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Abstract

We introduce and study the unconstrained polarization (or Chebyshev) problem which requires
to find an N -point configuration that maximizes the minimum value of its potential over
aset A in p-dimensional Euclidean space. This problem is compared to the constrained
problem in which the points are required to belong to the set A. We find that for Riesz
kernels 1/|x — y|® with s > p — 2 the optimum unconstrained configurations concentrate
close to the set A and based on this fundamental fact we recover the same asymptotic value
of the polarization as for the more classical constrained problem on a class of d -rectifiable
sets. We also investigate the new unconstrained problem in special cases such as for spheres
and balls. In the last section we formulate some natural open problems and conjectures.
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1 Introduction and Statement of Main Results

Let A, B be two non-empty sets, and K : B x A — (—00, 400] be a kernel (or pairwise
potential). For N € N we consider the max-min optimization problem
N

Pk(A,oy) = inf Y K(x;,y), Pk(A,B,N):= sup Px(A,0y), (L)
yeA

i=1 wNCB
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where the maximum is taken over N -point multisets wy = {x1,...,xy} C B.(Note thata
multiset is a list where elements can be repeated.) The determination of Eq. 1.1 is called the
two-plate polarization (or Chebyshev) problem (see Proposition 1.4 below for the link to the
theory of Chebyshev polynomials, justifying this name). For background and motivation of
the study of polarization problems, see [9, Chapter 14]. If A’ C A and B’ C B we note the
basic monotonicity properties

Pk (A, B,N) = Pk (A, B, N), Pk(A, B',N) < Pk (A, B, N). 1.2)

The case A = B of Eq. 1.1, also known as the single-plate polarization (or Chebyshev)
problem for A, has been the more studied so far (see [9, 16, 29]); and for it we introduce
the notation

Pk (A, N):=Pg(A, A, N). (1.3)
A related quantity is the value of the minimum N -point K -energy,' given by
N N
Ek(A =1 iy Xj). .
k(A N)i= inf 37 ) K(xiix)) (1.4)
i=1 j:j#i
j=1

If N> 2, A C B are compact sets and K : B x B — (—00, 400] is a symmetric
function, we have the following relation between the above quantities (see [9, Prop. 14.1.1],
[16, Thm. 2.3])
Ex(A,N+1) _ Ex(A,N)
Px(A,B,N) > Px(A,N) > = . 1.5
K ( ) > Pk (A. N) N P (15)

The goal of this article is to study the case A C B = R? of Eq. 1.1, in which the
configurations wy are unconstrained, and we use the notation

Pi(A,N):=Pkg(A,RP,N) = sup Px(A, wn). (1.6)
oy CRP
Directly from Eq. 1.2 and from the definitions Eq. 1.3 and Eq. 1.6, we find that
Pi(A', N) = P§(A,N) whenever A’ C A, (1.7)

and, for all A C R”,
Pk (A, N) < Pg(A, N). (1.8)
Our results are motivated by the study of the important class of kernels called Riesz s -
potentials:
lx —y|™* ifs >0,

Ki(x,y):={ —log|lx —y| ifs =0, (1.9)

—lx—=y|™ ifs<O0.
In Eq. 1.9, we define K;(x,x) = 400 if s > 0. For brevity we set
P(A, wn) := Pk, (A, 0y), Ps(A,N):=Pk (A, N), P(A,N):=Pg (A N).
(1.10)

Note that the monotonicity property Eq. 1.7 is not true for P;(A, N) (see [9, Sec. 14.2])
which, in some cases, may make the problem P;(A, N) more tractable than Py(A, N).

ISee, e.g., the recent book [9] and recent articles [5], [32]
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We shall refer to Eq. 1.3 as the constrained polarization problem and to Eq. 1.6 as the
unconstrained problem.

The above definition Eq. 1.9 for s = 0 is justified by the results of Propositions 1.2
and 1.3, which say that optimal configurations for Py are the limits as s | 0 of optimal
configurations for the problems P;. The study of s-polarization for large values of s is
related to best-covering problems; the limits of Eq. 1.10 as s — oo yield best-covering
constants, also treated in Propositions 1.2 and 1.3. In preparation for these propositions, we
give the following definitions:

Definition 1.1 If A C R” is a non-empty set, then the covering radius of a configuration

wn = {x1, ..., xy} with respect to the set A is
n(wy, A) =sup min |x —x;]. (1.11)
xeA IS

The minimal N -point covering radius of a set A relative to the set B is defined as
nn(A, B) :=inf{n(wy, A) : oy C B,#wny = N} . (1.12)

The minimal N -point covering radius ny(A) of A and the minimal N -point unconstrained
covering radius 1y (A) of A are given by:

Iv(A) =N (A, A), (A == v (A RY). (1.13)

Proposition 1.2 ([12, Thm. [I1.2.1, Thm.II1.2.2]) If N € N is fixed and A is an infinite
compact subset of RP, then

1
lim (Ps(A, N)'/s = , 1.14
Jim (Ps(A, N)) v (A) (1.14)
lim PAN-N _ Po(A, N) . (1.15)

s—>0F K

Moreover, every cluster point of Ps(A, N)-optimizers in Eq. 1.14 is an optimal configura-
tion for ny(A) and every cluster point of Ps(A, N)-optimizers in Eq. 1.15 is an optimal
configuration for Po(A, N).

The above results have their basis in the observations:

N /s -1
lim Z|xj—a|_s :(min(lxj—a|) and lim
§—>00 i j

J:

|xj —al™ —1
n, f:—loglxj—al.
s—

A generalization of Eq. 1.14 for the problem P (A, B, N) is presented in [9, §14.4]. By
the same proof as in [12], we find the analogous asymptotics for the P; (A, N) problem:

Proposition 1.3 The assertions of Proposition 1.2 hold if we replace Ps(A, N) and
nw (A), respectively, by P (A, N) and ny, (A).
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An important case, which justifies the alternative name “Chebyshev problem”, is the
setting of s = 0, p = 2, namely the study of polarization problems for the kernel
K(x,y) = —log|x — y| in R?, here identified with C. Indeed let A C C be an infinite
compact set. A monic complex polynomial TJO of degree N is called the Chebyshev poly-
nomial of degree N corresponding to the set A if ||T[§,4|| A < ||plla for any monic complex
polynomial p of degree N, where

Iplla := max |p(z)| (1.16)
zeA
is the max norm on the set A. Then denoting by zy, ..., zy the zeros of the polynomial

p repeated according to their multiplicity and using an algebraic manipulation, we rewrite
Eq. 1.16 in the equivalent form

N
1 1
log = log =min ) log——, (1.17)
plla maxzeA]—[jyzl lz — zjl zeA; |z — zjl
which directly gives a proof of the following well-known result:
Proposition 1.4 Let A C C be an infinite compact set. A multiset wy, = {z1,...,2N)

is optimal for the maximal unconstrained polarization problem on A with respect to the
logarithmic potential if and only if T (z) = (z—2z1) - - - (z—2n) is the Chebyshev polynomial
for A.If T,é is such a polynomial, then P§(A, N) = 10g(1/||T1(,“||A).

It is well known that T]é is unique (see [39, Thm. II1.23]), and that by a classical result
of Fejér [20] the zeros of TZ(}4 lie in the convex hull of A; but need not lic on A. For
example, an application of the maximum modulus principle shows that T,@ (z) = ZV is the
unique Chebyshev polynomial for the unit circle A = S'. This observation generalizes to
the principle that optimal unconstrained polarization configurations may accumulate away
from the set A if K(x, y) is superharmonic in y (see Proposition 2.2 below).

We recall (see [31]) that in a very general setting we may relate the two-plate polarization
problem to the so-called continuous two-plate polarization (Chebyshev) constant Tk (A, B)
defined in Eq. 1.19 below. The next theorem describes the large N limit of discrete two-
plate polarization.

Theorem 1.5 ([31]) Let X, Y be locally compact nonempty Hausdorff spaces, A C X be
compact nonempty and B C Y be nonempty, and the kernel K : X x Y — (—o00, 400] be
a lower semi-continuous function. Then

Pk (A, B, N)

lim ———"~ = Tk (A, B), (1.18)
N—oo N
where
Tx(A, B) ;= sup inf/K(x,y)du(y)E(—oo,+OO], (1.19)
HEM | (B) ¥EA

and M (B) is the set of all probability measures with compact support contained in B.
The integral [ K (x, y)du(y) in Eq. 1.19 is called the K -potential of .

Known results relating the discrete and continuous one-plate (A = B) polarization
problems for a continuous kernel directly extend to the two-plate case:
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Theorem 1.6 ([9, Prop. 14.6.6]) Let A and B be two nonempty compact metric spaces,
and K € C(A x B). A sequence {wn}5_, of N -point configurations on B satisfies
Px (A,
lim % — Tx (A, B) (1.20)

N—>oo

if and only if every weak-* limit measure p of the sequence of the normalized counting

measures
1 oo
{v(a)N) = N Z (Sx]
XEWN N=1
is an extremal measure for the continuous 2-plate polarization problem; i.e., it satisfies

Tk (A, B) = inf‘/ K, y)du(y). (1.21)

We remark that there are few results regarding uniqueness of the extremal measure for
the above problem (e.g., see [16], [34], and [37]).

1.1 Main Results

Our first important property can be viewed as a generalization of the aforementioned result
of Fejér [20] for zeros of Chebyshev polynomials. It asserts that for a large class of kernels,
the two problems P (A, N) and Pg (A, N) are equivalent when A is convex. Hereafter,
we always assume A, B C RP, A # @ and let conv(A) denote the convex hull of A.

Proposition 1.7 Let f : [0,4+00) — (—00,+00] be a strictly decreasing function
and let K(x,y) := f(x —y|). If A C R? is a compact set, then any configuration
oy = {x1,...,xn} such that Px(A, wy) = Pi(A,N) < 400 has the property that
x;j € conv(A) foreach 1 < i < N. In particular, if A is convex and P; (A,N) < 400
then wy, C A and Pk (A, N) = Px(A, N).

Proof Assume to the contrary that some point of w}*v, say xi, satisfies x; ¢ conv(A). Then
after replacing x1 by the nearest-point projection mcony(4)(X1), the sum ZlN: 1 K(xi, y)
strictly increases, contradicting the optimality of w3, . O

In the following result and hereafter we denote by #w the cardinality of a multiset @
including repetitions. We utilize the following notation for the € -neighborhood of a set:

Ao = {x e RP : dist(x, A) < €}. (1.22)

Our next result is also a generalization of a well known property of the zeros of Cheby-
shev polynomials T]{} that lie outside the polynomial convex hull of the set A C C. Namely,
for any compact subset F of the unbounded component of the complement of A, there is
anumber M = MF depending only on F such that each TI(} has at most M zeros in F
(see e.g. [35, Theorem II1.3.4]). The proof of the following theorem which concerns Riesz
kernels will be given in Section 3.

Theorem 1.8 Let A C R? be a compact set and assume s > p — 2, p > 2. There exist
Ks,p: Cs,p > 0 depending only on p and s, such that for every € > 0, if P¥(A, N) < +00
and wy, = {x1, ..., xn} satisfies

Pi(A, wy) =PF(A, N), (1.23)
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(i.e., wy is an unconstrained N -point maximal s -Riesz polarization configuration), then

L, ((ConV(A))ecS_p)

epP

#(wn \ Ac) < ks, p , (1.24)

where L, denotes p-dimensional Lebesgue measure on RP.

As a direct consequence of Theorem 1.8, for any compact set B in the complement of
A the number of points of w}, in B is uniformly bounded in N . In particular, we get the
following:

Corf)llary 1.9 Under t{ze hypoth.eses of Th'eor?m 1.8, if (a)j‘\,) Nen S a sequence of uncon-
strained N -point maximal s-Riesz polarization configurations, then any weak* cluster
point of the sequence

1
* N . —
v(@y) = Z 8,  N=1,2,3,..., (1.25)
XE(UN
is a probability measure supported on A.
We now describe new asymptotic results for Py (A, N) for fixed s and N — oo

and their connection to the previously known asymptotics for Ps(A, N). We define the
renormalization factors and relevant asymptotic quantities as follows:

NS/, s>d,
75,d(N) ;= NlogN, s =d, (1.26)
N, s <d,
and
*(A,N — *(A,N
hy 4(A) = liminfL, h;kd(A) := lim sup L (1.27a)
’ N—oo Ts,d(N) ’ N—oo Ts,d(N)
If h¥ 4(A) = Iy 4(A), we set
*(A,N
h;d(A) = lim L (1.27b)

N—oo Tya(N)

For the problem Ps(A, N), the quantities hg 4(A), i_zs,d(A) and hg 4(A) were analogously
defined in [10] and [11].

