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Abstract. We study minimum energy problems relative to the α-Riesz kernel |x−y|α−n,
α ∈ (0, 2], over signed Radon measures µ on Rn, n > 3, associated with a generalized con-
denser (A1, A2) where A1 is a relatively closed subset of a domain D and A2 = Rn\D. We
show that, though A2 ∩ C`RnA1 may have nonzero capacity, this minimum energy prob-
lem is uniquely solvable (even in the presence of an external field) if we restrict ourselves
to µ with µ+ 6 ξ where a constraint ξ is properly chosen. We establish the sharpness
of the sufficient conditions on the solvability thus obtained, provide descriptions of the
weighted α-Riesz potentials of the solutions, single out their characteristic properties, and
analyze their supports. The approach developed is mainly based on the establishment
of an intimate relationship between the constrained minimum α-Riesz energy problem
over signed measures associated with (A1, A2) and the constrained minimum α-Green
energy problem over positive measures concentrated on A1. The results are illustrated by
examples.

1. Introduction

The purpose of this paper is to study minimum energy problems with an external field
(also known in the literature as weighted minimum energy problems) relative to the α-
Riesz kernel κα(x, y) = |x − y|α−n of order α ∈ (0, 2], where |x − y| is the Euclidean
distance between x, y ∈ Rn, n > 3, and infimum is taken over classes of signed Radon
measures µ on Rn associated with a generalized condenser A = (A1, A2). More precisely,
an ordered pair A = (A1, A2) is termed a generalized condenser in Rn if A1 is a relatively
closed subset of a given (connected open) domain D ⊂ Rn and A2 = Dc := Rn \D, while
µ is said to be associated with A if the positive and the negative parts in the Hahn–Jordan
decomposition of µ are concentrated on A1 and A2, respectively.
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Note that, although A1 ∩ A2 = ∅, the set A2 ∩ C`RnA1 may have nonzero (in particular
infinite, see Example 9.2 below) α-Riesz capacity and may even coincide with the whole
∂D. Therefore the classical condenser problem for the generalized condenser A, which
amounts to the minimum α-Riesz energy problem over the class of all µ associated with
A and normalized by µ+(A1) = µ−(A2) = 1, can be easily shown to have no solution,
see Theorem 4.3. Using the electrostatic interpretation, which is possible for the Coulomb
kernel |x − y|−1 on R3, in the case where a minimum energy problem has no solution we
say that a short-circuit occurs between the oppositely charged plates of the generalized
condenser A. It is therefore meaningful to ask what kinds of additional requirements on
the objects in question will prevent this blow-up effect, and secure that a solution to the
corresponding minimum α-Riesz energy problem does exist.

We show that a solution λξA to the minimum α-Riesz energy problem exists (no short-
circuit occurs) if we restrict ourselves to µ with µ+ 6 ξ where the constraint ξ is properly

chosen. More precisely, if A2 = Dc is not α-thin at infinity, then such λξA exists (even in
the presence of an external field) provided that ξ is a positive Radon measure concentrated
on A1 with finite α-Riesz energy Eκα(ξ) :=

∫∫
κα(x, y) dξ(x) dξ(y) < ∞ and with total

mass ξ(A1) ∈ (1,∞); see Theorem 6.1.1 In particular, if the domain D is bounded, then

a solution λξA exists whenever A := (D,Dc) and ξ := mn|D, where mn is the n-dimen-
sional Lebesgue measure. Theorem 6.1 is sharp in the sense that it no longer holds if the
requirement ξ(A1) <∞ is omitted from its hypotheses, see Theorem 6.2.

We provide descriptions of the weighted α-Riesz potentials of the solutions λξA, single out
their characteristic properties, and analyze their supports, see Theorems 6.3, 6.4 and 6.5.
The results are illustrated by Examples 9.1 and 9.2. The theory of minimum α-Riesz energy
problems with a (positive) constraint ξ acting only on positive parts of measures associated
with A, thus developed, remains valid in its full generality for the signed constraint ξ−ξDc

acting simultaneously on the positive and negative parts of the measures in question, see
Section 6.2. (Here ξD

c
is the α-Riesz balayage of ξ onto Dc.)

The approach developed is mainly based on the establishment of an intimate relationship
between, on the one hand, the constrained weighted minimum α-Riesz energy problem over
signed measures associated with A and, on the other hand, the constrained weighted min-
imum α-Green energy problem over positive measures concentrated on A1 (Theorem 5.2).
While proving Theorem 5.2, we have substantially used the finiteness of the α-Riesz energy
of the constraint ξ. Regrettably, a similar assertion in [11], Lemma 4.2, did not require
that Eκα(ξ) <∞, being based on a false statement, Lemma 2.4, that the finiteness of the
α-Green energy Eg(µ) of a bounded measure µ on D implies the finiteness of its α-Riesz
energy (see Example 10.1 below for a counterexample). This caused the incorrectness of the

1See Section 3 for the notion of α-thinness at infinity. The uniqueness of a solution λξA can be established
by standard methods based on the convexity of the class of admissible measures and the pre-Hilbert structure
on the linear space of all signed Radon measures on Rn with Eκα(µ) <∞, see Lemma 4.6.



CONDENSERS WITH TOUCHING PLATES 3

formulations and of the proofs presented in [11]. The present paper rectifies the results on
the constrained weighted α-Riesz and α-Green energy problems announced in [11].

Regarding the constrained weighted minimum α-Green energy problem over positive mea-
sures concentrated on A1, crucial to the arguments applied in the investigation thereof is
the perfectness of the α-Green kernel g on a domain D, established recently by the second
and the fifth named authors [17], which amounts to the completeness in the topology de-

fined by the energy norm ‖ν‖g :=
√
Eg(ν) of the cone of all positive Radon measures ν on

D with finite α-Green energy Eg(ν).

2. Preliminaries

Let X be a locally compact (Hausdorff) space [4, Chapter I, Section 9, n◦ 7], to be specified
below, and M(X) the linear space of all real-valued Radon measures µ on X, equipped
with the vague topology, i.e. the topology of pointwise convergence on the class C0(X) of
all continuous functions on X with compact support.2 We refer the reader to [5, 6, 13] for
the theory of measures and integration on a locally compact space, to be used throughout
the paper; see also [14] for a short survey.

For the purposes of the present study it is enough to assume that X is metrizable and
countable at infinity , the latter means that X can be represented as a countable union of
compact sets [4, Chapter I, Section 9, n◦ 9]. Then the vague topology on M(X) satisfies the
first axiom of countability (see Remark 2.5 in [12]), and the vague convergence is entirely
determined by convergence of sequences. The vague topology on M(X) is Hausdorff; hence,
a vague limit of any sequence in M(X) is unique provided that it exists.

Let µ+ and µ− denote the positive and the negative parts of a measure µ ∈ M(X) in
the Hahn–Jordan decomposition, |µ| := µ+ + µ− its total variation, and S(µ) = SµX its
support. A measure µ is said to be bounded if |µ|(X) < ∞. Given µ and a µ-measurable
function u we shall for brevity write 〈u, µ〉 :=

∫
u dµ.3

Let M+(X) stand for the (convex, vaguely closed) cone of all positive µ ∈M(X), and let
Ψ(X) consist of all lower semicontinuous (l.s.c.) functions ψ : X → (−∞,∞], nonnegative
unless X is compact. The following fact is well known, [14, Section 1.1].

Lemma 2.1. For any ψ ∈ Ψ(X) the mapping µ 7→ 〈ψ, µ〉 is vaguely l.s.c. on M+(X).

We define a kernel κ(x, y) on X as a symmetric positive function from Ψ(X ×X). Given
µ, ν ∈M(X), let Eκ(µ, ν) and Uµκ denote the mutual energy and the potential relative to

2When speaking of a continuous numerical function we understand that the values are finite real numbers.
3Throughout the paper the integrals are understood as upper integrals, see [5]. When introducing

notation about numerical quantities we always assume the corresponding object on the right to be well
defined — as a finite real number or ±∞.
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the kernel κ, respectively, i.e.

Eκ(µ, ν) :=

∫∫
κ(x, y) dµ(x) dν(y),

Uµκ (·) :=

∫
κ(·, y) dµ(y).

Observe that Uµκ (x), µ ∈M(X), is well defined at x ∈ X provided that Uµ
+

κ (x) and Uµ
−

κ (x)

are not both infinite, and then Uµκ (x) = Uµ
+

κ (x)−Uµ
−

κ (x). In particular, if µ > 0, then Uµκ
is defined everywhere on X and represents a positive l.s.c. function, see Lemma 2.1.

Also note that Eκ(µ, ν), µ, ν ∈M(X), is well defined and equal to Eκ(ν, µ) provided that
Eκ(µ+, ν+)+Eκ(µ−, ν−) or Eκ(µ+, ν−)+Eκ(µ−, ν+) is finite. For µ = ν the mutual energy
Eκ(µ, ν) becomes the energy Eκ(µ) := Eκ(µ, µ). Let Eκ(X) consist of all µ ∈M(X) whose
energy Eκ(µ) is finite, which by definition means that Eκ(µ+), Eκ(µ−), and Eκ(µ+, µ−)
are all finite, and let E+

κ (X) := Eκ(X) ∩M+(X).

