(t), Q;’e’s(l) =1

The polynomials in both classes satisfy a three-term recurrence
relation and their zeros interlace.

For our purposes we shall restrict to values of ¢ such that
Qifl(é)/Q,lc’O(f) < 1. As shown in the proof of Theorem 4.2

below this condition is equivalent with t,lczf; <L

k-1
=0

B. Construction and investigation of Q;’e(t)

Utilizing the Christoffel-Darboux formula (see, for example
[12, Th. 3.2.2], [11, Eq. (5.65)]) we are able to construct the
polynomials Q;’e explicitly. Let

1wy = e @ W) ®
7=0

10510 Q}fl(x)Qi’o(y) - ngl(y)Q}’O(m)
% % T —y
(when z = y appropriate derivatives are used).

As in [11] we utilize Christoffel-Darboux formulas to prove
the interlacing properties of the zeros of Q;’[’ with respect to
the zeros of Q). For fixed ¢ > —1, we choose k = k(f) to
be the largest k£ such that the condition ¢ < ti? is satisfied.

Theorem 4.2: Let ¢ and k be such that £}, | < £ <t}

k+1,1
and Q,lcfl(f)/Qllc’O(E) < 1. Then all zeros {tllf} of the

polynomial Q.*(t) are in the interval [¢,1] and we have

TM0(t, 0) 4
1,0 ) 1,4 .
Oty == WY b 01,k O
(0 701, " ©

with n** > 0 and ;4 < 1. Finally,

1,0 1,0 ,1,0 . . .
ti;j € (ti;j’ti+l,j+1)7 ’L:L...,k—l,]:l,...,Z; (10)
1,0 1,0 1,0 —

h e (B0 tigin) s d =1 k= 1.

Proof. 1t follows from (8) that any polynomial of degree
at most i is orthogonal to the kernel 7,"%(t,¢) with respect
to the measure v, ¢(t). Hence (9) follows from the positive

definiteness of dv,, ¢(t) up to degree k& — 1 and the uniqueness
of the Gram-Schmidt orthogonalization process.

Next, it follows from (8) and (9) that the zeros of Q} ’E(t)
are solutions of the equation

ORI ()

00 Q) (a

For all ¢ < k the zeros of Q%fl(t) and Q}"°(t) are interlaced
and contained in the interval [tllg”?, ti%} . Since sign Q%’O(é) =
(—1)%, we have Q%fl (0)/QF°(£) < 0. The rational function
ngl(t)/Q;’o(t) has simple poles at t;’;), j=1,...,i, and
simple zeros at tgfl_’j, j=1,...,i+ 1. Therefore, there is at
least one solution tllf of (11) on each interval (t;’]o, t;ﬁ, j +1) ,
j=1,...,i, which accounts exactly for the zeros of Qg’é(t).

When ¢ = k we have Q,lc’f:l(f)/Q,lc’o(ﬁ) > 0. Since ¢ €

(t,lc‘fl’l, t,lc?) , we account similarly for the first k—1 solutions

of (11), namely 1 ¢ (t;£17j+1,t;13+1), j=1,.. k-1,
to establish the interlacing properties (10). For the last zero
of Q,lc’e(t) we use the fact that Q,lgfl(t)/Q}c’O(t) >0 forte
(te 1 p1000)- As limy_oe Q171 (£)/Q1°(t) = 00, we have
one more solution t,lci of (11).

Finally, Qiﬁl(f)/Qi’o(é) < 1 implies that t,lc’j; < 1 because
Qifl(l)/Qi’o(l) = 1. Comparison of coefficients in (9)
yields 7, > 0. O

The positive definiteness of the measure dv, ¢(t) implies

that .
ﬁﬁ—(fxﬁﬁmzwwm> >0

fori =0,1,...,k—1. The three-term recurrence relation from
Theorem 4.1 can be written as

(t—a; Q1 (t) = b QL5 (1) + QI (1),

i=1,2,...,k—1, where
nl,e PLL Lt
1,0 _ i1 1,0 _ Ti—1% 1 1,6 _ 1,6 1.4
b= —=7>0, ¢ =—F7—>0, a7 =1=b;" —¢;".
i Ty