As a consequence of Theorem 1.8 in combination with a new geometric deformation
technique for optimizers of P (A, N) given in Proposition 4.6, we provide conditions that
the asymptotics of P; (A, N) are equal to those of Ps(A, N). For this purpose, we make
use of the following definition.

Definition 1.10 Let ¢’ > 0 and let p > 0 be an integer. A compact set A C R? is d’-
regular if there exists a measure A supported on A and a positive constant C such that for
any x € A and r < diam(A) there holds

™l <ABx, ) <Cr? . (1.28)

A measure p is called upper-d -regular at x if for some constant ¢(x) and any r > 0 there
holds

w(B(x, 1)) < c(x)rd. (1.29)
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Hereafter, we denote by H, the d-dimensional Hausdorff measure on R”, d < p,
normalized so that the H,-measure of a d-dimensional unit cube embedded in R” is 1.
Furthermore, for a compact set A C R” with 0 < s < dimy(A) (where dimy denotes
the Hausdorff dimension), the equilibrium measure [is 4 is the unique probability measure
supported on A that minimizes

//Ks(x,y)du(x)dM(Y)

over all probability measures supported on A.

Theorem 1.11 For integers p,d such that p > 2, 1 < d < p and A C R? compact,
suppose that one of the following conditions holds:

(1) s > max{d, p—2} and Hqs(A) > 0,
(i) p—2<s <d andforsomed < d < p,theset A is d'-regular and the equilibrium
measure [Ls o on A is upper d -regular at every point x € A.

If the limit h;" 4(A) exists as an extended real number, then the limit hy 4(A) also exists and
hs.a(A) = h;"d(A). (1.30)
Furthermore, if (i) holds, then h ;(A) exists and is finite; consequently Eq. 1.30 holds.

We remark that our method of proof of Theorem 1.11 given in Section 4 requires the
weak-separation result from Proposition 4.2 which makes use of the assumptions (i) and (ii)
above.

Concerning the actual values of the quantities in Eq. 1.30, it is established in [11] (also,
see [9, Chapter 14]) that, for A equal the unit cube in R? and s > p, the limit

os,p = hs p([0, 117) (1.31)

exists as a finite and positive number.

In preparation for the following theorems, we say that a sequence of N -point configura-
tions, denoted Q2 := {wy}n>1, 1S asymptotically extremal for the unconstrained problem if
limy— o0 Ps(A, wn)/PF(A, N) =1, with a similar definition for the constrained problem.

Theorem 1.12 If A C R? is a compact set and s > p, then

Os.p

(@A) = hep(4) = -

(1.32)
Moreover, if L,(A) > 0, then for any asymptotically extremal sequence Q = {wn}n>1
(for either the constrained or unconstrained polarization problem) we have the weak-*
convergence

123 g R, (1.33)
N T L,(A) ’ ’

XiEWN
where Ly|a := L,(- N A) is the restrictionto A of L.
We further note the following:

® The second equality in Eq. 1.32 for s > p improves upon the corresponding
constrained result in [11] which required the additional assumption that £,(dA) = 0.
® For s = p, the second equality in Eq. 1.32 was proved in [10].
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®  Our next result, Theorem 1.14, is a generalization of Theorem 1.12 since the hypothe-
ses of the former are trivially satisfied for d = p. Theorem 1.12 is stated separately
because it plays an essential role in the proof of the more general theorem and is of
independent interest.

® As shown in [16], it is known that o, , = B p» which is the volume of the
p-dimensional unit ball.
As follows by the result of [24] for Ps (St, N), 05,1 =20(s)(2° — 1) for s > 1.

® For p =2,s5s > 2, the conjecture in [11, §2] for o, is equivalent to the conjecture
that oy2 = (3*/2 — 1)¢a(s5)/2, where

1
Ea(s) = Y (1.34)
(m,n)e;{(o,())} ((n +m/2)? + 3m?/4) 2

is the Epstein zeta-function for the hexagonal lattice A C R?.

Theorem 1.12 provides asymptotics for compact sets of full dimension. We next consider
embedded sets for which it is necessary to consider certain geometric constraints. Following
[21], we say that a set A C R? is d -rectifiable if it can be written as ¢ (K) for K C R4
bounded and ¢ : K — R? Lipschitz. We note the following two important properties of
a d -rectifiable set A (see [21, Theorems 3.2.18 & 3.2.39]): (a) if A is closed then H;(A)
equals the d -dimensional Minkowski content M ;(A) (see Definition 6.1 for the definition
of Minkowski content) and (b) for each € > 0, A can be written as the disjoint union

o
A= AUk, (1.35)
j=1

where H4(Ap) = 0, the maps ¢; : K; — ¢;(K;) are (1 4 €)-biLipschitz and K; C
R are compact sets. We remark that any set A C R of the form Eq. 1.35 is called
(Ha, d) -rectifiable. Setting

oo
Re:=AoU | ¢j(K)), (1.36)
j=k+1

we may take k large enough so that H,(Ry) < €.

For € > 0 and positive integers d < p, we say that G is a d -dimensional € -Lipschitz
graph in R” if there is a d -dimensional subspace H C R” and an e -Lipschitz mapping
v H— H~L such that G = {h + Y(h) : h € H}. It is useful to note that given an
isometry ¢ : RY — H, the mapping ¢ : R — G defined by ¢(x) = t(x) + ¥ (t(x)) is a
(14€) -biLipschitz mapping. Now we introduce the following stronger requirement, needed
below.

Definition 1.13 We say that A C R” is strongly (H4, d)-rectifiable if for each € > 0
there exist a compact set R C R? with My (Rc) < € and finitely many compact, pairwise
disjoint sets K1, ..., Kx C R? such that

k
A=R.U|JK; (1.37)
j=1

where each K ; is contained in some d -dimensional ¢ -Lipschitz graph G; in R”.
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As shown in Lemma 7.4, a compact subset of a C' -manifold of dimension d contained
in R?, d < p,is strongly (H,4, d)-rectifiable. It can be shown that any strongly (H4, d)-
rectifiable set is (Hg, d) -rectifiable.

Theorem 1.14 Let d and p be positive integers with d < p, and A C R? be a compact
strongly (Ha, d) -rectifiable set. If s > d, then

Os.,d

hoa(A) = B g(A) = — 24
¢ [Ha(A)]"

(1.38)

Moreover, if Hy(A) > 0, then for any asymptotically K;-extremal sequence Q =
{wn}n>1 (for either the constrained or unconstrained polarization problem) we have the
weak-* convergence

1 x Hala
~ Z Sy, (A as N — oo, (1.39)

X EWN

where Hgla := Ha(- N A) is the restriction to A of the Hausdorff measure H.
1.2 Outline of the Paper

Section 2 includes some results and conjectures for unconstrained polarization on the circle
and on higher dimensional spheres. Sections 3, 4, 5 and 7 are dedicated to auxiliary results
and proofs of the main results stated in the introduction. Section 6 contains a bound of
independent interest, stated in Proposition 6.2, and later used in the proof of Theorem 1.14
in Section 7. Finally, in Section 8 we discuss some open problems related to polarization.

2 Results for the Case of Spheres SP~1 c RP

This section is dedicated to results for an important special case, the unconstrained polar-
ization on the unit sphere SP~! C R”. We start with the following simple result, valid for
rather general kernels.

Proposition 2.1 Let f : [0, +00) — (—00, 400] be a strictly decreasing function and
Kx,y)=f(x—=yD.If p=22, L <N < pand o}, = {x1, ..., xn} satisfies

N
* qp—1 — X
P (SP=',N) = min ;Z] K(xi,y), (2.1)

then xj =0 forall 1 < j < N.

Proof Let N > 1 be the smallest natural number such that there exists an N’-point con-
figuration a)*N, = {x1, ..., xn/} satisfying Eq. 2.1 such that for some 1 < j < N’ there
holds x; # 0. We will prove by contradiction that N' > d + 1, which is equivalent to our
statement.

Up to reordering the points, there exists k € {0, ..., N’} such that

xj#0forj=1,...,k, xj=0forj=k+1,...,N".
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Let “’9\/’ :=1{0, ..., 0} the configuration composed of N’ instances of the origin. Then
0< Pr(SP™ ! on) = Px (8" o) = Pr(SP ! {xr i) = P (8P o) . (22)
thus by the minimality of N” we obtain k = 0, and all points in @}, are away from the
origin.
As f is decreasing, for each x € R” the set Sy composed of all points y at which the

potential generated by O is higher than that generated by x is a half-space containing the
origin. More precisely,

Sy ={yeR\: KO0,y)>Kx,»}={yeR: (x,y) <Iyl/2}. (2.3)

The intersection of N half-spaces Sy, ..., Sy, is a convex set containing the origin. If

N’ < d + 1 this intersection is also unbounded, and thus it intersects SP~! at some point
yo - Therefore, using Eq. 2.3, for N’ < d + 1 we find

VI<i<N', K@ y0) > K(xj,y0) . 24

Summing up the inequalities Eq. 2.4, we find a contradiction to Eq. 2.2, and thus N’ >
d + 1, as desired. O

By Theorem 1.8, for subharmonic Riesz kernels (i.e. for s > p —2 > 0), points do not
accumulate away from A. In contrast, the following result demonstrates that the opposite
property can hold for superharmonic Riesz potentials. This proposition generalizes a result
from [16].

Proposition 2.2 Fix p > 2 and s € (—oo, p — 2]. If the compact set A C R? is such that
SPlcAcB’, 2.5)

where BP denotes the unit ball in RP centered at the origin, then a multiset a)j{, =
{x1,...,xn} C R? satisfies

Py(A, 0y) = P{(A,N), (2.6)
ifand only if x; =0 forall i € {1,..., N}.
Proof We first note that for all —oco < s < p — 2 the function K;(x, y) = fi(|x — y|) as
defined in Eq. 1.9 is superharmonic in x and in y separately.

Step 1. The case A = SP~!. We consider the case A = SP~! first. Let wy =
{x1,...,xn} and y* € SP~! are such that there holds

N
PSP N) = PHSP T op) = ) Ko, yY) 2.7)
i=1
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We assume that the points composing w}, are ordered so that for some 0 < < N there
holds x1,...,xn, # 0 and xyy4+1 = --- = xy = 0. For any choice of yy € SP I and
denoting pso(p) the right-invariant Haar measure on SO (p), there holds

Ny No

PASPT o) = N() = ZKs(x,,y )= Nofy(1) = min Zfs(lxz —yD) = Nof(D)
/ va |xi — RyoDdusop)(R) — No fs(1) (2.8)
S0(p) ;

/;0( )Zfs(lR xi = Yoldusop)(R) — No fs(1) 2.9
p

No
_— N - dH _ _N s 1
Z Hp- 1(33(0 1xi1)) Jago. \x,\)f(lx YoDdH p—1(x)=No f5(1)

i=1

, (2.10)

//\

where in Eq. 2.9 we used the fact that rotations R € SO(p) preserve distances and in
Eq. 2.10 we used the fact that fs(|x — y|) is superharmonic in x. By Eq. 2.7 this shows that
the choice x; = 0 forall 1 < i < N, realizes the optimum in P;(SP -1 wy) . On the other
hand, in order for w}, to be an optimizer, inequalities Eq. 2.8 and Eq. 2.10 must become

equalities, thus the value ZINZOI fs(lx; — y|) is constantin y € S? —1 and hence the multiset
wj is invariant under rotation. This in turn is possible only if all the points x; are at the
origin, as desired.
Step 2. The case A = BP. In this case by Proposition 1.7 we have that the problem
reduces to the classical constrained polarization, and the statement was proved in [16].
Step 3. General case SP~' ¢ A c B”. Due to Eq. 1.7, Eq. 2.10 and Step 2, we have

Pi(A, N) = Nfs(1) as well. For any multiset {x1, ..., xy} there holds
N N N
min 3 KoCen ) SR D oK) < min 3 oK), @D
which implies that the multiset with x; = 0 forall 1 < i < N is an optimizer for

P¥(A, N). If by contradiction a distinct optimizer would exist, then it would be an opti-
mizer also for P¥(SP~!, N), which is excluded by Step 1. This concludes the proof of
Proposition 2.2. O

The following proposition describes the case where s > p—2, s # p—1, and establishes
that P} -optimal configurations wy, for S” ~! lie at a positive distance from SP~!. We
conjecture that the result continues to hold for s = p—1, but the proof is left to future work.