If f : X → [−∞,∞] is an external field then the f -weighted potential Wµ
κ,f and the f -

weighted energy Gκ,f (µ) of µ ∈ Eκ(X) are formally given by

Wµ
κ,f := Uµκ + f,(2.1)

Gκ,f (µ) := Eκ(µ) + 2〈f, µ〉 =
〈
Wµ
κ,f + f, µ

〉
.(2.2)

Let Eκ,f (X) consist of all µ ∈ Eκ(X) whose f -weighted energy Gκ,f (µ) is finite.

Given a set Q ⊂ X, let M+(Q;X) consist of all µ ∈ M+(X) concentrated on Q, which
means thatX\Q is locally µ-negligible, or equivalently thatQ is µ-measurable and µ = µ|Q,
where µ|Q = 1Q · µ is the trace (restriction) of µ on Q [6, Section 5, n◦ 3, Exemple]. (Here
1Q denotes the indicator function of Q.) If Q is closed then µ is concentrated on Q if
and only if it is supported by Q, i.e. S(µ) ⊂ Q. It follows from the countability of X at
infinity that the concept of local µ-negligibility coincides with that of µ-negligibility; and
hence µ ∈M+(Q;X) if and only if µ∗(X \Q) = 0, µ∗(·) being the outer measure of a set.
Write E+

κ (Q;X) := Eκ(X)∩M+(Q;X), M+(Q, q;X) :=
{
µ ∈M+(Q;X) : µ(Q) = q

}
and

E+
κ (Q, q;X) := Eκ(X) ∩M+(Q, q;X), where q ∈ (0,∞).

Assume for a moment that Q is locally closed in X. According to [4, Chapter I, Section 3,
Definition 2] this means that for every x ∈ Q there is a neighborhood V of x in X such
that V ∩ Q is a closed subset of the subspace Q ⊂ X. Being locally closed, the set Q is
universally measurable [4, Chapter I, Section 3, Proposition 5], hence M+(Q;X) consists
of all the restrictions µ|Q where µ ranges over M+(X). On the other hand, according to [4,
Chapter I, Section 9, Proposition 13] the locally closed set Q itself can be thought of as a
locally compact subspace of X. Thus M+(Q;X) consists, in fact, of all those ν ∈M+(Q)
for each of which there exists ν̂ ∈M+(X) with the property

(2.3) ν̂(ϕ) =
〈
1Qϕ, ν

〉
for every ϕ ∈ C0(X).
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We say that such ν̂ extends ν ∈M+(Q) by 0 off Q to all of X. A sufficient condition for
this to happen is that ν be bounded.

In all that follows a kernel κ is assumed to be strictly positive definite, which means that
the energy Eκ(µ), µ ∈ M(X), is nonnegative whenever defined and it equals 0 only for
µ = 0. Then Eκ(X) forms a pre-Hilbert space with the inner product Eκ(µ, µ1) and the

energy norm ‖µ‖κ :=
√
Eκ(µ), see [14]. The (Hausdorff) topology on Eκ(X) defined by

the norm ‖ · ‖κ is termed strong .

In contrast to [15, 16] where a capacity has been treated as a functional acting on positive
numerical functions on X, in the present study we consider the (standard) concept of
capacity as a set function. Thus the (inner) capacity of an arbitrary set Q ⊂ X relative
to the kernel κ, denoted cκ(Q), is defined by

(2.4) cκ(Q) :=
[

inf
µ∈E+κ (Q,1;X)

Eκ(µ)
]−1

;

see e.g. [14, 21]. Then 0 6 cκ(Q) 6 ∞. (As usual, here and in the sequel the infimum
over the empty set is taken to be +∞. We also put 1

/
(+∞) = 0 and 1

/
0 = +∞.) In

consequence of the strict positive definiteness of the kernel κ,

(2.5) cκ(K) <∞ for every compact K ⊂ X.

Furthermore, by [14, p. 153, Eq. 2],

(2.6) cκ(Q) = sup cκ(K) (K ⊂ Q, K compact).

An assertion U(x) involving a variable point x ∈ X is said to subsist cκ-nearly everywhere
(cκ-n.e.) on Q if cκ(N) = 0 where N consists of all x ∈ Q for which U(x) fails to hold.
Throughout the paper we shall often use the fact that cκ(N) = 0 if and only if µ∗(N) = 0
for every µ ∈ E+

κ (X), µ∗(·) being the inner measure of a set; see [14, Lemma 2.3.1].

As in [19, p. 134], we call a (signed Radon) measure µ ∈ M(X) cκ-absolutely continuous
if µ(K) = 0 for every compact set K ⊂ X with cκ(K) = 0. It follows from (2.6) that,
for such a µ, |µ|∗(Q) = 0 for every Q ⊂ X with cκ(Q) = 0. Hence every µ ∈ Eκ(X) is
cκ-absolutely continuous, but not conversely, [19, pp. 134–135].

Definition 2.2. Following [14], we call a (strictly positive definite) kernel κ perfect if every
strong Cauchy sequence in E+

κ (X) converges strongly to any of its vague cluster points.4

Remark 2.3. On X = Rn, n > 3, the α-Riesz kernel κα(x, y) = |x− y|α−n, α ∈ (0, n), is
strictly positive definite and moreover perfect, see [9, 10]; thus so is the Newtonian kernel
κ2(x, y) = |x−y|2−n [8]. Recently it has been shown that, if X = D where D is an arbitrary
open set in Rn, n > 3, and gαD, α ∈ (0, 2], is the α-Green kernel on D ([19, Chapter IV,
Section 5] or see Section 3 below), then κ = gαD is likewise strictly positive definite and
perfect [17, Theorems 4.9, 4.11].

4It follows from Theorem 2.4 that for a perfect kernel such a vague cluster point exists and is unique.
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Theorem 2.4. (see [14]) If a kernel κ on a locally compact space X is perfect, then the cone
E+
κ (X) is strongly complete and the strong topology on E+

κ (X) is finer than the (induced)
vague topology on E+

κ (X).

Remark 2.5. In contrast to Theorem 2.4, for a perfect kernel κ the whole pre-Hilbert
space Eκ(X) is in general strongly incomplete, and this is the case even for the α-Riesz
kernel of order α ∈ (1, n) on Rn, n > 3 (see [8] and [19, Theorem 1.19]). Compare with [22,
Theorem 1] where the strong completeness has been established for the metric subspace of
all (signed) ν ∈ Eκα(Rn) such that ν+ and ν− are supported by closed nonintersecting sets
in Rn, n > 3. This result from [22] has been proved with the aid of Deny’s theorem [9]
stating that Eκα(Rn) can be completed by making use of tempered distributions on Rn
with finite α-Riesz energy.

Remark 2.6. The concept of perfect kernel is an efficient tool in minimum energy problems
over classes of positive scalar Radon measures with finite energy. Indeed, if Q ⊂ X is
closed, cκ(Q) ∈ (0,+∞), and if κ is perfect, then the minimum energy problem in (2.4) has
a unique solution λQ [14, Theorem 4.1]; we shall call such a λQ the (inner) κ-capacitary
measure on Q. Later the concept of perfectness has been shown to be efficient also in
minimum energy problems over classes of vector measures of finite or infinite dimensions
associated with a standard condenser, see [23]–[26]. The approach developed in [23]–[26]
substantially used the assumption of the boundedness of the kernel on the product of
the oppositely charged plates of a condenser, which made it possible to extend Cartan’s
proof [8] of the strong completeness of the cone E+

κ2(Rn) of all positive measures on Rn
with finite Newtonian energy to an arbitrary perfect kernel κ on a locally compact space
X and suitable classes of signed measures µ ∈ Eκ(X).

3. α-Riesz balayage and α-Green function

In all that follows we fix n > 3, α ∈ (0, 2] and a domain D ⊂ Rn with cκα(Dc) > 0,
where Dc := Rn \ D, and we assume that either κ(x, y) = κα(x, y) := |x − y|α−n is the
α-Riesz kernel on X = Rn, or κ(x, y) = gαD(x, y) is the α-Green kernel on X = D. For the
definition of gαD, see [19, Chapter IV, Section 5] or see below.

For given x ∈ Rn and r ∈ (0,∞) write B(x, r) := {y ∈ Rn : |y − x| < r}, S(x, r) := {y ∈
Rn : |y − x| = r} and B(x, r) := B(x, r) ∪ S(x, r). Let ∂Q denote the boundary of a set
Q ⊂ Rn in the topology of Rn.

We shall simply write α instead of κα if it serves as an index. When speaking of a (positive
Radon) measure µ ∈M+(Rn), we always assume that Uµα 6≡ +∞. This implies that

(3.1)

∫
|y|>1

dµ(y)

|y|n−α
<∞,

see [19, Eq. 1.3.10], and consequently that Uµα is finite κα-n.e. on Rn, [19, Chapter III,
Section 1]; these two implications can actually be reversed. We shall use the short form
’n.e.’ instead of ’cα-n.e.’ if this will not cause any misunderstanding.
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Definition 3.1. ν ∈M(D) is called extendible if there exist ν̂+ and ν̂− extending ν+ and

ν−, respectively, to Rn by 0 off D, see (2.3), and if these ν̂+ and ν̂− satisfy (3.1). We

identify such a ν ∈M(D) with its extension ν̂ := ν̂+ − ν̂−, and we therefore write ν̂ = ν.