The initial conditions are Q(l)’[(t) =1 and

ng(ngl +ng—2n+2)t+ A
Qi = Mnat e - 2k A0 A

where A = n?(q—1)(ql+q—2) +n(gl+5q — 6) — 2(q — 2)
and B = n?(q—2)(¢/+q—2) +2n(ql +4q—3) — 4(q — 2).
By Theorem 4.1 we have that the zeros of {Q] (1)}
interlace; i.e. t;’f < t;fl,i < tjl-:fﬂ, 1=1,2,...,7— 1.
Lemma 4.3: 1f =1 < € < t"5, then (t —0)Q(t) € F> for
i=0,1,...,k—1. ’
Proof. Tt follows from the definition (8) of the kernels
T-l’o(x,y) and (9) that for  =0,1,...,k — 1 we have

3

(t=0QF (1) = —— (QHA (1) - 4Q1°()),
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where ¢; = Q; +1( )/ Ql %(¢) < 0 as in the proof of Theorem
4.2. Now Qzl °1t) e F> (see [11, Eq. (3.91)]) completes the
proof. g

C. Construction and investigation of Q;’g’s(t) and

Levenshtein-type polynomials

We construct the polynomials Ql e *(t) using the system
{Qr (t)}k_, from the previous section. Consider the Chris-
toffel- Darboux kernel associated with the polynomials Ql é(t)

o QY (@)Q) ()
rlitpl £QL(@Q) “(y) QiR (2)

T—y ’

) = ( = (12)
The proof of the next assertion is similar to that of Theorem
4.2 and we omit it.
Theorem 4.4: Let n, ¢, s, and k be such that ¢ €
) ) ) ) ) 4
(teir o ten): @i (0/Qr°(0) < 1s € [t 6] and
llg’e(s)/Qllc’fl(s) > Q,lc’e(é)/Qi’fl(f). Then the polynomial
Q,lcff(t) has & — 1 simple zeros 51 < (B3 < -+ < Bg—1
1.4 1.4 1.4
such that 1 € (€47, ) and Bip1 € (87 ;70 41)s
i=1,2,...,k—2.
We can already define the Levenshtein-type polynomial

£ = (- 0t - 9) (@)

and proceed with an investigation of its properties. The next
theorem is an analog of Theorem 5.39 from [11]. It involves
the zeros of fQZﬁ *(t) to form a right end-point Radau
quadrature formula with positive weights.

Theorem 4.5: Let 1 < Py < -+ < Br_1 be the zeros of

the polynomial Q,lcff (t). Then the Radau quadrature formula
1
= [ sdmto
-1

= pof(€) + prf(s) + pry1f(1 +sz f(B:)

(13)

(14)

is exact for all polynomials of degree at most 2k and has
positive weights p;, i = 0,..., k. If (¢ —Z)Q,lc’e(t) € I, then
Pr+1 > 0.
Proof. Let us denote by L;(t), ¢ = 0,1,...,k + 1, the
Lagrange basic polynomials generated by the nodes < B <
- < Br_1 < s < 1. Defining p; := f Li(t)dpn (t),
= 0,1,...,k + 1, we observe that (14) is exact for the
Lagrange basis and hence for all polynomials of degree at
most k+ 1. Any polynomial f(¢) of degree at most 2k can be
written as

Ft) = q(t)(t = 0)(t — )1 = QL (1) + g(t),

where deg(q) < k — 2 and deg(g) < k + 1. Then the
orthogonality of Q,lcff (t) to all polynomials of degree at most

k — 2 with respect to the measure dv;, ¢ s(t) and the fact that
the right-hand side of (14) is the same for f(¢) and g(¢) show
the exactness of the quadrature formula (14) for f(¢).

We next show the positivity of the weights p;. Using f(¢t) =

(s —t)(1— t)( llcff(t))2 in (14) we obtain

wi0= [

whence py > 0, becausg f(¢) > 0. Similarly, with f(t) =
(a-nt-0 (Qit )

of dvy, ¢(t) we see that p;, > 0.

To see that p; > 0 for ¢ = 1,2,...,k — 1, we use the
polynomial f(t) = (1 — t)(t — £)(s — t)uj_, ;(t) in (14),
where ug_1:(t) = QL5 (t)/(t — Bi). Then

1,¢,s 2
D) dvna(t) >0,

in (14) and the positive definiteness

1
pif(Bi) = / G (1) v () > 0

-1

and f(8;) > 0 implies that p; > 0.