Proposition 2.3 Let p > 2 and s > p — 2, s # p — 1. Then there exists a constant
C > 0 depending only on s and p, such that for any N -point multiset wy, satisfying
Py(SPY, wh) = P}(SP~, N) there holds

dist(@y, SP~1 > CN~H =D | (2.12)
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Proof For the proof, we will use Proposition 4.5 below, with s, p as in the statement of
the lemma and A = SP~!. We need to verify that the hypotheses of Theorem 1.11 (which
are inherited by Proposition 4.5) hold. Note that by Proposition 3.1, the equilibrium mea-
sure pg gp-1 is the uniform measure on SP=1 and that Hp- 1(SP~1) > 0. Therefore the
hypotheses of point (i) from Theorem 1.11 holdif p —2 < s < p — 1 and the conditions
of point (ii) from the same theorem hold if s > p — 1.

By Eq. 4.4 of Proposition 4.5 there exists a constant C1 > 0 independent of N such that
the minimum value

PHSP~L, N) = min Z x—y|~*

yesr!t

is not achieved at y € B(x, CN~Y/®=Dy  Since the function |x — y|™* is continuous
away from the diagonal, there exists € > O such that

Z X =y > PISPTLN) €. 2.13)
yeB(xp, C]N 1/(p— 1))

We claim that
xo € conv(SP~!\ B(xg, C;N~1/(P=Dy), (2.14)

Assume by contradiction that this is not true and that
dist (xo, conv(SP~'\ B(xo, C1N’1/(”’1)))) 0. (2.15)

Let x(’) # xo be the projection of x¢ on conv(SP~1\ B(xg, CiN~V®=Dy) Since |x —y|~*
is decreasing in |x — y|, we find that for any x in the segment (xo, x{] there holds

¥y € ST\ Blxo, CINTVPTD) 0 Y T =y < YT =y T g -yl
xewy, xewy, \{xo}
(2.16)
On the other hand, by Eq. 2.13, Eq. 2.15 and by the continuity of |x — y|™ for x “y,
there exists an open neighborhood U, of xg in the segment [xg, xo] such that for x e Ue
there holds

Yo =T A =y = PEETT L N) €2, (217)

min
=1/(p—1)
Y€B(x0,C1 N )xewj‘v\[xo}

By Eq. 2.16 and Eq. 2.17 there holds P (SP~!, (w}§ \ {xoD U{x}) = P(SP~!, N) +€/2,
giving the desired contradiction to Eq. 2.15. Thus Eq. 2.14 holds.

It follows that for any point y € 3B(xg, CiN~YP=DynSP=1 there holds (xg—y, xo) <
0 and thus 1 = |y| < |xo|® + |x0 — y|2 Ixo|? + C2N~2/(P=D from which it follows that

Ixol < /1= CIN-2(P=D g _TN 2/(r=1 and the thesis follows with C = C3/2. O

The next result states the equivalence of constrained and unconstrained covering
problems, which is a well-known property of spherical coverings:

Proposition 2.4 Let p > 2 and N € N.

® If N < p, then a configuration realizing the infimum ny, (SP~ Y in Eq. 1.13 is given
by taking all the N points at the origin of RP.
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® IfN > p+1, then for every configuration wy = {x1, ..., xy} C SP~L that real-
izes the infimum nN(SP_l) in Bq. 1.13, then w}, = {ryx1,...,ryxn} realizes the

infimum 1%, (SP~1) inEq. 1.13 for ry = /1 — (})2(SP~1). Furthermore,

1
)2 SP™H = ndSPhH - ansp—l). (2.18)

Proof It is not difficult to verify that S~ cannot be covered by p balls of radius less than
1. This can be proved by induction on the dimension using the fact thatif r € (0,1),y €
R”, then SP~1 \ B(y, r) contains a congruent copy of SP—2 as long as p > 2, and the
observation that S° = {41} requires at least two balls of radius r to be covered. It follows
that % (SP~!) = 1: a configuration realizing this infimum is given by the case when all the
N points are at the origin of R” . This proves the first item of the proposition.

If N > p+1 then ny(SP~") < /2 and n%(SP~!) < 1, a bound shown by rough
estimates for competitor configurations for 7y (SP~!) where p 4 1 of the points form a
regular simplex, and those for 1}, (SP~1Y sit at centroids of the faces of such simplex.

In order to compare the two covering problems with minima 7y (SP~1) and ny (S )
for N > p+1, we introduce some notations, as follows. For y € B?\{0} the set d B(y, p)N
SP~1 is nonempty if and only if p € [1 — |y|, 1 + |y|]. For these choices of y, p, we note
the following:

®  3B(y,p)) N'SP~! is a congruent copy of a (p — 2)-dimensional sphere of radius

APy PH1=p?)

given by f(|yl|, p) = 20 . Moreover, for fixed p € (0, 1) the function
(1 —p,1) > |y| = f(lyl, p) achieves its unique maximum, equal to p, at |y| =
V1=p2.
® There holds B(y,p) N SP~' = B(y/|yl.p) N SP~', with 5 = A (lyl.p) =
102—(|1—||y\)2
y

get p = V2,1 —/1-— 0%, which is increasing in p.

Now for N > p+ 1 let oy = {x1,...,xn5} C SP1 be at optimizer configuration for
nn(SP~1), in particular

. Moreover, we note that in the above range of p, for |y| = /1 — p? we

N
| BGxj. nnvsP~h) o 5P, (2.19)
j=1

and define simlarly to the claim of the second bullet in the proposition
1
pl=my @ = Iy and = V1= (02, (2.20)

With this notation the balls B(r'xj,p"),1 < j < N cover SP=1 . Indeed,
B(x;, nn(SP~H) NSP=! = B(r'x;, p') N SP~! and the claim follows from Eq. 2.19. This
implies that o’ > n;‘v(Sl’_l) as well. Also note that

fG.p)y=p" and p(', p)=p(/1—(p)2 p) =nn(SPTH. (2.21)
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We next prove that p’ = n} (S” —1y, which directly implies Eq. 2.18. Assume that this
were not true, and that we had p’ > 7% (SP~!). Then there would exist 5 < p’ and a
configuration {yi, ..., yny} C B? \ {0} such that

N
JBG.5>s7 (2.22)
j=1

Up to moving some of the points radially, we may suppose that |y;| are all equal to

/1 — p? at which the function f(-, p) achieves its maximum. Since p > p(y/1 — p2, p)
is increasing, we find that

P11 =702,5) < p(/1—=(ph2, p)) = nn(SPH), (2.23)

where we used Eq. 2.21. But due to the geometric interpretation of p and to Eq. 2.22, we

also have that

N

UB(y—’,ﬁ( 1—5&5)) >,
i |yl

which implies p(y/1 —p2,p) > nny(SP~1), which as desired contradicts Eq. 2.23.
Therefore we have p’ = 1% (S” =1, and the second bullet of the proposition follows. O

2.1 Resultsfor S' c R?

For S! it is easily seen that the minimal N -point covering optimal configurations con-
strained to S! are given by the vertices of the inscribed regular N -gon. In the case of the
minimal N -point unconstrained covering we prove the following more precise version of
Proposition 2.4:

Proposition 2.5 The configurations wy, realizing the infimum in the definition of ny, (SH
are, up to rotation, the following.

For N =1, of = {0}.

For N =2, w5 ={0,0}.

For N = 3, w}, consists of the midpoints of the sides of the regular N -gon inscribed
inS'.

Proof The cases N < 2 of the statement follows directly from Proposition 2.1 by using
Proposition 1.3. Therefore we assume N > 3 for the rest of the proof.
The midpoints of the sides of an inscribed regular N -gon are given by

pj := (cos(/N)cos(0+2mj/N), cos(mt/N) sin(0+2mj/N)) € R?, forj e {0,...,N—1},
(2.24)

where 6 € [0, 2t/ N) gives the orientation of our N -gon. A closed disk of radius sin(z/N)
centered at p; covers the interval I; := {(cos¢,sin¢) : ¢ € [0 + (2j — )x/N,0 +
(2j + 1)m/N1]} inside S!, thus the union of all such disks covers the unit circle S!. Note
that S! N B(x, r) is always an arc of the form

160, p) :={(cos ¢, sing) : ¢ €[6p—p, 0+ pl}. (2.25)
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By direct computation of the local minimum, we find for 0 < p < 7/2
min{r > 0: 3x € R%, I(6p, p) =S' N B(x, r)} = sin(p) , (2.26)

and the unique x realizing the above minimum is the point (cos(p) cos(6p), cos(p) sin(6p)) .
Further, we have that for fixed N if N arcs (0}, pj),j=1,..., N cover S! then

N

20; =2 and max p; =>n/N,
X} Pj = léjSNpJ/ /
]:

and thus
N

min{p>0: 30, p1.....08. o5, | JIB;.p))=S", max p;<p} =n/N,
o 1, P1 NpNLJl(]pj) | Dax LIS P /
j:
2.27)
and the minimum is realized by a collection of equal intervals. Noting that for p <
w/N,N = 3 the function p — sin(p) is increasing, we find that as a consequence of

Eq. 2.27 and Eq. 2.26, there holds

N
min{r > 0: Joy = {x1,...,xn5}, UB(x,-,rj) oSt lgl_aerj <r¢ =sin(w/N),

<<

j=1

and the minimum is realized by the points p; from Eq. 2.24. This completes the proof of
Proposition 2.5. g

For N -point constrained Riesz s -polarization on S', it is proved in [24] that optimal
configurations are again equally spaced points on S', for each 0 < s < oo. The proof
of Proposition 2.6 below follows the strategy of [24]. For related results, see also [1, 2,
16] and [18]. For the unconstrained s -polarization we have not yet determined the precise
optimizers a)}*\,y , - However, numerical evidence (see Fig. 1) strongly suggests that for N > 3
the configurations form a regular N -gon inscribed in a circle of radius 7x ¢ < 1, where

2j + D\~
2N :

N

FN,s 1= arg max (r2 +1—2cos (2.28)

rel0,1] <=

We remark that for fixed N > 3, Propositions 1.3 and 2.5 imply that as s — 0o maximal
N -point unconstrained polarization configurations “’}kv,s (with one of the points fixed at 1)
approach the midpoints of the sides of a regular N -gon in S!.

Under the extra assumption that the optimal configuration w} ; lies on a concentric
circle with radius r satisfying Eq. 2.38, we are able to establish the above conjecture, based
on the following result, which is of independent interest and improves the main result of
[24] by removing the convexity condition for f on the interval (0, w/N].

If we take t € [—m, ] to parametrize the counterclockwise signed angle between two
points x, y € S!, then the geodesic distance between x and y is given by distgi (x, y) :=
min{|¢], |27 — t]}.

Proposition 2.6 For x,y € S! let distqi(x,y) € [0, 7] be the geodesic distance (or
smallest angle) between x,y, and set K(x,y) := f(distgi(x,y)), for f : [0,7] —
(—o0, +00], and assume that the following hypotheses hold:

(i) the function f is strictly decreasing on (0, w] and convex on (%, ],
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N =8,8= 0.?, Folarlzatllon = 8.031 7‘94. Nloc = B N = 8, s = 2.2, Polarization = 19.496082, Nloc = 8
" s i T T : T
0.8 - 0.8} * *
- . o s
0'6 o - 0‘6 b
04r - 04r . -
02} . 02+
.
o ol .
.
02Ff ¢ 0.2r
04+ 04} * :
0.6 = . . 0.6
08 = 081 - 5
At . Af .
-1 0.5 0 0.5 1 -1 0.5 0 0.5 1

Fig. 1 Numerically computed optimizers w}, (black points) for unconstrained Riesz s -polarization for St

and points on S! where the minimum of the s -potential is attained (red points) for N = 8 and the values
s=0.2and s =22

(ii) for the configuration wyeq C S! given by x; = !N for k = 1,..., N, the min-
imum value Pk (wp eq) is achieved at the midpoints of the arcs between successive
DOINtS Xy, Xi+41-

Then any configuration wy C S! that satisfies Pk (S!, wx) = Pk (SY, N) equals ON eq,
up to rotation.