Every bounded measure ν ∈M(D) is extendible. The converse holds if D is bounded, but
not in general (e.g. not if Dc is compact). The set of all extendible measures ν ∈ M(D)
consists of all the restrictions µ|D where µ ranges over M(Rn).

The α-Green kernel g = gαD on D is defined by

gαD(x, y) = U
εy
α (x)− U ε

Dc
y
α (x) for all x, y ∈ D,

where εy denotes the unit Dirac measure at a point y and εD
c

y its α-Riesz balayage onto
the (closed) set Dc, uniquely determined in the frames of the classical approach by [17,
Theorem 3.6]. See also the book by Bliedtner and Hansen [3] where balayage is studied in
the setting of balayage spaces.

We shall simply write µ′ instead of µD
c

when speaking of the α-Riesz balayage of µ ∈
M+(D;Rn) onto Dc. According to [17, Corollaries 3.19 and 3.20], for any µ ∈M+(D;Rn)
the balayage µ′ is cα-absolutely continuous and it is determined uniquely by relation

(3.2) Uµ
′

α = Uµα n.e. on Dc

within the cα-absolutely continuous positive measures on Rn supported by Dc. Further-
more, there holds the integral representation

(3.3) µ′ =

∫
ε′y dµ(y),

see [17, Theorem 3.17].5 If moreover µ ∈ E+
α (D;Rn) then the balayage µ′ is in fact the

orthogonal projection of µ onto the convex cone E+
α (Dc;Rn), i.e.

(3.4) ‖µ− θ‖α > ‖µ− µ′‖α for all θ ∈ E+
α (Dc;Rn), θ 6= µ′;

see [16, Theorem 4.12] or [17, Theorem 3.1].

If now ν ∈M(D) is an extendible signed (Radon) measure, then

ν ′ := νD
c

:= (ν+)D
c − (ν−)D

c

is a balayage of ν onto Dc. The balayage ν ′ is determined uniquely by (3.2) with ν in place
of µ within the cα-absolutely continuous signed measures on Rn supported by Dc.

The following definition goes back to Brelot [7]. A closed set F ⊂ Rn is said to be α-thin
at infinity if either F is compact, or the inverse of F relative to S(0, 1) has x = 0 as an
α-irregular boundary point; cf. [19, Theorem 5.10].

5In the literature the integral representation (3.3) seems to have been more or less taken for granted,
though it has been pointed out in [6, p. 18, Remarque] that it requires that the family (ε′y)y∈D is µ-adequate
in the sense of [6, Section 3, Définition 1]; see also counterexamples (without µ-adequacy) in Exercises 1
and 2 at the end of that section. A proof of this adequacy has therefore been given in [17, Lemma 3.16].
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Theorem 3.2. (see [17, Theorem 3.22]) The set Dc is not α-thin at infinity if and only
if for every bounded measure µ ∈M+(D) it holds true that

(3.5) µ′(Rn) = µ(Rn).

As noted in Remark 2.3 above, the α-Riesz kernel κα on Rn and the α-Green kernel gαD on
D are both strictly positive definite and moreover perfect. Furthermore, the α-Riesz kernel
κα (with α ∈ (0, 2]) satisfies the complete maximum principle in the form stated in [19,
Theorems 1.27, 1.29]. Regarding a similar result for the α-Green kernel g, the following
assertion holds.

Theorem 3.3. (see [17, Theorem 4.6]) Let µ ∈ E+
g (D), let ν ∈M+(D) be extendible, and

let v be a positive α-superharmonic function on Rn (see [19, Chapter I, Section 5, n◦ 20]).
If moreover Uµg 6 Uνg + v µ-a.e. on D, then the same inequality holds on all of D.

The following three lemmas establish relations between potentials and energies relative to
the kernels κα and g = gαD, respectively.

Lemma 3.4. For any extendible measure µ ∈ M(D) the α-Green potential Uµg is well
defined and finite (cα-)n.e. on D and given by6

(3.6) Uµg = Uµ−µ
′

α n.e. on D.

Proof. It is seen from Definition 3.1 that Uµα is finite n.e. on Rn, and hence so is Uµ
′

α .
Applying (3.3) to µ±, we get by [6, Section 3, Théorème 1]

Uµg =

∫ [
U
εy
α − U

ε′y
α

]
dµ(y) = Uµα − Uµ

′
α

n.e. on D, and the lemma follows. �

Lemma 3.5. If µ ∈M(D) is extendible and if its extension belongs to Eα(Rn), then

µ ∈ Eg(D),(3.7)

µ− µ′ ∈ Eα(Rn),(3.8)

‖µ‖2g = ‖µ− µ′‖2α = ‖µ‖2α − ‖µ′‖2α.(3.9)

Proof. In view of the definition of a signed measure of finite energy, we obtain (3.7) from
the inequality7

(3.10) gαD(x, y) < κα(x, y) for all x, y ∈ D,
while (3.8) from [17, Corollary 3.7] or [17, Theorems 3.1, 3.6]. According to Lemma 3.4
and Footnote 6, Uµg is finite cg-n.e. on D and given by (3.6), while by (3.7) the same holds

6If Q is a given subset of D, then any assertion involving a variable point holds n.e. on Q if and only if
it holds cg-n.e. on Q, see [11, Lemma 2.6].

7The strict inequality in (3.10) is caused by our convention that cα(Dc) > 0.
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|µ|-a.e. on D, see [14, Lemma 2.3.1]. Integrating (3.6) with respect to µ±, we therefore
obtain by subtraction

(3.11) ∞ > Eg(µ) = Eα(µ− µ′, µ).

As Uµ−µ
′

α = 0 n.e. on Dc by (3.2), while µ′ is cα-absolutely continuous, we also have

(3.12) Eα(µ− µ′, µ′) = 0,

which results in the former equality in (3.9) when combined with (3.11). In view of (3.8),
relation (3.12) takes the form ‖µ′‖2α = Eα(µ, µ′), and the former equality in (3.9) implies
the latter. �

Lemma 3.6. Assume that µ ∈ M(D) has compact support SµD. Then µ ∈ Eg(D) if and
only if its extension belongs to Eα(Rn).

Proof. According to Lemma 3.5 it is enough to establish the necessity part of the lemma.

We may clearly assume that µ is positive. Since Uµ
′

α is continuous on D, hence bounded
on the compact set SµD, we have

(3.13) Eα(µ, µ′) <∞.
On the other hand, Eg(µ) is finite by assumption, hence likewise as in the preceding proof
relation (3.11) holds. Combining (3.11) with (3.13) yields µ ∈ Eα(Rn). �

Remark 3.7. The proof of Lemma 3.5 uses substantially the requirement µ ∈ Eα(Rn).
Being founded on the weaker assumption µ ∈ Eg(D), the formulation and the proof of a
similar assertion in [11] (see Lemma 2.4 therein) was incorrect, as shown by Example 10.1
below. The revision of [11] provided in present paper is based significantly on the current
version of Lemma 3.5, as well as on the perfectness of the kernel gαD discovered recently in
[17, Theorem 4.11].

4. Minimum α-Riesz energy problems for generalized condensers

4.1. A generalized condenser. Under the (permanent) assumptions stated in the be-
ginning of Section 3, fix a (not necessarily proper) subset A1 of D which is relatively closed
in D. The pair A = (A1, A2) where A2 := Dc is said to form a generalized condenser in
Rn, and A1 and A2 are termed its positive and negative plates.8 To avoid triviality, we
shall always require that cα(A1) > 0, hence

(4.1) cα(Ai) > 0 for i = 1, 2.

The generalized condenser A = (A1, A2) is said to be standard if A1 is closed in Rn.

Example 4.1. Let A1 = B(0, r) = D, r ∈ (0,∞). Then A = (A1, A2) is a generalized
condenser in Rn which certainly is not a standard one. See Example 9.1 for constraints
under which the constrained minimum α-Riesz energy problem (Problem 4.4) for such an
A admits a solution (has no short-circuit) despite the fact that A2 ∩ C`RnA1 = S(0, r).

8The notion of generalized condenser thus defined differs from that introduced in our recent work [12].
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Unless explicitly stated otherwise, in all that follows A = (A1, A2) is assumed to be a
generalized condenser in Rn. We emphasize that, though A1∩A2 = ∅, the set A2∩C`RnA1

might have nonzero α-Riesz capacity and might even coincide with the whole ∂D.

Let M(A;Rn) consist of all signed Radon measures on Rn whose positive and negative
parts in the Hahn–Jordan decomposition are concentrated on A1 and A2, respectively,
and let Eα(A;Rn) := M(A;Rn) ∩ Eα(Rn). For any vector a = (a1, a2) with a1, a2 > 0
write

Eα(A,a;Rn) :=
{
µ ∈ Eα(A;Rn) : µ+(A1) = a1, µ

−(A2) = a2

}
.