Finally, we prove that the weight pg1 is positive. In this
case we use f(t) = f{"%)(t) in (14) and find that
Jo=pre1f(1) = pry1(1 —s)(1 —0).

Thus it is enough to see that the coefficient f; of fz(Z’g’s)(t)
is positive. We use (12) to obtain that fj is equal to

I3 = 06 =001 - @iy (0 B E= Dy, 1)

+f—1(t_ (t—s) 1€S(t)dﬂn( t) (15)
=15 L= 0 (@) — Qi) dun(),
where p, = i’e(s)/Q}C’fl(s) < 0. Then the last integrand

belongs to F> and in particular its zero-th coefficient is
positive. This completes the proof of the theorem. (]

V. BOUNDING CARDINALITIES AND ENERGIES

In the proof of the positive definiteness of his polynomials
Levenshtein used (see [11, (3.88) and (3.92)]) what he called
the strengthened Krein condition

(t+1)Q ()Q) (t) € F.

We need a following modification.
Definition 5.1: We say that the polynomials {Ql1 ’e(t)}fzo
satisfy (k, ¢)-strengthened Krein condition if

(t—0Q (1HQy (1) € Fs

for every i, € {0,1,...,k} except possibly for i = j = k.
The strengthened Krein condition holds true in Fj' for
every ¢ and j (see [11, Lemma 3.25]). However, the (k,{)-
strengthened Krein condition is not true for every ¢, and for
fixed ¢, is not true for every k.
The main result in this paper is the following. It includes
the analog of Theorem 5.42 of [11].

(16)
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Theorem 5.2: Let n, ¢, k, £ € [—1, ti’?), and s € (t,lc’(,)c, t,lc’f;)
be such that the (k, £)-strengthened Krein condition holds true.

Let Q1“(s)/Qp 1 (s) > Q. (€)/Q) %, (€). Then

(n,E,s)(l) 1
Aq(?’L,S,E) S 2k = = L2k(n7€75)7 (17)
Jo Prt1
where
S (@14 (9) - Q1 ()
Log(n,t,s) =

QP ORN () mQl?(0QM ()
Sk (P (0-@°(0)  Sk-1(Q°(0-Q. 0, (0)
and S; = 37_ri, je{k—1,kk+1}.

Furthermore, for fixed ¢, for h being an absolutely monotone
function, and for M determined by f{"“*)(1) = M fo, the
Hermite interpolant! g(¢t) = H((t — s) Q(Z’Z’S)(t);h) belongs
to Gy, e;n, and, therefore,

k
En(n, M, ) > M(Mgo — g(1)) = M>>_ p;h(B;).  (18)
=0

The bounds (17) and (18) are obtained only simultaneously
by codes which have all their inner products in the roots of
éZ’e’s)(t) and which are, in addition, 2k-designs in F}".
Proof. It follows from the definitions (12) and (13) that
(n,,s) :
5, (t) can be written as

k—1
e(t=0) (@4 1) + @', (0) SRl el (9),
=0

where ¢ = (1 — s)/(1 + ¢1)Ri—1(1,¢,8) > 0 and ¢; =
fQ,lc’[‘(s)/Q,lC’fl(s) > 0 under the assumptions for ¢ and s.
Since Q1“(s) > 0 for 0 < i < k — 1, the polynomial

éZ’e’s)(t) becomes positive linear combination of terms like
(t—0Q ()Q)"(t), where i € {k,k—1} and j < k — 1.
Therefore fz(Z’Z’S) (t) € F>. This and the obvious fQ(Z’["s)(t) <
0 for every t € [¢, s] implies that fz(Z’g’s)(t) € Fpsu

Computing fj as in (15) and then using the representation of
(th)Q}’é(t) by the Christoffel-Darboux formula for j = k—1
and k we get a linear combination of QYOt), i =k—1,k k+
1. Since

! 1,0 ! Tj (tv 1) 1
[ @ @duate = [P0 = 5
where S; = Zgzo r;, we obtain after simplifications the
explicit form of the bound (17).

We proceed with the energ;/ bound. Denote by t; < ty <
.-+ < tg, the zeros of fQ(Z’e’S (t) counting their multiplicity;
i.e., t, = Z, to; = t2i+1 = [’37;, = 1,...,]{7 — 1, and torp = S.
Then g(¢) is a linear combination with nonnegative coefficients
of the constant 1 and the partial products

m
[[¢-t), m=12...