Proof We recall that the proof in [24, Thm. 1] consisted of starting from a general N -point
configuration xp, ..., xy € S', initially ordered in counterclockwise manner, and apply-
ing a sequence of N elementary moves to the points (see [24, Lem. 5]). The elementary
moves are denoted T} with 1 < k& < N, A} € R. The move TA; leaves the posi-
tions of xi, ..., Xk—1, Xk+2, - . ., Xy unchanged, and replaces the points x; and xz4; (with
indices taken modulo N') by new points x,/( = xke_mlf and x,’{_H = kaeiA,f , respec-
tively. A simple linear algebra argument shows (see [24, Lem. 5]) that there is a sequence of
elementary moves such that:

(a) p=z0fork=1,...,N,
(b) There exists 1 < j < N such that A*,f =0,
(c) The composition ta* 1= TAf, O o’rAT sends wy to a rotation of the configuration

ON,eq-
We first assume that none of the elementary moves change the counterclockwise ordering

of the points. Let x* denote the midpoint of the arc between ta=(x;), Tax(x;41) for j as
in (b). By the above properties, we can prove by backwards induction on & that

min  distg (v, ) > . (2.29)

)'EfAzo“'OTAT(wN) N

Indeed, this is true for k = N due to item (c) above; furthermore, if it is true for k = n for
some 2 < n < N then due to items (a), (b) then it also holds for k =n — 1.
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Next, as in [24, Lem. 4], we prove that the potential generated by the points increases
on the arc y; n going from x; +le”T/ N to x,ie"”/ N in the counterclockwise direction,
during the move TA:- Towards this end, let x € yx n and consider £, = distg (xg, Xx),
4, = distg1 (x, x), €xq1 = distgi (41, ), and €| = distg (x,/(H,x). Without loss of
generality we may assume £ < £, in which case we note that

G =€ — Afand €, | < leyr + AL (2.30)

Extending f as a decreasing convex function on [ /N, 0co) and using £; < £i41, it follows
that

[f €)= @] + [F &) = FO] = [f €1 + AF) = fCrr1)]
+[fle = A — f)] = 0. (2.31)

Due to Eq. 2.29, x* belongs to all the intervals y4 y as above, fork =1,..., N,k # j.
As a consequence of the inequality Eq. 2.31, during the sequence of moves as in the above
steps (a),(b),(c) the value of the polarization potential at x* increases. Thus we have

Pr(oy) < Y f(distg(e.x) < Y f(distgi (x,x%) = Pr(oyeq).  (232)

XEWN XEWN eq

where for the last equality we used hypothesis (ii). This shows that wpy eq is an optimal
configuration, as desired.

If not all of the elementary moves preserve the counterclockwise ordering, then we mod-
ify the above argument by considering compositions of moves 7, A+ := T, A% OO TyAY,
k = 1,...,n, for t > 0 sufficiently small so that the ordering is preserved (see
[24, Lem. 6]) at each step and such that Zzzl th=1.

If f is strictly convex on [r/N, r], then the fact that in the middle inequality in Eq. 2.32
the equality holds, implies that during all the moves all the terms as in Eq. 2.32 are zero,
which can only be true if A7 =0 for all k, showing that wy = wp eq up to rotation in this
case. O

The following lemma gives two important cases in which the hypothesis (ii) from
Proposition 2.6 holds, the second of which is due to Nikolov and Rafailov [30, Thm. 1.2

Dl
Lemma 2.7 Let K : S' x S! — (—o00, +00] be given by K (x,y) = f(distgi (x, y)) fora
fixed function f : [0, 7] — (—00, +00]. Assume that we are in one of the following cases:

(i) the function f satisfies the hypothesis (i) of Proposition 2.6 and furthermore
o (105 (% -0)) =25 (5
ee[?fg}/v](f( )+ (T (%)
(ii) there exist R, s > 0 such that f(t) = (R%> 4+ 1 — 2R cos(r))~*/2.
Then hypothesis (ii) of Proposition 2.6 holds, namely

N N
min K(ei%,y) :ZK(ei%,e’%). (2.33)
ves' o k=1

Proof The proof of the claim in the case (ii) is precisely [30, Thm. 1.2 (1)], therefore we
need to prove the claim in the case (i) only.
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Let x; = eith for k = 1,..., N. By symmetry, we consider the values of
Z/iv=1 f(distgi (xx, y)) only for y = ¢ with 6 € [0, /N]. We split wy eq into pairs
of points xx, xy—x,for k = 1,..., [ N/2], to which we add, if N = 2n — 1 is odd, the
potential f(distg1 (x,, y)) = min{|w — 6], |w 4 6|}. The latter potential has a minimum at
6 = 0 due to the decreasing nature of f. For the remaining pairs of points, we claim that
the potential of each pair has a minimum at 8 = 0 as well, and by superposition this will
prove the claim.

The points xx, xy_i generate at ¢'? the joint potential equal to

. i0 . i 2k —1 2k +1

1 (dlstgl(xk, e )) +f (dlStSI (XN_t, € )) = f ( 7 — 9) tf ( T +9> .

(2.34)
For k =1 this is minimized at & = 0 by the second hypothesis on f from the statement of
the proposition, whereas for k > 1 we may use the convexity of f to obtain that (f(a) +
f®)/2 > f((a+b)/2) fora= 2k —1)n/N —0 and b = 2k + 1)m/N + 6, in order
to show again, using the symmetry of the configuration that the minimum is achieved at
6 = 0, as desired. O

Corollary 2.8 Let s,r >0, N € N, A=S!, B=rS!, and define

_ 2 2)2 2
s (l+r)+\/(l;—r) +4r2s(2 +5) 2.35)
rs

and

Ry = % sec(r/N) (s sin?(w/N) + 2 + \/sinz(n/N) (s +2)?%—s2 cosz(n/N))> .

(2.36)
If N,r, and s satisfy
cos(m/N) < Xy, 2.37)
or
Ry <r <R, (2.38)

then any wy, C B such that Py(A, wy) = Ps(A, B, N) equals, up to rotation, the regular
N -gon inscribed in the circle B.

Proof The function f;(0) = (1 + r2 — 2rcosf) /2 is decreasing for 6 € [0, w].
Differentiating f; twice gives

iy = 15 20 r?) cosf + r(—4 + 2s(cos? 6 — 1))

2 (1472 —2rcosf)2+s/2
Letting g(r, 5, x) := 2(1+r2)x +r(—4+2s(x>—1)) then f!'(9) is positive on any interval
where g(r, s, cos0) is negative. Noting that g(r, s, x) is an increasing function of x (with
r and s fixed) for x > 0 and that g(r, s, x,5) = 0 shows that g(r, s, x) < 0 if and only if
x € [—1, x,5]. Hence, if Eq. 2.37 holds, then f; is convex on [7/N, 7] C [arccos x; s, 7]
and so we may use Proposition 2.6 to prove that any wy C B such that P;(A, w}) =
Ps(A, B, N) must consist of N equally spaced points in the circle B.

To complete the proof we show that Eq. 2.38 implies that Eq. 2.37 holds. Towards this
end, let

s+2—sx2:|:\/(1—xz)((s+2)2—s2x2)
Tys *= s
’ 2x
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denote the solutions to g(r, s, x) = 0 for fixed x > 0 and s and note that g(r, s, x) < O for

- + -t = =t —1 -
res <r<rigand oo =1.Observe that Ry ¢ = Teos(x/N).s and RN,s = Teos(n/N).s *

Therefore, if R;,ls < r < Ry, we have g(r, s, cos(r/N)) < 0 and so it follows that
cos(m/N) < x5 1.e., that Eq. 2.37 holds. O

Note that, due to the fact that |x —y|™* is symmetric, up to inverting the roles of A, B we
can restrict to the case r € [Fn ¢, 1], where 7y ¢ is as in Eq. 2.28. We found good numerical
evidence (as shown in special cases in Fig. 2) that for s > O there exists No(s) € N such
that for all N > Ny(s) there holds R;/,ls <N, s <1 < Ry, therefore the range Eq. 2.38
of r in which Corollary 2.8 applies includes the expected radius 7y ¢ from Eq. 2.28. We
found numerically that No(s) =2 for s > 0.7.

3 Proof of Theorem 1.8

We first prove an auxiliary result, Lemma 3.3, and then proceed to the proof of Theorem
1.8. This result in turn uses the result stated in Remark 3.2, a special case of Proposition 3.1.
A result similar to Lemma 3.3, with a non-sharp version of bound Eq. 3.6 below, and with
an additional convexity requirement on the set A, appears in [33, Thm. 2.3]. What allows
us to obtain a stronger result are two ingredients: (a) the precise statement on homogeneous
spaces of Proposition 3.1 and, in particular, the study of the case of spheres described in
Remark 3.2; and (b) the fact that we don’t need to restrict to convex sets A simplifies our
constructions.

Let G be a locally compact topological group. We recall that a metric space X is a
homogeneous space with group G if there exists a transitive G -action on X, i.e., for each
x,y € X there exists g € G such that g(x) = y. In this case we may assume that there
exists a subgroup H C G such that X = G/H , endowed with the canonical multiplication
action of G (see [28]). In this case G acts on X transitively. If G is compact, then we
denote by Hx ¢ the unique probability measure on X that is invariant under each g € G,
which is the projection of the Haar measure of G .

Proposition 3.1 Let G be a locally compact topological group and X be a compact homo-
geneous space with group G andlet K : X x X — (—00, +00] be a lower semicontinuous

100 1.0 "
0.8;— sl v

06/ ] 06

O.Ai 0.4

0.21. 02

ool 20 40 60 80 100 N 00 20 40 60 80 100"

Fig.2 Graphs of ry s from Eq. 2.28 (blue dots) and R;/,ls from Eq. 2.36 (orange dots) for s = 1 (left) and

s = 5 (right) as N ranges from 3 to 100. In both cases, R;,_]S < I'y,s , therefore the range Eq. 2.38 of r in
which Corollary 2.8 applies includes the expected radius 7y ¢ from Eq. 2.28
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kernel that satisfies K(g(x), g(y)) = K(x,y) forevery x,y € X and for every g € G.
Then the continuous single-plate polarization problem

Tk (X) := max min/.K(x,y)d/L(x) (3.1)
HeM (X) yeX

is realized by Hx.G. Moreover, a probability measure uw € M (X) is an optimizer of
Eq. 3.1 if and only if the K -potential of 1 is constant on X, and we have

/K(x, Vdu(x) = / Kx,y)dHx c(x)=Tk(X) forally € X. 3.2)

As emphasized in Remark 3.2, polarization-optimizing measures need not be unique.

For use in the following proof, we introduce the notation fyu € M(Y) to denote the
pushforward of a Radon measure y € M(X) by the measurable function f : X — Y, and
is defined by requiring that, for every test function g € C°(Y), there holds

/ e (y) = / e(FENAR().

Proof Using the fact that Hy ¢ and K are G -invariant and G acts transitively on X,
we find that for any x,xp € X, there exists gy y, € G such that g, ,,(x) = xo,
(gx,x)#Hx,c = Hx,g and for any x” € X, there holds K (x, x") = K (x0, gx,x,(x)). This
allows us to write

/K(x,X’)de,G(x/) = fK(XO»gx,xo(x/))dHX,G(x/)

= /K(xo,x/)d ((8x.xp)#HMx,6) (X)) :fK(XOsx/)dHX,G(x/)~
(3.3)

Using Eq. 3.3 and the fact that Hx ¢ and p are probability measures, we may compare the
minima of the potentials generated by p and Hx g as follows:

rvréi)r(l/K(x,y)du(x) < //K(x,x’)dM(X)de,G(X’)=//K(x,x/)d’Hx,c(X’)du(x)

Bq. 33 / K (x0, x)dHx,6(x') = min / KO, xNdHxo(x). (3.4
ye

This shows that Hy ¢ realizes the maximum in Eq. 3.1, and thus Eq. 3.2 holds. If the
minimum in Eq. 3.4 is not achieved at all points y € X, then a strict inequality holds in
Eq. 3.4 implying that u is not a maximizer. O

Remark 3.2 We note, as a special case of the above, that we could take K (x, y) := (x, y)k
with £ € N an even integer, X = SP~!and G = O(p), where O(p) := {M € RP*P ;
M' = M~} is the group of orthogonal matrices, acting on X by M(x) := M - x. In this
case the optimal K -polarization can be explicitly computed. Denoting by o the uniform
measure on S~ we have

|SP—2|B<k+1 p—1)_LF(§)F('%1)
|Sp—1] 202 ) Um r(l’* ’

T(.’.)k (Sp_]) = / (x0, x/)kdé‘ xH=
" 2

=~
N—"

(3.5
where B(-, -) denotes the Beta function and |Sd| is the surface area of S9.
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As a special case which will be used in the proof of the next lemma, (see Fig. 3) we
note that for k = 2 the above expression gives T<,’,>2(SP_1) = 1/p, and this value is
also achieved as the continuous single-plate polarization of the measure u, = (p +
nH-! Z,I-):o 8y, » Where op, = {vo, ..., vp} is the (multi)set of vertices of a regular sim-
plex inscribed in SP~!. This fact is a consequence of the property that wa , is a spherical
2-design, see [15].