This class is nonempty, which is clear from (4.1) in view of [14, Lemma 2.3.1], and therefore
it makes sense to consider the problem on the existence of λA ∈ Eα(A,a;Rn) with

(4.2) ‖λA‖2α = wα(A,a) := inf
µ∈Eα(A,a;Rn)

‖µ‖2α.

This problem will be referred to as the condenser problem. Note that, by the (strict)
positive definiteness of the kernel κα,

wα(A,a) > 0.

Remark 4.2. Assume for a moment that A is a standard condenser in Rn. If moreover
the Euclidean distance between its plates is strictly positive, i.e. if

(4.3) inf
x∈A1, y∈A2

|x− y| > 0,

then the assumption

(4.4) cα(Ai) <∞ for i = 1, 2

is sufficient for the problem (4.2) to be (uniquely) solvable for every normalizing vector a.
See e.g. [25] where this result has actually been established even for infinite dimensional
vector measures in the presence of a vector-valued external field and for an arbitrary perfect
kernel on a locally compact space. However, if (4.4) does not hold then in general there
exists a vector a′ such that the corresponding extremal value wα(A,a′) is not an actual
minimum, see [25].9 Therefore it was interesting to give a description of the set of all
vectors a for which the condenser problem nevertheless is solvable. Such a characterization
has been established in [26]. On the other hand, if assumption (4.3) is omitted then the
approach developed in [25, 26] breaks down and (4.4) does not guarantee anymore the
existence of a solution to the problem (4.2). This has been illustrated by [12, Theorem 4.6]
pertaining to the Newtonian kernel.

The following theorem shows that for a generalized condenser A the condenser problem in
general has no solution.

9In the case of the α-Riesz kernels of order 1 < α 6 2 on R3 some of the (theoretical) results on the
solvability or unsolvability of the condenser problem mentioned in [25] have been illustrated in [18, 20] by
means of numerical experiments.
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Theorem 4.3. If A2 is not α-thin at infinity and if cgαD(A1) =∞, then

wα(A,1) =
[
cgαD(A1)

]−1
= 0;

hence wα(A,1) cannot be an actual minimum because 0 /∈ Eα(A,1;Rn).

Proof. Consider compact sets K` ⊂ A1, ` ∈ N, such that K` ↑ A1 as `→∞. By (2.6),

(4.5) cg(K`) ↑ cg(A1) =∞ as `→∞

and there is therefore no loss of generality in assuming that every cg(K`) is > 0. Fur-
thermore, since the α-Green kernel g is strictly positive definite and moreover perfect
(Remark 2.3), we see from (2.5) that cg(K`) < ∞ and hence, by Remark 2.6, there exists
a (unique) g-capacitary measure λ` on K`, i.e. λ` ∈ E+

g (K`, 1;D) with

‖λ`‖2g = 1/cg(K`) <∞.

According to Lemma 3.6, Eα(λ`) is finite along with Eg(λ`) and hence, by Lemma 3.5,

‖λ`‖2g = ‖λ` − λ′`‖2α.

As A2 is not α-thin at infinity, we get from (3.5) λ` − λ′` ∈ Eα(A,1;Rn) which together
with the two preceding displays gives

1/cg(K`) = ‖λ`‖2g = ‖λ` − λ′`‖2α > wα(A,1) > 0.

Letting here `→∞, we obtain the theorem from (4.5). �

Using the electrostatic interpretation, which is possible for the Coulomb kernel |x − y|−1

on R3, we say that under the hypotheses of Theorem 4.3 a short-circuit occurs between the
oppositely signed plates of the generalized condenser A. It is therefore meaningful to ask
what kinds of additional requirements on the objects in question will prevent this blow-up
effect, and secure that a solution to the corresponding minimum α-Riesz energy problem
does exist. To this end we have succeeded in working out a substantive theory by imposing a
proper upper constraint on the measures under consideration, thereby rectifying the results
on the constrained α-Riesz energy problem stated in [11], cf. Remark 3.7 above.

4.2. A constrained f-weighted minimum α-Riesz energy problem for a general-
ized condenser. In the rest of the paper we shall always require that A2 is not α-thin
at infinity and that a = 1. When speaking of an external field f , see Section 2, we shall
tacitly assume that either of the following Case I or Case II holds:

I. f ∈ Ψ(Rn) and moreover

(4.6) f = 0 n.e. on A2;

II. f = U ζ−ζ
′

α where ζ is a signed extendible Radon measure on D with Eα(ζ) <∞.
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Note that relation (4.6) holds also in Case II, see (3.2). Since a set with cα(·) = 0 carries
no measure with finite α-Riesz energy [14, Lemma 2.3.1], we thus see that in either Case I
or Case II no external field acts on the measures from E+

α (A2;Rn). The f -weighted α-Riesz
energy Gα,f (µ), cf. (2.2), of µ ∈ Eα(A;Rn) can therefore be defined as

(4.7) Gα,f (µ) = ‖µ‖2α + 2〈f, µ〉 = ‖µ‖2α + 2〈f, µ+〉.

If Case II takes place, then for every µ ∈ Eα(A;Rn) we moreover get

∞ > Gα,f (µ) = ‖µ‖2α + 2Eα(ζ − ζ ′, µ)(4.8)

= ‖µ+ ζ − ζ ′‖2α − ‖ζ − ζ ′‖2α > −‖ζ − ζ ′‖2α > −∞.

Thus in either Case I or Case II

(4.9) Gα,f (µ) > −M > −∞ for all µ ∈ Eα(A;Rn).

Indeed, in Case I this is obvious by (4.7), while in Case II it follows from (4.8).

By a constraint for measures from E+
α (A1, 1;Rn) we mean a measure ξ such that

(4.10) ξ ∈ E+
α (A1;Rn) and ξ(A1) > 1.

Let C(A1;Rn) consist of all such constraints. Given ξ ∈ C(A1;Rn), write

Eξα(A,1;Rn) :=
{
µ ∈ Eα(A,1;Rn) : µ+ 6 ξ

}
,

where µ+ 6 ξ means that ξ − µ+ > 0. Note that we do not impose any constraint on the
negative parts of measures µ ∈ Eα(A,1;Rn). In the case where the class

Eξα,f (A,1;Rn) := Eξα(A,1;Rn) ∩ Eα,f (Rn)

is nonempty (see Section 2 for the definition of Eα,f (Rn)), or equivalently if10

(4.11) Gξα,f (A,1;Rn) := inf
µ∈Eξα,f (A,1;Rn)

Gα,f (µ) <∞,

then the following constrained f -weighted minimum α-Riesz energy problem makes sense.

Problem 4.4. If (4.11) holds, does there exist λξA ∈ E
ξ
α,f (A,1;Rn) with

(4.12) Gα,f (λξA) = Gξα,f (A,1;Rn) ?

Conditions which guarantee (4.11) are provided by the following Lemma 4.5. Write

(4.13) A◦1 :=
{
x ∈ A1 : |f(x)| <∞

}
.

Lemma 4.5. Relation (4.11) holds if either Case II takes place, or (in the presence of
Case I) if

(4.14) ξ(A◦1) > 1.

10If (4.11) is fulfilled, then Gξα,f (A,1;Rn) is actually finite, see (4.9).
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Proof. Assume first that (4.14) holds; then there exists by (4.13) a compact setK ⊂ A◦1 such
that |f | 6 M <∞ on K and that ξ(K) > 1. Define µ = µ+ − µ− where µ+ := ξ|K

/
ξ(K)

and where µ− is any measure from E+
α (A2, 1;Rn) (such µ− exists since cα(A2) > 0). Noting

that ξ|K ∈ E+
α (K;Rn) by (4.10), we get µ ∈ Eξα,f (A,1;Rn) which yields (4.11). To complete

the proof of the lemma, it is left to note that (4.14) holds automatically whenever Case II

takes place, because then U ζ−ζ
′

α is finite n.e. on Rn, hence ξ-a.e. by (4.10). �

Lemma 4.6. A solution λξA to Problem 4.4 is unique (whenever it exists).

Proof. This can be established by standard methods based on the convexity of the class

Eξα,f (A,1;Rn) and on the pre-Hilbert structure on the space Eα(Rn). Indeed, if λ and λ̆

are two solutions to Problem 4.4, then we obtain from the convexity of Eξα,f (A,1;Rn)

4Gξα,f (A,1;Rn) 6 4Gα,f

(λ+ λ̆

2

)
= ‖λ+ λ̆‖2α + 4〈f, λ+ λ̆〉.

On the other hand, applying the parallelogram identity in Eα(Rn) to λ and λ̆ and then

adding and subtracting 4〈f, λ+ λ̆〉 we get

‖λ− λ̆‖2α = −‖λ+ λ̆‖2α − 4〈f, λ+ λ̆〉+ 2Gα,f (λ) + 2Gα,f (λ̆).