Jj=1

k.

IThe notation g = H(f;h) signifies that g is the Hermite interpolant to
the function h at the zeros (taken with their multiplicity) of f.

Since to;, 7 = 1,..., k, are the roots of Qi’e(t) +a ,lc’fl(t)
(see (12)) it follows from [3, Theorem 3.1] that the partial
products 72, (t —t2;), m = 1,...,k — 1, have positive co-
efficients when expanded in terms of the polynomials Q; ’é(t).
Then g(t) is a linear combination with positive coefficients of
terms (t—ﬁ)Q; ’[(t) le-’e(t) and the last partial product which is
in fact f{"*)(t). Now g(t) € F follows from the validity of
the (k, ¢)-strengthened Krein condition and fQ(Z’E’S)(t) € Fs.

Multiple application of the Rolle’s theorem implies that
g(t) < h(t) for every t € [¢,1) and therefore g(t) € G, o
The explicit form of the bound (18) via the weights p; and
the nodes §; follows from the quadrature formula (14) and the
interpolation conditions. This completes the proof. g

The bound (17) was obtained and investigated for (in our
notations) k£ = 1 and the corresponding ¢ and s by Helleseth,
Klgve and Levenshtein [8]. In that paper, comparisons with
the Levenshtein bound (see [10]) obtained by polynomials of
degrees 2 and 3, and detailed descriptions of all known codes
attaining Lo(n, £, s) can be found.

Acknowledgents. The first author was supported by the
National Scientific Program "Information and Communication
Technologies for a Single Digital Market in Science, Education
and Security (ICTinSES)", financed by the Bulgarian Ministry
of Education and Science; he is also with Technical Faculty,
South-Western University, Blagoevgrad, Bulgaria. The second
author was supported, in part, by the Simons Foundation under
CGM #282207. The work of the third and fourth author was
supported, in part, by the U. S. National Science Foundation
under grant DMS-1516400. The fifth author was supported by
Bulgarian NSF contract DN02/2-2016.

REFERENCES

[1] P.Boyvalenkov, P. Dragnev, D. Hardin, E. Saff, M. Stoyanova. Universal
lower bounds for potential energy of spherical codes, Constr Approx.
44, 2016, 385-415.

[2] P.Boyvalenkov, P.Dragnev, D.Hardin, E.Saff, M. Stoyanova, Energy
bounds for codes and designs in Hamming spaces, Designs, Codes and
Cryptography, 82, 2017, 411-433.

[3] H.Cohn, A.Kumar, Universally optimal distribution of points on
spheres, J. Amer. Math. Soc. 20, 2007, 99-148.

[4] H.Cohn, Y.Zhao, Energy-minimizing error-correcting codes, [EEE
Trans. Inform. Theory 60, 2014, 7442-7450.

[S] P.J.Davis, P.Rabinowitz, Methods of Numerical Integration, 2nd ed.
Academic Press, New York, 1984.

[6] P.Delsarte, An Algebraic Approach to the Association Schemes in
Coding Theory, Philips Res. Rep. Suppl. 10, 1973.

[7]1 P.Delsarte, V.I.Levenshtein, Association schemes and coding theory,
Trans. Inform. Theory 44, 1998, 2477-2504.

[8] T. Helleseth, T. Klgve, V. Levenshtein, A bound for codes with given
minimum and maximum distances, In Proc. IEEE ISIT 2006, Seattle,
USA, July 9-14, 2006, 292-296.

[9] V.I.Levenshtein, Designs as maximum codes in polynomial metric

spaces, Acta Appl. Math. 25, 1992, 1-82.

V. 1. Levenshtein, Krawtchouk polynomials and universal bounds for

codes and designs in Hamming spaces, IEEE Trans. Infor. Theory 41,

1995, 1303-1321.

V.I. Levenshtein, Universal bounds for codes and designs, Handbook of

Coding Theory, V.S. Pless, W.C. Huffman, Eds., Elsevier, 1998, 499-

648.

G. Szeg8, Orthogonal polynomials, Amer. Math. Soc. Col. Publ., 23,

Providence, RI, 1939.

V. A.Yudin, Minimal potential energy of a point system of charges,

Discret. Mat. 4, 1992, 115-121 (in Russian); English transaltion: Discr.

Math. Appl. 3, 75-81 (1993).

(11]

[12]

[13]

1751