Lemma 3.3 Let p > 2 and A C R? be a compact set. Then for each s > p — 2, there
exists a constant 0 < ¢, , < 1/2 depending only on p and s such that if N is an integer
such that P;(A, N) < +oo, then for any P{(A, N)-optimizing multiset wy, and any
X € R\ A there holds

#[wy N B (%, ¢ pdist(£, A))] < p. (3.6)
Remark 3.4 Regarding the sharpness of the lemma, Propositions 2.1 and 2.2 show that the
bound in Eq. 3.6 cannot be replaced by p — 1 when A = SP~1,
Proof of Lemma 3.3: Step 1. To simplify notation, we write
r = dist(x, A) > 0. 3.7
For ¢; € (0, 1/2), assume that w}, contains p + 1 points inside B(x, c1r), say
X0, ..., Xp € B(X,c1r) . 3.8)

Our goal is to prove that there exists a constant ¢y, < 1/2 such that ¢ < ¢, gives a
contradiction to the minimality of w}, .
Step 2. For ¢» > 0 consider the new configuration

oy = oy \ (xo, .. x5t (E+crws,), where ¥i=——> "x;, (3.9

Fig. 3 Idea for the proof of Lemma 3.3, for p = 3: (left) the four points in the small sphere, create, in the
grey area, a potential close to 4 times the one of a charge in the center; (right) after moving the points out to
form a regular simplex, the potential in the grey area is then increased, as can be shown by using the Taylor
expansion of the potential, using the assumption that s > p — 2
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and wpa,, is as in Remark 3.2, the set of vertices of a regular simplex inscribed in S” -1
For y € R?, define
1
fy(x) = ——.
’ ly — I
We will consider the following Taylor expansions of f, around x under the condition that
¥ < g1 =yl
(x,x —y) Ra(x)
|)E _ y|.v+2 |)E _ y|s+2
(LT —y) s DTy —PIF -y Rak)

= fH(X) —s= + = - +— ;
fy X — y|s+2 2 I — y|s+4 X — y|s+3

(3.10)

HE+x) = fi(x) —s

(3.11)

where for some constants y; , > 0 depending only on p, s we have
IR2(0)| < ysplx* and  |Ra(x)] <y, plxl. (3.12)
Step 3. As discussed in Remark 3.2, for k = 2 we have T<_,_>2(SP_1) = 1/p, which is

attained by the regular simplex w,, . Therefore the condition s > p — 2 can be rewritten

as (s + 2)T. .y (SP~1) > 1. Thus there exists a positive number &5 , > 0 depending only
on s, p such that if v; denote, as in Remark 3.2, the vertices of a regular simplex inscribed
in SP~! | then

XL
a j; : D iy —1=(+2T 2" ") = 1> 26, forall yesSr~'. (3.13)
» . ,
i=0
Now note that for any v € R? there holds
p P p
s+2 2 22, 12 1 2 22
v; =0, corvi, v)° = (1428 ,)c5r |v|©, —— oorvi|© = c5re,
;, p+lz<z,> (1426, p)c3r? o] p+1E|z,| 5
=l =0 i=0
(3.14)
where for the middle inequality we used Eq. 3.13. From the assumption Eq. 3.8, since
¢l < ¢5,p < 1/2 and X € conv{x, ..., x,} C B(X, cir), we obtain
min|x —y| > (1 —c))r > r and max |x; — x| < 2cyr. (3.15)
yeA 2 0<j<p

Conditions Eq. 3.15 and the fact that wa, C SP~1 allow to obtain that for ¢; < 1/16 and

¢y < 1/4 the conditions |x| < %|)€ — y| required for Eq. 3.11 and Eq. 3.12 to hold are
satisfied for x = x; — x and for x € corwa,, .

We now sum Eq. 3.11 over x € carwp,, - Using Eq. 3.12, Eq. 3.14 and the first bound in
Eq. 3.15, we can then estimate

1< - - 22 Sésp 3 r
—_— (x +carvi) = fy(x) +c5r°— : — Vs p————=
p+1 gfy 0= PRy T R Dy
2
> fy()?) + C% (S Es,p — 262'}/&,}) m . (316)

Step 4. By writing the expansion Eq. 3.10 at x = x; — x, for j € {0, ..., p} we find
(xj =X, x—y)  Ralx; —X)
|)E_y|s+2 |)E_y|s+2 :

fr) = fy(@) —s
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We now sum the above equation over j =0, ..., p, and divide by p + 1, and get

p+12fv(xj)—fv()_m|_ y|5+2<2()€1 x)x—>

1
+mm ZRQ(XJ —X)

1 1 -
= () + p—l—lWZRQ(){j —X)
j=0
2

< fy@) +4ct v, (3.17)

Ix — y|s+2 ’
where to obtain the second line we note that the first term on the right in the first line
vanishes due to the definition of X from Eq. 3.9, and for obtaining the inequality in the last
line we use the first bound in Eq. 3.12 together with the second bound from Eq. 3.15.

Step 5. Now, using Eq. 3.9, we find that the bounds Eq. 3.16 and Eq. 3.17 give

,) p
Z | 1 - Z % = va()f—l—czrvi)—ny(xj)
j=0

_ s _ S
XEBN * y| xewy * y| i=0
4 P
= Y [AGE+erv) — O] =Y [A&) - f®)]
i=0 j=0
2 2 r?
= (p+1) [02(3 &s,p — 202¥5,p) — 4C1)’s,p] m
(3.18a)
2
= E; ,(c1,c0)———, 3.18b
s,p( 1,€2) |i—y|s+2 ( )

for any y € A. As a function of c¢,, the value of c%(s &s,p — 2C2¥s,p) in Eq. 3.18a
is positive and increasing for ¢o € (0, s&g 1,/(3% »)]. and we will take ¢; = ¢; =
min{1/4, s3¢ 3 /(27)/3 -p)} > 0. By comparing this value with the term 4c1)/s p from
Eq. 3.18a, we f1nd that if ¢ satisfies

. - _ 1
c] < min {\/c%(s Es,p — 2C2¥s,p) » 1_6} = Cs,p, (3.19)

then the expression defined in Eq. 3.18b satisfies E; , (c1, c2) > 0. If y € A achieves the
minimum of Pg(ay, y) in Eq. 3.18a and ¢| < ¢y, ,, then from Eq. 3.18 we obtain
- 1 _ r2 1 .
P@n, A=) ——=5 2 E (1,0 — =5+ ) —=5 > (0}, A),
XEDN lx =l ¥ =l XEWF lx =Yl
N

(3.20)
which contradicts the optimality of w}, . Therefore the value c,, defined in Eq. 3.19 is as
required in Step 1, and this concludes the proof of the lemma. O

Completion of Proof of Theorem 1.8: We first note that as a consequence of Proposition
1.7, for each N, optimal configurations a)}k\, are contained in the convex hull conv(A),
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which has diameter equal to diam(A) < oo. We then note that, for ¢y , chosen according
to Lemma 3.3,

conv(A) \ A¢ C U B (x, ecs,p) C (conv(A))eCS)p . (3.21)
xeconv(A)\Ae
We then apply Besicovitch’s covering lemma and find a finite subcover of conv(A) \ A¢ by
at most Npes,p families of disjoint balls. Note that, in particular, we have for all x ¢ A,
that B(x, ecs, ) C B(x, dist(x, A)). We may thus apply the bound Eqg. 3.6 to each one of
the above Npcs,, families, and then sum the bounds. Thus we find that via a direct volume
bound

£, ((conv(a), , )
‘Cp (B(0, 5Cs,p))
which concludes the proof of the theorem. O

#(w}k\l \ Ae) < pNBes,p

4 Weak Separation and Proof of Theorem 1.11

In this section we first present Proposition 4.2 on the weakly well-separated property of
maximal unconstrained polarization configurations and its consequences in Proposition 4.5.
Then we prove the general point replacement result of Proposition 4.6. Finally, Propositions
4.5 and 4.6 together with Theorem 1.8 allow us to prove Theorem 1.11 in Section 4.2.

4.1 Weakly Well-Separated Families of Configurations

The results on the asymptotics of P}(A, N) presented in this section are set in a framework
similar to the one for Ps(A, N) from [11].
Recall the following definition from [33] and [27]:

Definition 4.1 Let 0 < d < p be integers. A family Q of multisets @ C R? is called
weakly well-separated for dimension d and parameter n > 0 if there exists a number
M > 0 such that for each w € 2 and each x € R?, there holds

#(a)ﬂB(x,n-(#w)_l/d)) <M, 4.1)

where B(x, r) denotes the p-dimensional open ball with center x and radius r.
Proposition 4.2 Under the same conditions as in Theorem 1.11, there exists a constant
n > 0 depending on s, d and A such that the family of all optimal configurations

Q; :={w CR?: Py(A, 0) = P(A, #w)} 42)
is weakly well-separated for dimension d and parameter n with M = p.
Remark 4.3 Note that the value M = p in the above proposition is optimal, as a conse-
quence of Proposition 2.1. The proof in [33] is done for M = 2p — 1 but can be modified

along the lines of the proof of our Lemma 3.3 (applying the perturbation as in Fig. 3) in
order to achieve the value M = p as stated in Proposition 4.2.

Proposition 4.4 below follows as in [16, Thm. 2.4] (simply note that the restriction wy C
A for finite- N configurations is never used in the proof from [16]).
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Proposition 4.4 Let p > 2 be an integer and let 1 < d < p be a real number.

(i) For s > d there exists a constant cg > O depending only on s, such that if A C RP
is a compact set such that Hy(A) > 0, then for N > 2 there holds
P{(A,N) < c—sts/d, if s>d, (4.3a)
5 —
PI(A,N) < cgNlogN, if s=d. (4.3b)

(ii) If A C R? is a compact set then there exists a probability measure p4 supported on
A and a constant C4 € (0, 00) such that

1
f dua(y) <Ca. for xeRP,
Alx =yl

then, forall N > 1,
Pi(A,N)< NCp, for s>0. (4.3¢)

The next result is proved as in [33, Prop. 1.5] for the case s > d and as in [27, Thm. 2.5]
for the cases p —2 < s < d. Indeed, in the proofs of those results the fact that the con-
figurations are constrained to the set A is not used; furthermore, Proposition 4.4 precisely
replaces the use of results from [16] in those proofs.

Proposition 4.5 Under the same hypotheseson p, d, d’, s, A and us 4 as in Proposition
4.2, let oy C R? be an N -point configuration and y* € A be a point such that

> lx =y =min Y |x -y
yeA
XEWN XEWN

is achieved. There exists a constant C > 0, which depends only on s if s > d and only on
s and on the upper d -regularity constant of s o if p—2 <s <d < d < p, butisin
either case independent of N, of wn and of the choice of y*, such that

min |x — y*| > CN~V/4. 4.4)

XEWN
With Proposition 4.5 at hand, Proposition 4.2 follows by a modification of the proof
of Lemma 3.3. These results allows us to proceed with the same overall strategy as for

the analogous result for constrained polarization Ps(N, A), see [33, Thm.2.3] and [27,
Thm. 2.3].

Proof of Proposition 4.2 For any N -point configuration wy , set

SiAoy)i={yeA: Y Ky (x, y) = min > Koy
y

XEWN XEWN

Then, by the bound Eq. 4.4, for C > 0 as in Proposition 4.5,
dist(wy, Ss(A, wy)) = CN~9 (4.5)

Now assume that for aradius R > 0 and for some x € R” and some optimal s -polarization
configuration wy, there exist p + 1 distinct points

X0, ..., Xp € wy NB(x, R). (4.6)
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S

Fig. 4 The construction from Proposition 4.6, for p = 2. The set A is shaded in brown. Iteratively we
select points x; € A such that a charge positioned at x; creates a higher potential than x (at least) on the
intersection of the shaded region (which itself is the intersection of a cone from x and a hyperplane) with
A The union of such regions eventually covers A . Further, any two of the so-constructed points x; , viewed
from x, form angles of at least 7/3; thus, by a simple best-packing upper bound on SP~!, the necessary
number of points can be controlled, depending only on the dimension

By using the hypothesis that s > p — 2, we will proceed along the same lines as in the
proof of Lemma 3.3 in order to reach a contradiction if

1
R<nyN~ V4 where n:= EC‘Y’pC > 0, 4.7)

where C is as in Proposition 4.5 and ¢y, , is as in Lemma 3.3. Indeed, set R = %clr , where
Fi=CN Y and 0 < ¢ < cs,p - Then, with these values of ¢; and r, and for a choice
of ¢; > 0 to be determined, we can use the same formulas Eq. 3.9 as in Step 2 of the proof
of Lemma 3.3 to define X and wy . Due to Eq. 4.5, to Eq. 4.6 and to the choice of ¢, we
verify that for any y = § € S;(A, @y) the bounds Eq. 3.15 hold. Then the estimates of the
proof of Lemma 3.3 continue to hold, and we determine with the same choice of ¢, as in
Step 5 that Eq. 3.18 and Eq. 3.20 hold for y = y. As a consequence of Eq. 3.20, and of the
assumed optimality of w}, , we have

Ps(A, N) > Py(A, &n) > Py(A, wy) = Ps(A, N), (4.8)
which is a contradiction. It follows that under condition Eq. 4.7 there cannot exist p + 1
points such that Eq. 4.6 holds, which concludes the proof of the proposition. O
4.2 Proof of Theorem 1.11

The main new tool that we will use in the proof of Theorem 1.11 is the geometric result of
Proposition 4.6 below, which holds for a very general class of kernels. It allows us to replace
a charge x positioned at positive distance from A by a bounded number of charges in A,
without decreasing the polarization value on A. The principle underlying this proposition
is illustrated in Fig. 4.