When combined with the preceding relation, this yields

0 6 ‖λ− λ̆‖2α 6 −4Gξα,f (A,1;Rn) + 2Gα,f (λ) + 2Gα,f (λ̆) = 0,

which establishes the lemma because of the strict positive definiteness of the kernel κα. �

5. Relations between minimum α-Riesz and α-Green energy problems

We are keeping the (permanent) assumptions on A, f and ξ stated in Sections 4.1 and 4.2.
Since M+(A1;Rn) ⊂ M+(A1;D), the constraint ξ can be thought of as an extendible
measure from M+(A1;D) such that its extension has finite α-Riesz energy (and total mass
ξ(A1) > 1). Define

Eξg (A1, 1;D) :=
{
µ ∈ E+

g (A1, 1;D) : µ 6 ξ
}
,

and let Eξg,f (A1, 1;D) consist of all µ ∈ Eξg (A1, 1;D) such that

(5.1) Gg,f (µ) := Gg,f |D(µ) = ‖µ‖2g + 2
〈
f |D, µ

〉
is finite, cf. (2.2). If the class Eξg,f (A1, 1;D) is nonempty, or equivalently if

(5.2) Gξg,f (A1, 1;D) := inf
µ∈Eξg,f (A1,1;D)

Gg,f (µ) <∞,

then the following constrained f -weighted minimum α-Green energy problem makes sense.
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Problem 5.1. If (5.2) holds, does there exist λξA1
∈ Eξg,f (A1, 1;D) with

(5.3) Gg,f (λξA1
) = Gξg,f (A1, 1;D) ?

Based on the convexity of Eξg,f (A1, 1;D) and on the pre-Hilbert structure on Eg(D), likewise

as in the proof of Lemma 4.6 we see that a solution λξA1
to Problem 5.1 is unique.

Theorem 5.2. Under the stated assumptions, we have

(5.4) Gξα,f (A,1;Rn) = Gξg,f (A1, 1;D).

Assume moreover that either of the (equivalent) assumptions (4.11) or (5.2) is fulfilled.
Then the solution to Problem 4.4 exists if and only if so does that to Problem 5.1, and in
the affirmative case they are related to each other by the formula

(5.5) λξA = λξA1
−
(
λξA1

)′
.

Proof. We begin by establishing the inequality

(5.6) Gξg,f (A1, 1;D) > Gξα,f (A,1;Rn).

Assuming Gξg,f (A1, 1;D) < ∞, choose ν ∈ Eξg,f (A1, 1;D). Being bounded, this ν is ex-

tendible. Furthermore, its extension has finite α-Riesz energy, for so does the extension of
the constraint ξ by (4.10). Applying (3.9) and (5.1) we get

Gg,f (ν) = ‖ν − ν ′‖2α + 2
〈
f |D, ν

〉
.

As A2 is not α-thin at infinity, we obtain from (3.5) θ := ν−ν ′ ∈ Eξα(A,1;Rn). Furthermore,
by (4.7),

〈f, θ〉 =
〈
f |D, ν

〉
<∞.

Thus θ ∈ Eξα,f (A,1;Rn) and Gα,f (θ) = Gg,f (ν), the latter relation being valid according

to the two preceding displays. This yields

Gg,f (ν) = Gα,f (θ) > Gξα,f (A,1;Rn),

which establishes (5.6) in view of the arbitrary choice of ν ∈ Eξg,f (A1, 1;D).

On the other hand, for any µ ∈ Eξα,f (A,1;Rn) we have µ+ ∈ E+
α (Rn) by the definition of a

signed measure of finite energy, as well as µ+ ∈ Eξg,f (A1, 1;D), see (3.7) and (4.7). Because

of (3.4), (3.9) and (4.7),

Gα,f (µ) = ‖µ‖2α + 2〈f, µ+〉 = ‖µ+ − µ−‖2α + 2〈f, µ+〉(5.7)

> ‖µ+ − (µ+)′‖2α + 2〈f, µ+〉 = ‖µ+‖2g + 2〈f, µ+〉

= Gg,f (µ+) > Gξg,f (A1, 1;D).

As µ ∈ Eξα,f (A,1;Rn) has been chosen arbitrarily, this together with (5.6) proves (5.4).
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Let now λξA1
∈ Eξg,f (A1, 1;D) satisfy (5.3). In the same manner as in the first paragraph of

the present proof we see that µ̆ := λξA1
−
(
λξA1

)′ ∈ Eξα,f (A,1;Rn). Substituting µ̆ instead of

µ in relation (5.7), we note that all the inequalities therein are, in fact, equalities. According

to (5.4) we therefore get Gα,f (µ̆) = Gξg,f (A1, 1;D) = Gξα,f (A,1;Rn). Hence there exists

the (unique) solution λξA to Problem 4.4 and it is related to λξA1
by means of formula (5.5).

To complete the proof, assume further that λξA = λ+−λ− ∈ Eξα,f (A,1;Rn) satisfies (4.12).

Similarly as in the second paragraph of the present proof, we have λ+ ∈ Eξg,f (A1, 1;D).

Furthermore, by (5.4) and (5.7), the latter with λξA instead of µ,

Gξg,f (A1, 1;D) = Gα,f (λξA) > ‖λ+ − (λ+)′‖2α + 2〈f, λ+〉

= ‖λ+‖2g + 2〈f, λ+〉 = Gg,f (λ+) > Gξg,f (A1, 1;D).

Hence, all the inequalities in the last display are, in fact, equalities. This shows that

λξA1
:= λ+ solves Problem 5.1 and also, on account of (3.4), that λ− = (λ+)′ =

(
λξA1

)′
. �

When investigating Problem 5.1 we shall need the following assertion, see [11, Lemma 4.3].

Lemma 5.3. Assume that (5.2) holds. Then λ = λξA1
∈ Eξg,f (A1, 1;D) is a solution to

Problem 5.1 if and only if〈
W λ
g,f , ν − λ

〉
> 0 for all ν ∈ Eξg,f (A1, 1;D),

where W λ
g,f := W λ

g,f |D := Uλg + f |D, cf. (2.1).

6. Main results

We keep all the (permanent) assumptions on A, f and ξ imposed in Sections 4.1 and 4.2.

6.1. Formulations of the main results. In the following Theorem 6.1 we require that
relation (4.11) holds; see Lemma 4.5 providing sufficient conditions for this to occur.

Theorem 6.1. Suppose moreover that the constraint ξ ∈ C(A1;Rn) is bounded, i.e.

(6.1) ξ(A1) <∞.
Then in either Case I or Case II Problem 4.4 is (uniquely) solvable.

Theorem 6.1 is sharp in the sense that it does not remain valid if requirement (6.1) is
omitted from its hypotheses (see the following Theorem 6.2).

Theorem 6.2. Condition (6.1) is actually necessary (and sufficient) for the solvability of
Problem 4.4. More precisely, suppose that cα(A1) =∞ and that Case II holds with ζ > 0.
Then there exists a constraint ξ ∈ C(A1;Rn) with ξ(A1) =∞ such that

(6.2) Gξα,f (A,1;Rn) = Gξg,f (A1, 1;D) = 0;
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hence Gξα,f (A,1;Rn) cannot be an actual minimum because 0 /∈ Eξα,f (A,1;Rn).

In the following three assertions we provide descriptions of the f -weighted α-Riesz potential

W
λξA
α,f , cf. (2.1), of the solution λξA to Problem 4.4 (provided that it exists) and single out

its characteristic properties. The support of λξA is also analyzed therein.

Theorem 6.3. Let assumption (4.14) hold and let f be lower bounded on A1. Fix an

arbitrary λ ∈ Eξα,f (A,1;Rn); such exists by Lemma 4.5. Then in either Case I or Case II

the following two assertions are equivalent:11

(i) λ is a solution to Problem 4.4;

(ii) There exists a number c ∈ R possessing the properties

W λ
α,f > c (ξ − λ+)-a.e.,(6.3)

W λ
α,f 6 c λ+-a.e.,(6.4)

and in addition it holds true that

(6.5) W λ
α,f = 0 n.e. on A2.

If moreover Case II holds, then relation (6.5) can be rewritten equivalently in the
following apparently stronger form:

(6.6) W λ
α,f = 0 on A2 \ Iα,A2 ,

where Iα,A2 denotes the set of all α-irregular (boundary) points of A2.

Let Ă2 denote the κα-reduced kernel of A2, [19, p. 164], namely the set of all x ∈ A2 such
that for any r > 0 we have cα

(
B(x, r) ∩A2

)
> 0.

In the following Theorems 6.4 and 6.5 we suppose that there exists the solution λξA =
λ+− λ− to Problem 4.4. For the sake of simplicity of formulation, in Theorem 6.4 we also
assume that in the case α = 2 the domain D is simply connected.

Theorem 6.4. It holds that

(6.7) Sλ
−

Rn =

{
Ă2 if α < 2,
∂D if α = 2.

Theorem 6.5. Let f = 0. Then

(6.8) W
λξA
α,f = U

λξA
α =

{
Uλ

+

g n.e. on D,
0 on Dc \ Iα,Dc .

11In Case I the assumption of the lower boundedness of f on A1 is automatically fulfilled. Furthermore,

in Case I relation (6.4) is equivalent to the following apparently stronger assertion: Wλ
α,f 6 c on Sλ

+

D .
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Furthermore, assertion (ii) of Theorem 6.3 holds, and relations (6.3) and (6.4) now take
respectively the following (equivalent) form:

U
λξA
α = c (ξ − λ+)-a.e.,(6.9)

U
λξA
α 6 c on Rn,(6.10)

where 0 < c <∞. In addition, in the present case f = 0 relations (6.9) and (6.10) together

with U
λξA
α = 0 n.e. on Dc determine uniquely the solution λξA to Problem 4.4 within the

class of admissible measures. If moreover U ξα is (finitely) continuous on D, then also

(6.11) U
λξA
α = c on Sξ−λ

+

D ,

(6.12) cgαD
(
Sξ−λ

+

D

)
<∞.