Proposition 4.6 For each p > 2, let nys6), > 0 be the cardinality of the best packing
of SP=1 by spherical caps of angle 7/6. Let A C R? be a compact set, and let x & A.
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Then there exist points x1,...,%X, € A with n < ng6, p, such that for all decreasing
f:RT — (—o0, +00] there holds
VyeA, fx—yh< max f(x;—y]). 4.9)
I<jsn
Proof Set
rad(A,x) :={ye€e A: VAe[0,1), x+A(y —x) ¢ A}. (4.10)

In other words, rad(A, x) contains the first contact point with A of each ray starting from
x that intersects A. Also set

rad (A, x) = {(y —x)/ |y — x| : y € rad(A, x)}.
Note that the projection

T RPA x) = SPTL () = 2 @.11)
‘ ‘ ly — x|
induces a bijection between rad(A, x) and rad; (A, x).
We now iteratively construct the set xi, ..., x, as required in the statement of the
proposition.
Step 1. Fix a point x| € rad(A, x) such that
|x1 — x| = min{|x’ — x| : ¥’ € rad(A4, x)}. (4.12)

As f is decreasing, f (Jx —y|) < f(Jx; —y|) for all y belonging to the half-space
H(x, x1), where for a # b € RP we set

1
H(a, b) ::{yeR”:|y—a|>|y—b|}:{yeRp: (y—a,b—a))zlb—al2 .

4.13)
We next let C(x1) € SP~! be the spherical cap of angle 7 /3 centered at 71 ,(x1). Then

1
Kx1)=m1x {MGB()C, Ix—xi):{mrx (u), w10 (x1)) 2 §}=n1,x (H(x,x1) N B(x, [x—x1])),

and by Eq. 4.12 and Eq. 4.10, we obtain

AN (K@) C H(x,x1). (4.14)

Step k + 1. For k > 1, suppose that the points xi, ..., x; have already been chosen such
that

T (X1)s ..., 1 (xx) € SP71 form a 7 /3-separated set, (4.15a)

with respect to the geodesic distance on SP~! and such that

k k
anai | UKap | canlHa x)). (4.15b)

»X
j=1 j=1

If we next choose xi4+1 € rad(A, x) \ nl_)l( (Ul;z1 lC(xj)> such that

k
|xk41 — x| =min { |x" — x| : xerad(A,x)\nl_i UIC(xj) ,
j=l1

then automatically 7y y(xk41) is m/3-separated from mq (x1), ..., 71 x(xx). Combining
this with the bound Eq. 4.14 for the point xiy1, conditions Eq. 4.15 now hold with k
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replaced by k + 1. Directly from the definition of n6 ,, we see that the above iterative
construction must stop at step n for some n < ny/6,p . After step n we have

radi (A, x) = UIC(xj) (4.16)
=1

and by Eq. 4.15b,

n
-1
f(|x—y|)<lr<n]aénf(’xj—y‘) for yeAnm | H/C(x,-) =A. (417

The last inclusion in Eq. 4.17 follows from Eq. 4.16. The claim Eq. 4.9 now follows from
Eq. 4.17. O

Completion of Proof of Theorem 1.11: The statement follows from the two inequalities

Ps(A, N . PHA,N .. Py(A,N

lim sup BN FAAN) iming AN (4.18)
Nooo Tsd(N) N—oo T3 4(N) N—oco 75 4(N)

The first inequality follows directly from the simple bound Eq. 1.8, so we only need to prove

the second inequality. For this purpose, fix € > 0 and consider for fixed N a configuration

wj, optimizing P; (A, N). By Eq. 1.24 of Theorem 1.8 we have

£, ((convid), )

#(w*N\Ae) < Ks,p )

= Co(e). 4.19)

Next, for n > 0 depending on s, d, A as in Proposition 4.2 we use the Besicovitch covering
theorem in order to cover A, \ A by a finite collection of balls of radius nN —1/P which is
the union of at most Npes,, collections of disjoint balls, where Nges,, depends only on p.
In particular, all balls in the cover are then contained in (A¢ \ A)¢ if N > (n/€)P.

By the weak point separation bound of Proposition 4.2 combined with a volume
comparison argument, for N > (n/€)? we have

#(o N A\ ) < TP L (A AN = CON and i Ci(0) =0,

Bpﬂp
(4.20)
where B, is volume of the p-dimensional unit ball B,(0, 1) and where in the last part
we used the regularity of the L£,-measures and the fact that A being compact implies
Ly(A) < o0.
By Proposition 4.6 for each x € wy N (A¢ \ A) there exists a configuration w, C A
such that

1 1 1
I <#wy <ngpp, and Vye A, ——— < max ——— < Z

e =yl T eo I —ylF T A =y
x'ewy
4.21)
We then define a new configuration wys, C A of cardinality My by
ouy =(ynA)U | o (4.22)

xewyN(AN\A)
where by Eq. 4.19, Eq. 4.20 and the first part of Eq. 4.21 we have
N—Co(e) < My < #(wyNA)+nzep# (wy N (Ac\ A)) < (I1+n776,C1(€))N. (4.23)
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Then by the bounds Eq. 4.19 and the second part of Eq. 4.21, we find that

Ps(A, My) = Ps(A, omy)

=
Z Ps(A»w;kv N Ae)

%
> P4 o)) —max )
xewy\Ac

Cole)

ES

1
lx — yI*

WV

Py(A, wy) — =: Py(A, o) — Ca(e), (4.24)

where C;(€) depends only on €, p, s, A; in particular C(€) is independent of N .
Let now {Ni}ren be a strictly increasing subsequence that realizes the limit inferior in
Eq. 4.18 and let the sequence Ny be such that, for each k € N,
Ny

— = €[Ny, Ni+1). (4.25)
1+nn/6,pcl(e) [ )

Note that Ny — oo as k — 00. Using the fact that P(A, N) is increasing in N, Eq. 4.25,
Eq. 4.23 and Eq. 4.24 give for s > d the bounds
Py(A, Ny) _ Ps(A, My,) NGE Np) — Ca(e)
Ny Ny Ny
Pi(A, Np) — Cale)

Z - s/d
(A + ngs6,pCi(€)(Ni + 1))
B 1 PHA N PrANo—Co { N\
(1 +nn/6,pC1(e))S/d Nz/d P#(A, Ni) Ne+1 .
(4.26)

Due to the fact that P (A, N) — 0o as N — oo by compactness of A and to the fact that
Ny — oo as k — oo, using Eq. 4.20 we find

— — s/d
“(A, Ny — C N
im A ND — G0 [ Ni =1 4.27)
k—co  P*(A, Ny) Ni+1
By Eq. 4.27 and Eq. 4.26, we thus find
.. .Ps(A,N) . Ps(A, Np) —sjd . P¥(A, Ny
it = = i, = 2 (e, Q@) T lim =g
(4.28)

In Eq. 4.28 we use the hypothesis that the limit of P*(A, N)/N*/? exists as an extended
real number. By now taking € — 0 and using Eq. 4.20, the desired second inequality in
Eq. 4.18 follows, and this completes the proof of the theorem as well for the case s > d.
The remaining range of exponents p —2 < s < d is treated as above, with the difference
that the function 7y 4(N) = N*/? is replaced according to the definition Eq. 1.26. We leave
the verifications to the reader.

Finally, suppose the hypotheses of case (ii) of Proposition 4.2 hold. Theorem 1.5 and
Proposition 4.4(ii) imply the limit h’: 4(A) exists and is finite. O
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5 Proof of Theorem 1.12
We begin with a known lemma for constrained polarization.

Lemma 5.1 ([11]Jor [9]) Let 1 <d < p, s >d, and A, B C RP be nonempty sets. Then

hy o(AUB)™ S < hy (A~ + by ,(BY 5. (5.1)

We remark that the analogous subadditivity result holds with A ; replaced by hj , in
Eq. 5.1, but we will not need that result in this paper. However, the two related results given
in the next lemma do play an essential role in the proofs of part (ii) of Theorem 1.12 and
of Theorem 1.14. This lemma is proved using similar arguments as in [11, Sec. 6, 7] and
[9, Sec. 14.7] for the one-plate polarization problem P;. We provide a sketch of the proof
for the convenience of the reader.

Lemma 5.2 Let 1 <d < p,s>d,and A, B C R? be nonempty sets.
() Ifthe limits h¥ ;(AU B) and h¥ ;(B) exist, then

(AU B)Y™ S <hy 4(A)™ + ¥ ,(B)™5. (5.2)
(i) If dist(A, B) > 0, then
Ty J(AU B 20 (A + Ty (BY (5.3)

(i) If A C R? is such that 0 < E;d(A) < 00, N C N is any sequence and {&n}Nen
are N -point configurations in R? such that

. P(A,BN)
Jim g = a4, (5.4)
NeN

then forany B C A, B # @ and any € > 0,

(5.5
Nkt N

— d

_#@vnBy [T\

liminf > | = .
hg 4(B)

We remark that assertion (iii) above with B = A shows that if {@y}yen satisfies
Eq. 5.4, then any weak-* limit measure of the normalized counting measures {V(@n)}nen
is supported on the closure of A.

The following elementary result (whose proof is omitted) will be useful in the proof of
Lemma 5.2.
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Lemma 53 Let s > d > 0 and b,c > 0. Then the function f(t) :=
min {ts/db, (1-— t)“/dc} has maximum value (b’d/s + c’d/‘)_s/d on the interval [0, 1]. If
both numbers b and c are positive, the maximum is attained at the unique point

. Cd/x
= bdls + cd/s”

Proof of Lemma 5.2 We leave it to the reader to verify that the inequalities in Lemma 5.2
hold if any of its terms are O or co. Thus, hereafter, we assume the terms appearing in these
inequalities are positive and finite.

We first establish the inequality Eq. 5.2. Let N, Ni, N» € N be such that N+ N, = N.
Let a)’;\,l C RP be an Nj-point configuration such that Pg(A, a)’;\,l) = P} (A, N1) and let
a)j‘\,2 C R? be an N;-point configuration such that Pg(B, “)1*\/2) = P (B, N2). Then, with
aN = wy, Uwoy, , we have

P¥(AUB,N) > P;(AU B, oN)
= min{Ps(A, C~UN)7 PY(B5 CNUN)}

> min | Ps(A, oy,), Ps(B, wy,) (5.6)
= min {P¥(A, N1), P¥(B, N2))},
and so,
P{AUBN) _ {(rs,duvl)) Pi(A.N1) (rs,d(zvy) P:‘(B,Nﬂ}
PAAVBN) , . 5.
Ts,.d(N) T5,d(N) ) T5,a(N1) T.d(N) ) T5.a(N2)
Suppose that both h’f 4(AU B) and h’f 4(B) exist and define
h* (B)d/v
o sd (5.8)

Ry (AU + ¥ ((B)/s

For Ny € N,let N = |[N;/a] and N = N — Nj so that N + N> = N as above. Let
N1 € N be such that

Ni—oo T, (N
o 5,d(N1)

Note that « € (0, 1) due to our hypothesis on the terms in the lemma not being 0 or oo,
and in this case we have for s > d,

T5,d(N1) _ as/d
N—oo Tg 4(N)

ts,d(N2) _

_ N\s/d
Jim ra(N) 1 —a)"e. 5.9

and
Then, taking the limit as N; — oo, N; € N, of Eq. 5.7, using Eq. 5.9 and Lemma 5.3 we
obtain
. T . — /s g\
I (AU B) me{aé/‘lh:’d(A), (1—a)é/dh;d(B)}:(hj,d(A) 4Is 4 p* ,(B) d/é) ,
(5.10)
which proves assertion (i).
To prove Eq. 5.3, let dist(A, B) > 0 and {&n}nyen;, be any sequence of N -point
configurations in R? such that
P(AUB,® —
jim DAY B o) =7 J(AUB). .11

N s/d
Ner N
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Then for any N € Ay and € > 0,

Ps(AU B, @y) = min{Ps(A, @), Ps(B, o)}
<min{Ps(A, oy N Ae), Pg(B,@n N Be)} + Ne™* (5.12)
< min {P;‘((A, NA,E)s P:(B, NB,E)} + N€7S7
where
Npec:=#@yNA) and Np.:=#@y N Be).

Let N1 C AN be any infinite subset such that the limit

. NA,e
o = lim N

N—

NeA,

exists and belongs to (0, 1), leaving the cases « = 0 and o = 1 to the reader. Then from
(5.12), we have

B 4(AUB) = lim Py(AUB.Gn)

7.a(N)
NEN] (5 13)
: [ (1N PHANAO (1.a(NpO\  Pr(B.Ngo .
fhfvnjo‘jp mm[( Ta(N) ) T d(Nae) ( Ta(N) ) ted (o) ]

NENI

If e < %dist(A, B) then A, and B, are disjoint, therefore Ns  + Np . < N. Using this
and the fact that @ € (0, 1), we obtain

log N log N
lim sup 08 NAe =1 and limsup 02 VBe <1,
Nooo  lOgN N—ooco lOgN
NeN NeNp
and thus for all s > d there holds
N N )
llmsupM =a*¢ and limsupM <A -
N—o0 T5,d(N) N—o00 75,4 (N)
NeNj NeNj
Plugging the above into Eq. 5.13 we get
' (AU B) < min {as/dﬁjd(A), - oz)s/dﬁjyd(B)} . (5.14)
Appealing to Lemma 5.3, it follows that

. . _ —s/d
e a(AU B) = (B o)™ 15 By~

which proves assertion (ii).
Finally, suppose B C A and {@y}nyens is such that Eq. 5.4 holds. The inequality (5.12)
with B C A gives

Py(A, oN) < Pi(B, Npe) t5,0(Npe) = Ne™*

< , (5.15)
Ts,d(N) Ts,d(NB,e) Ts,d(N) 7:s,d(lv)

Taking the limit inferior as N — oo with N € N/
Py(A, By) PH(B. Np.o) 75.a(Np.c) AN
Z:,,,(A) = liminf =~ N Jim inf —S~— B! Ind TBe) Ef’p(3)<lim inf B’€> ,

Noxo Ta(N) Nox Td(Ne)  Ta(N) Nox N

(5.16)
which proves assertion (iii). O
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Completion of Proof of Theorem 1.12.
As mentioned in the remarks following the statement of Theorem 1.12, it is proved in [11]
that for s > p the second equality in Eq. 1.32 holds for compact sets in R” with boundary
of £, measure zero and is known from [10] that this equality holds for arbitrary compact
sets when s = p. We will make use of these facts in our proof.

Let A C R” be compact. We will separately establish for s > p the following two
inequalities:

Os,p

* > 0P .
by ,(A) > AT (5.17)
and
B (A) < —2b__ (5.18)
SPEE L (AP '

To prove Eq. 5.17, let € > 0 and select a set G C R” such that £,(dG) =0, A C G and
L,(G\ A) < €. Then using Eq. 1.7, we find

Os,p Os,p
CP(G)S/P i (EP(A)""G)S/[)

Letting € | 0, we obtain Eq. 5.17 for £,(A) > 0 and also that h;"p(A) = hs p(A) = 00
if £,(A) = 0 which establishes Eq. 1.32 when £,(A) = 0.
Hereafter we assume £,(A) > 0. To prove Eq. 5.18, let

(5.19)

Y (A) > 1} ,(G) > hy p(G) =

L,(B(x,r)NA
A* = xeA:limsupM=

(5.20)
r—0t EP(B()C, r))

Then by the Lebesgue density theorem there holds £,(A\A*) = 0. By an iterative covering
argument using Besicovitch’s covering theorem, we can find a finite collection of disjoint
closed balls B;,i € {1, ...,n} ofradii r; € (0, 1), such that

L,(AN B;)

Vie(l....n). = )
p\Dj

>1—e¢, (5.21a)

i=1

L, (U(AnB,-)) =Y Ly(ANB) = (1—e)L,y(A). (5.21b)

i=1

Now Eq. 1.7 together with Eq. 5.3 of Lemma 5.2 gives

n n —s/p
hy ,(A) < Ty, (U(A N Bi)> < (Zﬁjp(A N Bi)_p/5> . (5.22)

i=1 i=1
Due to Eq. 5.21a, and to the regularity of the Radon measure £, there exist sets G; C B;
such that £,(3G;) =0 and B; \ A C G; and L,(G;) < 2¢L,(B;). Now we use Eq. 5.2
of Lemma 5.2, with the choices d — p, A+ AN B; and B — G;, obtaining
— Eq.5.2
e (ANB)TPI > B p(BY) TP — Iy p(Gi) TP

= (05,,) " (L, (B) = L,(G) = (1 =26) (0,,) " L, (By).
(5.23)
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By Eq. 5.21b, Eq. 5.22 and Eq. 5.23 we obtain

N —s/p N —s/p
—x _ Osp ‘ Os,p .
hS’P(A) g (1 —26)5/[7 <§EP(BZ)> g (l _26)5/17 (;ﬁp(AﬂBz)>
LY ~s/p
s (1 =2e)(1 —e))~s/p Lp(A) : (5.24)

By taking the limit € | O in Eq. 5.24 we obtain Eq. 5.18, as desired. Combining Eq. 5.17
and Eq. 5.18 proves

Os,p
L »( A)S/p’

for s > p. The fact that the same equality holds for the constrained case follows from
Theorem 1.11 in the case s > p since £,(A) > 0. For s = p the constrained equality is
proved in [10]. O

hf:’p(A) =

6 A General Lower Bound Via Minkowski Content

The main result of this section, Proposition 6.2, is the analogue for the case of polarization
problems of the rough bound [25, Lemma 8] in the setting of energy minimization problems.
We start by recalling the definition of Minkowski content:

Definition 6.1 The upper and lower Minkowski contents of A, denoted respectively by
M(A), M (A) are respectively defined as
_ ) LP(A)) ... LP(A)
My(A) :=limsup ————, M, (A) ;= liminf ———,
0 Bpoarp=d’ T 10 Bpgrr=d
where A, is as defined in Eq. 1.22 and By > 0 is for k € N,k > 1 the volume of the
k -dimensional unit ball

k2

ré+1)

If Mg(A) = M, (A), their common value is called the Minkowski content of A, and
denoted by My (A).

By = 6.1)

The next proposition is essentially a generalization of [11, Lemma 8.2] and will be used
in the proof of Theorem 1.14 given in Section 7.2.

Proposition 6.2 Let p > d > 1 be natural numbers and let s > d. Then there exists a
constant Cp, g 5 depending only on p,d, s such that the following holds. Let A C R” be a
set such that MJ(A) < 00. Then

Cp,d.s

_ 6.2
My (A)sHd ©2

h 4(A) =

The above proposition follows from Lemmas 6.3 and 6.4 below. Lemma 6.3 says that
Minkowski content controls best-covering at all scales, and this will enable us to bound the
polarization constant from below by covering constants in Lemma 6.4.
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Lemma 6.3 Let p > d > 1 be natural numbers. Then there exists a constant C,, g4 > 0
depending only on p,d such that for any set A C R? with 0 < My(A) < oo, for all
r > 0 sufficiently small there exists W, C R? such that

AC U B(x,r)
xeW,
and o
M(A)

#W, < Cpa—2y 6.3)
r

If A C R? is such that ./Wd(A) = 0, then for any € > 0 there is some ro > 0 such that
forall r € (0,r9),
€
#W, < —. (6.4)
r
Lemma 6.4 Let p,d,s, A be fixed as in Proposition 6.2. If there exists C > 0 such that
for every sufficiently small r > O there exists a covering of A by balls of radius r of

cardinality at most C/r?, then
~ —s/d
by (@) > (CpaC) ©.5)

where CNP,d > 0 is a constant depending only on p,d.

Proof of Proposition 6.2: By Lemma 6.3, the hypotheses of Lemma 6.4 hold for the choice
C = Cp,dﬂd(A) when My(A) > 0 and for any C > 0 when My(A) = 0, where
Cp.a > 0 is the constant from Lemma 6.3. Then the inequality Eq. 6.5 directly gives Eq. 6.2
for the choice

Cpas = (gp,dcp,d)ﬂ/d . (6.6)
O

We now provide the proofs for the above lemmas.

Proof of Lemma 6.3: Let € > 0 be as in the statement of the lemma and let € > 0 be a
constant which will be fixed below depending only on A, p,d, €.If r > 0 is small enough
(depending on A and €), there holds

Ep (A2r)
2p_dﬁp—d”p_d
There exists Ncov,p € N, depending only on p such that for any » > 0, there are points

Xl ooy XNgoyp € [0,2r)P such that the open r-balls with centers in {x; +y : y €
(2rZ)?,1 < j < Ncov,p} cover R? . Then, for each j € {1, ..., Ncoy,p}, the r-balls with

centers in W,'.i = A, N (x; + (2rZ)?) are disjoint and the set W, := U?’:}”’

< My(A) + & 6.7)

W satisfies

AcC U B(x,r) C Ay, (6.8)

xeW,

Due to Eq. 6.8 and Eq. 6.7, for j =1, ..., Ncoy,p, we have

#(W7) B’ = | | Bl <140l <2778, (Ma(A) +9),

X€ W,.j
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where | - | denotes the £, -measure of a set. By summing over j we obtain
_a2P " My(A) + €
#W, < Ncov.p Py —.
Bp r
If Mg(A) > 0, then choosing ¢ = My(A) shows that Eq. 6.3 holds with Cpa =
—d+1 _
% If Mg(A) = 0, then choosing € = €/C 4 proves Eq. 6.4. O

Proof of Lemma 6.4: Let B = {B(x;,r) :i = 1,..., N} be a minimum-cardinality cov-
ering of A by r-balls and for each i = 1,..., M, choose X; € A N B(x;, r). Setting
W,={x;:i=1,...,N,}, we have

C
N, =#W, < e (6.9)

due to the hypothesis of the lemma. Since for each point in A there exists a point in W, at
distance at most 2r from A, we have

Ps(A, Nr) = Ps(A, Wy) > (2r)". (6.10)

We set Ncoy,p to be the minimum number of balls of radius 1 in R” required to cover a
ball of radius 2. Then we have, for all » > 0,

N, < Nr/2 < NCov,er~

Thus by Eq. 6.9, for fixed N there exists r = r(N) > 0 such that

N, <N < Nr/2 < NCov,er~ (6.11)
Then we have
P Egq. 6.11 » Eq. 6.10 ,Ea.69 /N, s/d Eq.6.11 Ns/d
y A» N 2 y A7 N > 2 o > —_— Z _—
s ( ) s ( ) (2r) <2dC> (2dNC0V’pc)s/d

Eq. 126 T5.d(N)
(ZdNCOV,p C)S/d '
where we have also used the fact that the polarization value is increasing in N for the

first inequality. Now by reordering the terms and by passing to the limit in N along a
subsequence that realizes the value of /i, ;(A), the bound Eq. 6.5 follows if we set Cpa =

2¢Ncoy. p - |
Remark 6.5 Of course, Proposition 6.2 also provides a lower bound for A ,(A) since this
quantity is at least as large as its constrained analog. Thanks to Proposition 6.2 the asymp-
totic lower bounds in [11] now follow without needing to appeal to the energy results
of [8].

7 Proof of Theorem 1.14

7.1 Some Geometric Measure Theory Tools

We first quantify the increase of interpoint distances under projection on L -Lipschitz
graphs:
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Lemma 7.1 For p € N and € > 0, let G be a d-dimensional graph in R? of an €-
Lipschitz function  : H — H~L over a d-dimensional subspace H C RP having
orthogonal complement H; i.e, G := {h + ¥(h) : h € H}. If tyy : R? — H is the
orthogonal projection onto H and C¢ := ~/1 + €2, then for any x € R? and any y € G,

I () + ¥ (7 (x) — y| < Celx —yl. (7.1)

Proof For x € R? let x' := my(x), x”" := x —y, and note that x”” € H+.If y € G, then
y”" =% (y") and we have

I+ ) =y = 1 =PI E) =y O < A+ =y P < A+ed)x—yl?,
which proves the lemma. O

Lemma 7.1 directly implies the following rough bound for unconstrained polarization
for Lipschitz graphs:

Corollary 7.2 Under the hypotheses of Lemma 7.1, if K isa compact subset of G and
N e N, then ~ ~ N
Ps(K,G, N) <PJ(K,N) < C.Ps(K,G, N). (71.2)

We also state the following simple deformation result without proof.