Omitting now the requirement of the continuity of U ξα, assume further that α < 2 and that
mn(Dc) > 0 where mn is the n-dimensional Lebesgue measure. Then

(6.13) Sλ
+

D = SξD,

(6.14) U
λξA
α < c on Rn \ SξD

(
= Rn \ Sλ+D

)
.

The proofs of Theorems 6.1, 6.2, 6.3, 6.4 and 6.5 are presented in Section 7.

6.2. An extension of the theory. Parallel with a constraint ξ ∈ C(A1;Rn) given by
relation (4.10) and acting only on (positive) measures from E+

α (A1, 1;Rn), consider also
the measure σ = σ+ − σ− defined as follows:

(6.15) σ+ = ξ, while σ− = ξ′.

Since σ ∈ Eα(A;Rn) and since σ−(Rn) = σ+(Rn) > 1, this σ can be thought of as a signed
constraint acting on (signed) measures from Eα(A; 1;Rn). Let Eσα(A,1;Rn) consist of all
µ ∈ Eα(A,1;Rn) such that µ± 6 σ±, and let

(6.16) Gσα,f (A,1;Rn) := inf
µ∈Eσα,f (A,1;Rn)

Gα,f (µ),

where Eσα,f (A,1;Rn) := Eσα(A,1;Rn) ∩ Eα,f (Rn).

Theorem 6.6. With these assumptions and notations, we have

(6.17) Gσα,f (A,1;Rn) = Gξα,f (A,1;Rn).

If these (equal) extremal values are finite, then Problem 4.4 (with the positive constraint
ξ) is solvable if and only so is the problem (6.16) (with the signed constraint σ); and in the
affirmative case their solutions coincide.
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Proof. Indeed, Gσα,f (A,1;Rn) > Gξα,f (A,1;Rn) follows directly from the relation

(6.18) Eσα,f (A,1;Rn) ⊂ Eξα,f (A,1;Rn).

To prove the converse inequality, assume Gξα,f (A,1;Rn) < ∞ and fix ν ∈ Eξα,f (A,1;Rn).

Define µ := ν+ − (ν+)′. It is obvious that µ ∈ Eα(A;Rn), while Theorem 3.2 shows that
(ν+)′(A2) = ν+(A1) = 1. Furthermore, (ν+)′ 6 ξ′ = σ− by the linearity of balayage, and
so altogether µ ∈ Eσα(A,1;Rn). According to (3.4) and (4.7), we thus have

Gα,f (ν) = ‖ν‖2α + 2〈f, ν+〉 > ‖ν+ − (ν+)′‖2α + 2〈f, ν+〉
= ‖µ‖2α + 2〈f, µ+〉 = Gα,f (µ) > Gσα,f (A,1;Rn),

which establishes (6.17) in view of the arbitrary choice of ν ∈ Eξα,f (A,1;Rn).

Assume now that (4.11) holds. If there is a solution λσA to the problem (6.16) then this λσA
also solves Problem 4.4, which is clear from (6.17) and (6.18). Conversely, if λξA = λ+−λ−
solves Problem 4.4 then by (5.5) it holds that λ− = (λ+)′, and in the same manner as

in the preceding paragraph we get λξA ∈ Eσα(A,1;Rn). Hence λξA also solves the problem

(6.16) because Gα,f (λξA) = Gξα,f (A,1;Rn) = Gσα,f (A,1;Rn) by (6.17). �

Thus the theory of minimum α-Riesz energy problems with a (positive) constraint ξ ∈
C(A1;Rn) acting only on positive parts of measures µ from Eα(A,1;Rn), developed in
Section 6.1, remains valid in its full generality for the signed constraint σ, defined by (6.15)
and acting simultaneously on positive and negative parts of µ ∈ Eα(A,1;Rn).

Remark 6.7. In the case where

(6.19) cα
(
C`RnA1 ∩ C`RnA2

)
= 0,

Problem 4.4 has been analyzed in our recent work [12] for the α-Riesz kernel of any order
α ∈ (0, n), for any normalizing vector a = (a1, a2), and for any signed constraint ξ+ − ξ−
(not necessarily of finite α-Riesz energy); see e.g. Theorems 6.1 and 7.1 therein. (Compare
with [2] where a similar problem has been analyzed for the logarithmic kernel on the plane.)
However the approach developed in [12] uses substantially the requirement (6.19), and can
not be adapted to the present case where (6.19) may not hold.

7. Proofs of the assertions formulated in Section 6.1

Observe that, if Case II takes place, then

(7.1) ζ ∈ Eg(D),

(7.2) f = U ζ−ζ
′

α = U ζg cg-n.e. on D.
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Indeed, (7.1) is obvious by (3.7), and (7.2) holds by Lemma 3.4 and Footnote 6. By (7.1)
and (7.2) we get in Case II for every ν ∈ E+

g (A1;D)

(7.3) Gg,f (ν) = ‖ν‖2g + 2Eg(ζ, ν) = ‖ν + ζ‖2g − ‖ζ‖2g.

7.1. Proof of Theorem 6.1. By Theorem 5.2, Theorem 6.1 will be proved once we have
established the following assertion.

Theorem 7.1. Under the assumptions of Theorem 6.1, Problem 5.1 is solvable.

Proof. Under the assumptions of Theorem 6.1 Problem 5.1 makes sense since, by (5.4),

(7.4) Gξg,f (A1, 1;D) <∞.

Then Gξg,f (A1, 1;D) is actually finite, which is clear from (5.4) and Footnote 10.

In view of (7.4), one can choose a sequence {µk}k∈N ⊂ Eξg,f (A1, 1;D) such that

(7.5) lim
k→∞

Gg,f (µk) = Gξg,f (A1, 1;D).

Since Eξg,f (A1, 1;D) is a convex cone and since Eg(D) is a pre-Hilbert space with the inner

product Eg(ν, ν1) and the energy norm ‖ν‖g =
√
Eg(ν), arguments similar to those in the

proof of Lemma 4.6 can be applied to the set {µk : k ∈ N}. This gives

0 6 ‖µk − µ`‖2g 6 −4Gξg,f (A1, 1;D) + 2Gg,f (µk) + 2Gg,f (µ`).

Letting here k, `→∞ and combining the relation thus obtained with (7.5), we see in view

of the finiteness of Gξg,f (A1, 1;D) that {µk}k∈N forms a strong Cauchy sequence in the

metric space E+
g (D). In particular, this implies

(7.6) sup
k∈N
‖µk‖g <∞.

Since A1 is (relatively) closed in D and since the cone M+(D) is vaguely closed in M(D),
so is the cone Mξ(A1;D) :=

{
ν ∈ M+(A1;D) : ν 6 ξ

}
. Furthermore, Mξ(A1, 1;D) :=

Mξ(A1;D) ∩M+(A1, 1;D) is vaguely bounded, hence it is vaguely relatively compact ac-
cording to [5, Chapitre III, Section 2, Proposition 9]. Thus, there exists a vague cluster
point µ of the sequence {µk}k∈N chosen above, and such a µ belongs to Mξ(A1;D). Passing
to a subsequence and changing notations, we assume that

(7.7) µk → µ vaguely in M+(D) as k →∞.

We assert that this µ is a solution to Problem 5.1.

Applying Lemma 2.1 to 1D ∈ Ψ(D), we conclude from (7.7) that

µ(D) 6 lim
k→∞

µk(D) = 1.
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We proceed by showing that the inequality here is in fact an equality, hence altogether

(7.8) µ ∈Mξ(A1, 1;D).

Consider an exhaustion of A1 by an upper directed family of compact sets K ⊂ A1. Since
1K is upper semicontinuous on D (and of course bounded), we get from Lemma 2.1 and
[14, Lemma 1.2.2]

1 > 〈1D, µ〉 = lim
K↑A1

〈
1K , µ

〉
> lim

K↑A1

lim sup
k→∞

〈
1K , µk

〉
= 1− lim

K↑A1

lim inf
k→∞

〈
1A1\K , µk

〉
.

Thus relation (7.8) will follow once we show that

(7.9) lim
K↑A1

lim inf
k→∞

〈
1A1\K , µk

〉
= 0.

Since by (6.1) and [14, Lemma 1.2.2] it holds that

∞ > ξ(D) = lim
K↑A1

〈
1K , ξ

〉
,

we have

lim
K↑A1

〈
1A1\K , ξ

〉
= 0.

When combined with 〈
1A1\K , µk

〉
6
〈
1A1\K , ξ

〉
for every k ∈ N,

this implies (7.9) and consequently (7.8).

Another consequence of (7.7) is that µk⊗µk → µ⊗µ vaguely in M+(D×D) [5, Chapitre III,
Section 5, Exercice 5]. Applying Lemma 2.1 to Y = D ×D and ψ = g, we thus get

Eg(µ) 6 lim inf
k→∞

‖µk‖2g <∞,

where the latter inequality holds by (7.6). Hence µ ∈ E+
g (D). Combined with (7.8), this

yields µ ∈ Eξg (A1, 1;D). As Gf,g(µ) > −∞, the assertion that µ solves Problem 5.1 will
therefore be established once we have shown that

(7.10) Gg,f (µ) 6 lim
k→∞

Gg,f (µk).

Since the kernel g is perfect [17, Theorem 4.11], the sequence {µk}k∈N, being strong Cauchy
in E+

g (D) and vaguely convergent to µ, converges to the same limit strongly in E+
g (D), i.e.

(7.11) lim
k→∞

‖µk − µ‖g = 0.

Also note that the mapping ν 7→ Gg,f (ν) is vaguely l.s.c., resp. strongly continuous, on

E+
g,f (A1;D) if Case I, resp. Case II, takes place. In fact, since ‖ν‖g is vaguely l.s.c., the

former assertion follows from Lemma 2.1. As for the latter assertion, it is obvious by (7.3).
This observation makes it possible to obtain (7.10) from (7.7) and (7.11). �
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7.2. Proof of Theorem 6.2. In consequence of Theorem 6.1, it is enough to establish
the necessity part of the theorem. Assume that the requirements of the latter part of the
theorem are fulfilled. According to Theorem 5.2, the former equality in relation (6.2) holds.
Furthermore, since Case II with ζ > 0 takes place, we get from (7.1) and (7.2)

(7.12) Gg,f (ν) = ‖ν‖2g + 2Eg(ζ, ν) ∈ [0,∞) for all ν ∈ E+
g (A1;D).

Consider numbers r` > 0, ` ∈ N, such that r` ↑ ∞ as ` → ∞, and write Br` := B(0, r`),
A1,r` := A1 ∩ Br` . As cα(Br`) < ∞ for every ` ∈ N, while cα(A1) = ∞, it follows
from the subadditivity of cα(·) on universally measurable sets, [14, Lemma 2.3.5], that
cα(A1 \ Br`) = ∞. Hence for every ` ∈ N there is ξ` ∈ E+

α (A1 \ Br` , 1;Rn) of compact

support Sξ`D such that

(7.13) ‖ξ`‖α 6 `−2.

Clearly, the r` can be chosen successively so that A1,r` ∪ S
ξ`
D ⊂ A1,r`+1

. Any compact
set K ⊂ Rn is contained in a ball Br`0 with `0 large enough, and hence K has points in

common with only finitely many Sξ`D . Therefore ξ defined by the relation

ξ(ϕ) :=
∑
`∈N

ξ`(ϕ) for any ϕ ∈ C0(Rn)

is a positive Radon measure on Rn concentrated on A1. Furthermore, ξ(A1) = ∞ and
ξ ∈ E+

α (Rn). To prove the latter, note that ηk := ξ1 + · · ·+ ξk ∈ E+
α (Rn) in view of (7.13)

and the triangle inequality in Eα(Rn), for L :=
∑

`∈N `−2 <∞. Also observe that ηk → ξ
vaguely because for any ϕ ∈ C0(Rn) there is k0 such that ξ(ϕ) = ηk(ϕ) for all k > k0. As
‖ηk‖α 6 L for all k ∈ N, Lemma 2.1 with X = A1×A1 and ψ = κα yields ‖ξ‖α 6 L.

Each ξ` belongs to E+
g (A1, 1;D) and moreover, by (3.10) and (7.13),

(7.14) ‖ξ`‖g 6 ‖ξ`‖α 6 `−2.

As Case II takes place, ξ` ∈ Eξg,f (A1, 1;D) for all ` ∈ N by (7.12). Therefore, by the

Cauchy–Schwarz (Bunyakovski) inequality in the pre-Hilbert space Eg(D),

0 6 Gξg,f (A1, 1;D) 6 lim
`→∞

[
‖ξ`‖2g + 2Eg(ζ, ξ`)

]
6 2‖ζ‖g lim

`→∞
‖ξ`‖g = 0,

where the first and the second inequalities hold by (7.12), while the third inequality and

the equality are valid by (7.14). Hence Gξg,f (A1, 1;D) = 0, and the theorem follows.

7.3. Proof of Theorem 6.3. Fix an arbitrary λ = λ+ − λ− ∈ Eξα,f (A,1;Rn). We begin

by observing that, since f = 0 n.e. on A2, relation (6.5) can alternatively be written as

Uλα = Uλ
+−λ−

α = 0 n.e. on A2, which by (3.2) is equivalent to the equality

(7.15) λ− = (λ+)′.
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Taking Theorem 5.2 into account, we thus see that, while proving the equivalence of asser-
tions (i) and (ii) of Theorem 6.3, there is no loss of generality in assuming that the given
measure λ satisfies (7.15). By (3.6) we therefore get

Uλα = Uλ
+−(λ+)′

α =

{
Uλ

+

g n.e. on D,
0 n.e. on A2,

hence

W λ
α,f =

{
W λ+

g,f n.e. on D,

0 n.e. on A2,

where W λ+

g,f := W λ+

g,f |D = Uλ
+

g + f |D, cf. (2.1). If moreover Case II holds, then

W λ
α,f = Uλ

++ζ
α − U (λ++ζ)′

α n.e. on Rn.
According to [17, Corollary 3.14], the function on the right (hence that on the left) in this
relation takes the value 0 at every α-regular point of A2, which establishes (6.6).

Combined with Theorem 5.2, what has been shown just above yields that Theorem 6.3 will
be proved once the following theorem has been established.

Theorem 7.2. Under the hypotheses of Theorem 6.3 the following two assertions are

equivalent for any µ ∈ Eξg,f (A1, 1;D):

(i′) µ is a solution to Problem 5.1;

(ii′) There exists a number c ∈ R possessing the properties

Wµ
g,f > c (ξ − µ)-a.e.,(7.16)

Wµ
g,f 6 c µ-a.e.(7.17)

Proof. Throughout the proof we shall use permanently the fact that both ξ and µ have
finite α-Riesz energy are hence they are cα-absolutely continuous.

Suppose first that assertion (i′) holds. Then inequality (7.16) is valid for c = L, where

L := sup
{
q ∈ R : Wµ

g,f > q (ξ − µ)-a.e.
}
.

In turn, (7.16) with c = L implies that L < ∞ because Wµ
g,f < ∞ holds n.e. on A◦1 and

hence (ξ − µ)-a.e. on A◦1, while (ξ − µ)(A◦1) > 0 by (4.14). Also note that L > −∞, for
Wµ
g,f is lower bounded on A1 by assumption.

We next proceed by establishing (7.17) with c = L. To this end, write for any w ∈ R
A+

1 (w) :=
{
x ∈ A1 : Wµ

g,f (x) > w
}

and A−1 (w) :=
{
x ∈ A1 : Wµ

g,f (x) < w
}
.

Assume, on the contrary, that (7.17) with c = L does not hold, i.e. that µ
(
A+

1 (L)
)
> 0.

Since Wµ
g,f is µ-measurable one can choose w′ ∈ (L,∞) so that µ

(
A+

1 (w′)
)
> 0. At the

same time, as w′ > L, relation (7.16) with c = L yields

(ξ − µ)
(
A−1 (w′)

)
> 0.
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Therefore, there exist compact sets K1 ⊂ A+
1 (w′) and K2 ⊂ A−1 (w′) such that

(7.18) 0 < µ(K1) < (ξ − µ)(K2).

Write τ := (ξ − µ)|K2 ; then Eg(τ) < Eα(τ) < ∞. Since
〈
Wµ
g,f , τ

〉
6 w′τ(K2) < ∞, we

thus get 〈f, τ〉 <∞. Define θ := µ−µ|K1 + bτ , where b := µ(K1)/τ(K2) ∈ (0, 1) by (7.18).

Then, by straightforward verification, θ(A1) = 1 and θ 6 ξ, hence θ ∈ Eξg,f (A1, 1;D). On

the other hand,〈
Wµ
g,f , θ − µ

〉
=
〈
Wµ
g,f − w

′, θ − µ
〉

= −
〈
Wµ
g,f − w

′, µ|K1

〉
+ b
〈
Wµ
g,f − w

′, τ
〉
< 0,

which is impossible in view of Lemma 5.3 applied to λ = µ and ν = θ. This contradiction
establishes (7.17), thus completing the proof that assertion (i′) implies assertion (ii′).

Conversely, let assertion (ii′) hold. Then µ
(
A+

1 (c)
)

= 0 and (ξ − µ)
(
A−1 (c)

)
= 0. For any

ν ∈ Eξg,f (A1, 1;D) we therefore obtain〈
Wµ
g,f , ν − µ

〉
=
〈
Wµ
g,f − c, ν − µ

〉
=
〈
Wµ
g,f − c, ν|A+

1 (c)

〉
+
〈
Wµ
g,f − c, (ν − ξ)|A−1 (c)

〉
> 0.