Lemma 7.3 If ® : R™ — R" is an (1 + €)-biLipschitz map for some €¢ > 0, K C R" a
compact set, ® C R™ a finite set, and s > 0, then
1+ Py(K, ) < P(P(K), P(w) < (14+6)°Py(K, w), (7.3a)
and
(14 &) Mg (K) < Ha(P(K)) < (1 4+ ) Hy(K). (7.3b)
7.2 Proof of Theorem 1.14

We recall our definition of A being strongly (4, d) -rectifiable: for any ¢ > 0 and for
k € N large enough depending on ¢ we may write A as

ko Ig, C R? are compact and disjoint,
A=R,U U K;, where K ; are contained in d-dimensional e-Lipschitz graphs,
j=1 MJ(RG) < €.
(7.4)
More explicitly, for each j = 1,...,k there is a d-dimensional subspace H; C R” and

an e-Lipschitz map ¢; : H; — H,J- such that K ; is included in the graph G; of ;.
Foreach j = 1,...,k, let ¢; : RY — H i be an isometry. As mentioned just before
Definition 1.13, the mapping ¢; : RY — G defined by ¢;(x) 1= ¢;(x) + ¥ (¢ (x)) is
then (1 + €)-biLipschitz for every j with K; = ¢;(K;), where K; C R is compact.
Let A C R? be strongly (Hy, d)-rectifiable. We shall prove separately the inequalities

Os.d
hg 4(A) = Ho(Ap (7.52)
—% Os.d
hg 4(A) < H (A’ (7.5b)

which, since A, 4,(A) < 1% 4(A) and hs4(A) < kg 4(A), imply Eq. 1.38.
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We shall show Eq. 7.5a using the decomposition Eq. 7.4. By Eq. 6.2 of Proposition 6.2,
we have

Cp,d,s > Cp,d,x
Ma(Roys1d ~ et

By using Eq. 5.1 from Lemma 5.2 and the (1 + €)-biLipschitz parameterizations of K =
¢;j(K;), we find that

(7.6)

hs,d (Re) 2

k
Eq.7.4,Eq. 5.1
o g (AT g (RYTYTHY by (0 (K )T
j=1
Eq. 7.6, Eq. 1.2 — Ps(‘/’j(Kj)sN) —dis
< pd86+Z h_>oo Ts,d(N)
k —d/s
Eq.7.3a /s 4 .. .Py(K;,N)
S Cpds€+ 1 +€) ,X—; lzlvnilgof T5,d(N)
k
< C;f,{je + U+ hy (K~
j=1

k

Thm. 112 (i) »—d _

=t e e+ 1+ 0% 05a) Y Ha(K)
j=1

Eq.73b k
< Gt 1+ 0™ Y Halpi(K)). (A7)

j=1

Since ZI;':1 Halp;j(K;)) < Ha(A), taking the limit as € | 0 in Eq. 7.7 yields the bound
Eq. 7.5a. Note that this shows £ ,(A) = +oo if H4(A) = 0.

To prove Eq. 7.5b, we use the decomposition Eq. 7.4, the bound Eq. 1.7 and the bound
Eq. 5.3 of Lemma 5.2, and we obtain

=~

—d/s
Eq.53 K _,
s, d(A)—d/r |: (U 0 (K; )):| q} Zhs.d(goj(Kj))_d/x

Eq.7.2 k (KD o (R —d/s
% Z[hmu Ps(@;(K)), ¢ (R ),N)}

N—>oo Ts,d(N)
Eq.7.3a Thm. 1.12 (ii) k
> 0+ "Zhvdm) T g T 4Ty Ha(K )
j=1 j=I1
Eq.7.3b s ed Y k
> (o) CN0+ Y Halp(K)))
j=1
Eq.7.4
> (o) 0+ o) (Ha(A) — €. (78)

Since lim¢ o Ce = 1, taking € | 0 in Eq. 7.8 we find the desired bound Eq. 7.5b.
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Finally, suppose that H4(A) > 0 and {wn}ven satisfies
Py(A, &N)

Jim = = h g (A) = 0a(Ha(A) T (7.9)
NeN
For N € NV, let vy := v(@y) denote the normalized counting measure associated with

oy and let w4 denote the measure %"lﬁ .Let G C R” be open. For § > 0, let B be a
closed subset of A NG such that ua(B) = (1 — §)ua(G). Since A is compact, there is
some € > 0 such that B. C G. Since A is strongly (Hg, d)-rectifiable, B is also strongly
(Ha, d)-rectifiable and so A7 ,(B) = o5.a(Ha(B))~*/¢. Using Eq. 5.5 gives

liminf vy (G) > liminf
N—oo N—oo

#@y N B _ (h;d(A)
NeN NeN

d/s
N h:,d(B)) =pua(B) = (1 =8)pa(G),

and since § > O is arbitrary,

liminfuy (G) > 1a(G).
NeN
The Portmanteau Theorem (e.g., see [6]) then implies that vy converges in the weak™ topol-
0gy to pa.
O
We conclude this section by showing that compact subsets of C!-embedded manifolds
are strongly (Hg, d)-rectifiable:

Lemma 7.4 Let M C R? be a C'-embedded submanifold of dimension d and let A C M
be a compact set. Then A is strongly (Hg, d) -rectifiable.

Proof As M isa C I _embedded submanifold, for each € > 0 there exists a radius p =
p(e) > 0 such that for every x € A the intersection M N B(x, p) is an e -Lipschitz graph
over the tangent subspace T, M of M at x. As A is compact, we can find a cover by balls
B(xi,p),i=1,..., ko with x; € M. We will introduce a small parameter €; € (0, 1) to
be appropriately restricted later. We define the sets

Ri:= AnBOa, (T —enp) and Kigr = (ANBGgr, (T —enp))

k
\J Bxj.p) forl <k <ko—1.
j=1
Each K j is compact and contained in an € -Lipschitz graph over the tangent space T; M C
R”. The sets K; are at distance at least €; > O from each other and the points of A not
covered by any of the K; are contained in the set
ko

Re = AnJ (BGi. 9\ By, (1= enp)).

i=1

In order to prove Eq. 7.4 it remains to prove that for €; € (0, 1) small enough, Ry has
My(Ry) < €. Indeed, Ry is a compact subset of M and thus M;(Ry) = Ha(Ry) by
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a known result valid for closed subsets of d -rectifiable sets, see [21, Thm. 3.2.39]. By
Eq. 7.3b we then bound

ko
Ha(Re) < Y Ha (M 0BG )\ B, (=€)

i=1

< ko(1 +)YHa (B, p) \ BO, (1—€1)p)) = ko(1 + )¢ p?|B1|(1—(1 — e,

where the right hand side tends to zero as €; — 0, verifying that €; > 0 can be chosen
small enough so that M;(Ry) = Hg(Ri) < €. Therefore we have found a decomposition
of A asin Eq. 7.4, as desired. O

8 Some Conjectures and Open Problems
8.1 Optimal N -point Configurations for ’P;“(SP‘1, N).

For conjectures regarding S! see Section 2. The question of what are the N -point configu-
rations on R” that optimize P; (S? -1 N)is open, except for the simple cases N =1, 2, 3,
in which all points sit at the center of the sphere (see Proposition 2.1). We conjecture that
for N = p + 1 aregular simplex on a concentric sphere of smaller radius is optimal. Note
that for the constrained case of P, (S~ !, p + 1), the inscribed regular simplex is known to
be optimal in all dimensions, see [7] and [38] for p = 3.

For N = 5, conjectures regarding the constrained polarization Ps (Sz, 5) are discussed
in [9, Chapter 14]. Concerning the problem P; (S%, 5), based on numerical experiments
optimal configurations do not seem to lie on a concentric sphere and in this case it is an
open problem to find the geometric structure of optimal configurations.

As mentioned in Proposition 1.3, the limit of the maximal polarization problem on the
sphere for s — oo is the question of best unconstrained covering. For the sphere, due
to Proposition 2.4, the one-plate and unconstrained best covering problems are equivalent,
and thus the former gives information on the latter, and produces useful candidates for the
configurations optimizing Py (S? ~1 N) for very large s. Optimal configurations for the
constrained covering of S? were determined for N = 4, 6, 12 by L. Fejes Téth (see [22]),
for N =5 and 7 by Schiitte [36], for N = 8 by L. Wimmer [40] and for N = 10 and 14
by G. Fejes T6th [23].

8.2 Thelarge N Limit of Optimal Polarization Configurations

If K is a lower semicontinuous integrable kernel on A x A and for each N > 1 we choose
an optimal multiset w} C R that realizes the maximum in the definition of Py (A, N),
where A C R? is a compact set of positive K -capacity (i.e., there exists some probability
measure p supported on A whose K -potential is p integrable), then is it true that every
weak-* limit u of the sequence

- ”
NZ(SW

. *
xjewy Ne1
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satisfies

Iyneigf K (x,y)du(X) = Tg(A),
where T¢(A) := Tx (A, RF)?
8.3 Polarization for Lattices in R?

A natural question is the following. Assume f : (0, 00) — (0, 00) is a decreasing convex
function and let K (x, y) = f(Jx— y|2) . Which lattices A C R? of determinant 1 maximize
the polarization value

min Y f(x =y 7 8.1)

yEszeA\{O}

We note that under rapid decay conditions on f that ensure that the sum in Eq. 8.1 con-
verges, there exist optimizers A, y that realize the above value. In dimension d = 2 we
conjecture that for completely monotone f, the optimizer of Eq. 8.1 is the hexagonal lattice
A . In [38] it is shown that the minimum in Eq. 8.1 for such f and A = A, occurs at the
centroids of the equilateral triangles that divide each fundamental domain in half.

8.4 Optimal Infinite Configurations in RY

Related to the conjecture for oy 7 presented in the introduction, it is interesting to explore the
generalization of the maximization of Eq. 8.1 for infinite configurations in RY . If we, C RY
is a countable configuration such that

. #(wso N [=R/2, R/2]%)
lim sup

=1, 8.2
R—o0 Rd ( )

then we define as in [11] for K (x, y) = f(]x — y|2) the polarization constant

Pi (woo) = limsup Px ([—R/2, R/2), weo N [—R/2, R/2]%). (8.3)

R—o0

Is it true that under suitable conditions on f the supremum of Eq. 8.3 among w C
RY satisfying Eq. 8.2 equals the maximum of Eq. 8.1 over unit density lattices in low
dimensions?

8.5 Weighted Unconstrained Polarization

Part (ii) of Theorem 1.12 can be extended to the case of weighted kernels. This proce-
dure represents a setup, or modification, of the theory presented so far, which allows us
to prescribe, or to control, the asymptotic distribution of polarization points at the expense
of modifying the kernels K;(x, y) = |x — y|~* by a suitable weight; i.e. working with
K (x,y) == w(x, y)lx — y|~° where w(x, y) a CPD-weight as defined in [11, Def. 2.3].
Under these conditions, analogues of Theorems 1.12, 1.11 and 1.14 are expected to hold for
K’ for the cases s > d, allowing to relax the hypotheses of [11, Thm. 2.3, Thm. 3.1] and
to formulate analogues for the unconstrained polarization. We leave this endeavor to future
work.
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8.6 Point Separation for Maximum-Polarization Configurations

Is it true that, for s > p — 2, there exists a constant ¢, , > 0 independent of N such that

for any optimizer wy, = {xy |, ..., x5 y} C R? for the problem P;.‘(SP_I, N) we have
. * * —l/p —
min |xy; —xy ;| = ¢ pN for N=1,2,... ?
lgi;éjgNl N,i N,]|/ s,.p

The weak separation analogue of the above, giving rise to this question in the constrained
polarization problem, has been considered in [27].

9 Glossary of Notation

oy ={x1,...,xN}
v(wN) = % erw;v 5x

Ay = {x e RP: dist(x, A) < r}
conv(A)
distgi (x, y) = min{|¢t|, |2 — ¢]}

P (A, wy), Pv(A, B, N)

Pk (A, N)

P,’Q(A, N)

Ki(x,y)

Ps(A, wy), Ps(A, N), PS*(A, N)
v (A, B), iy (A), 0% (A)

Tk (A, B), Tg (X)

T5.d(N)

RE 4(A), Ty 4(A), hE 4(A)

nx/6,p

Ma(A), My (A), My(A)

an N-point configuration (multiset) in R”
probability measure associated to a point
configuration

r-neighborhood of a set, for A C R”

convex hull of a set A

geodesic distance between x, y € S! such that
y =eifx.

p-dimensional Lebesgue measure of set A
d-dimensional Hausdorff measure of a set A

volume of the k-dimensional Euclidean ball

polarization of a configuration, two-plate
polarization, Eq. 1.1.

constrained best N-point polarization
(single-plate problem) Eq. 1.3

unconstrained best N -point polarization Eq. 1.6
inverse-power kernel Eq. 1.9

see Eq. 1.10
two-plate/constrained/unconstrained covering
radii, Eq. 1.12, Eq. 1.13

continuum polarization problems Eq. 1.19,
Eq. 3.1

scaling factor for the optimal polarization,

Eq. 1.26

asymptotic values of rescaled optimal
polarization, Eq. 1.27

maximum number of balls with angular radius
% that pack SP -1

Minkowski contents defined in Definition 6.1
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