Application of Lemma 5.3 shows that, indeed, µ is the solution to Problem 5.1. �

7.4. Proof of Theorem 6.4. For any x ∈ D let Kx be the inverse of C`RnA2 rel-
ative to S(x, 1). Since Kx is compact, there is the (unique) κα-equilibrium measure
γx ∈ E+

α (Kx;Rn) on Kx with the properties ‖γx‖2α = γx(Kx) = cα(Kx),

(7.19) Uγxα = 1 n.e. on Kx,

and Uγxα 6 1 on Rn. Note that γx 6= 0, for cα(Kx) > 0 in consequence of cα(A2) > 0, see
[19, Chapter IV, Section 5, n◦ 19]. We assert that, under the stated requirements,

(7.20) SγxRn =

{
K̆x if α < 2,

∂RnKx if α = 2.

The latter equality in (7.20) follows from [19, Chapter II, Section 3, n◦ 13]. To establish the

former equality,12 we first note that SγxRn ⊂ K̆x by the cα-absolute continuity of γx. As for

the converse inclusion, assume on the contrary that there is x0 ∈ K̆x such that x0 /∈ SγxRn ,

and let r > 0 be such that B(x0, r) ∩ SγxRn = ∅. But cα
(
B(x0, r) ∩ K̆x

)
> 0, hence there

is y ∈ B(x0, r) such that Uγxα (y) = 1. The function Uγxα is α-harmonic on B(x0, r) [19,
Chapter I, Section 5, n◦ 20], continuous on B(x0, r), and takes at y ∈ B(x0, r) its maximum
value 1. Applying [19, Theorem 1.28] we obtain Uγxα = 1 mn-a.e. on Rn, hence everywhere

on (K̆x)c by the continuity of Uγxα on
(
SγxRn

)c [
⊃ (K̆x)c

]
, and altogether n.e. on Rn by

(7.19). This means that γx serves as the α-Riesz equilibrium measure on the whole of Rn,
which is impossible.

12We have brought here this proof, since we did not find a reference for this possibly known assertion.
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Based on (5.5) and on the integral representation (3.3), we then arrive at the claimed
relation (6.7) in view of the fact that, for every x ∈ D, ε′x is the Kelvin transform of the
equilibrium measure γx, see [17, Section 3.3].

7.5. Proof of Theorem 6.5. Since λ− = (λ+)′ by (5.5) and since f = 0 by assumption,
the function

W
λξA
α,f = U

λξA
α = Uλ

+

α − U (λ+)′
α

is well defined and finite n.e. on Rn. In particular, it is well defined on all of D and it equals

there the strictly positive function Uλ
+

g , see Lemma 3.4. This together with (6.6) proves
(6.8). Combining (6.8) with (6.4) shows that under the stated assumptions the number c
from Theorem 6.3 is > 0, while (6.3) now takes the (equivalent) form

(7.21) U
λξA
α > c > 0 (ξ − λ+)-a.e.

Having rewritten (6.4) as

Uλ
+

α 6 Uλ
−

α + c λ+-a.e.,

we infer from [19, Theorems 1.27, 1.29, 1.30] that the same inequality holds on all of Rn,
which amounts to (6.10). In turn, (6.10) yields (6.9) when combined with (7.21). It follows

directly from Theorem 6.3 that relations (6.9) and (6.10) together with U
λξA
α = 0 n.e. on

Dc determine uniquely the solution λξA within the class of admissible measures.

Assume now that U ξα is continuous on D. Then so is Uλ
+

α . Indeed, since Uλ
+

α is l.s.c. and

since Uλ
+

α = U ξα−U ξ−λ
+

α with U ξα continuous on D and U ξ−λ
+

α l.s.c., it follows that Uλ
+

α is

also upper semicontinuous, hence continuous. Therefore, by the continuity of Uλ
+

α on D,
(6.9) implies (6.11). Thus, by (6.8) and (6.11),

Uλ
+

g = c on Sξ−λ
+

D ,

which implies (6.12) in view of [14, Lemma 3.2.2] with κ = g.

Omitting now the requirement of the continuity of U ξα, assume further that α < 2 and that

mn(Dc) > 0. If on the contrary (6.13) is not fulfilled, then there is x0 ∈ SξD such that

x0 /∈ Sλ
+

D . Thus one can choose r > 0 so that

(7.22) B(x0, r) ⊂ D and B(x0, r) ∩ Sλ
+

D = ∅.
Then (ξ−λ+)

(
B(x0, r)

)
> 0, and hence by (6.9) there exists y ∈ B(x0, r) with the property

that U
λξA
α (y) = c, or equivalently that

(7.23) Uλ
+

α (y) = Uλ
−

α (y) + c.

As Uλ
+

α is α-harmonic on B(x0, r) and continuous on B(x0, r), while Uλ
−

α + c is α-super-
harmonic on Rn, we conclude from (6.10) and (7.23) with the aid of [19, Theorem 1.28]
that

(7.24) Uλ
+

α = Uλ
−

α + c mn-a.e. on Rn.
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This implies c = 0, for Uλ
+

α = U
(λ+)′
α = Uλ

−
α holds n.e. on Dc, hence mn-a.e. on Dc. A

contradiction.

Similar arguments enable us to establish (6.14). Indeed, if (6.14) does not hold at some

x1 ∈ D \ Sλ
+

D , then relation (7.23) would be valid with x1 in place of y, see (6.10); and
moreover one could choose r > 0 so that (7.22) would be fulfilled with x1 in place of x0.

Therefore, using the α-harmonicity of Uλ
+

α on B(x1, r), as well as the α-superharmonicity

of Uλ
−

α + c on Rn, we would arrive again at (7.24) and hence at the equality c = 0. The
contradiction thus obtained completes the proof of the theorem.

8. Duality relation between non-weighted constrained and weighted
unconstrained minimum α-Green energy problems

As above, fix a (not necessarily proper) subset A1 of D which is relatively closed in D and
fix a constraint ξ ∈ C(A1;Rn), see (4.10), with 1 < ξ(A1) <∞; such ξ exists because of the
(permanent) assumption cα(A1) > 0. According to Theorem 7.1, the non-weighted (f = 0)

constrained minimum α-Green energy problem over the class Eξg (A1, 1;D) is (uniquely)

solvable, i.e. there exists λ = λξA1
∈ Eξg (A1, 1;D) with

(8.1) ‖λ‖2g = min
ν∈Eξg (A1,1;D)

‖ν‖2g.

Write q := [ξ(A1)− 1]−1 and

θ := q(ξ − λ), f0 := −qU ξg .

Theorem 8.1. Assume moreover that U ξg is (finitely) continuous on D. Then the measure
θ is a (unique) solution to the f0-weighted unconstrained minimum α-Green energy problem
over E+

g (A1, 1;D), i.e. θ ∈ E+
g (A1, 1;D) and

(8.2) Gg,f0(θ) = inf
ν∈E+g (A1,1;D)

Gg,f0(ν).

Moreover, there exists η ∈ (0,∞) such that

W θ
g,f0 = −η on SθD,(8.3)

W θ
g,f0 > −η on D,(8.4)

and these two relations (8.3) and (8.4) determine uniquely a solution to the problem (8.2)
within the measures of the class E+

g (A1, 1;D).

Proof. Under the stated assumptions, relations (7.16) and (7.17) for the solution λ to the
(non-weighted constrained) problem (8.1) take the (equivalent) form

Uλg > c (ξ − λ)-a.e.,(8.5)

Uλg 6 c λ-a.e.(8.6)
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Thus c > 0, see (8.6). Applying Theorem 3.3 with v = c, from (8.6) we therefore obtain

Uλg 6 c on D.

Combined with (8.5), this gives Uλg = c (ξ − λ)-a.e., hence

Uλg = c on Sξ−λD ,

for Uλg is (finitely) continuous on D along with U ξg . (Indeed, the continuity of Uλg follows
in the same manner as in Section 7.5, see the second paragraph, with g in place of κα.)

With the chosen notations the two preceding displays can alternatively be rewritten as
(8.3) and (8.4) with η := qc. In turn, (8.3) and (8.4) imply that θ, f0 and −η satisfy [25,
Eqs. 7.9, 7.10], which according to [25, Theorem 7.3] establishes (8.2). �

9. Examples

The purpose of the examples below is to illustrate the assertions from Section 6.1. Observe
that both in Example 9.1 and Example 9.2 the set A2 = Dc is not α-thin at infinity.

Example 9.1. Let n > 3, 0 < α < 2, A1 = D = B(0, r), where r ∈ (0,∞), and let
A2 = Dc, f = 0. Define ξ := qλr, where q > 1 and where λr is the κα-capacitary
measure on B(0, r), see Remark 2.6. As follows from [19, Chapter II, Section 3, n◦ 13],

ξ ∈ E+
α (A1, q;Rn), SξD = D and U ξα is continuous on Rn. Since f = 0, Problem 4.4

reduces to the problem of minimizing Eα(µ) over the class of all signed Radon measures
µ ∈ Eα(A,1;Rn) with µ+ 6 ξ, which by Theorem 5.2 is equivalent to the problem of

minimizing EgαD(ν) where ν ranges over EξgαD(A1, 1;D). According to Theorems 5.2, 6.1 and

Lemma 4.6, these two constrained minimum energy problems are uniquely solvable (no

short-circuit occurs) and their solutions, denoted respectively by λξA = λ+ − λ− and λξA1
,

are related to each other as in (5.5). Furthermore, by (6.7), (6.12) and (6.13) we obtain

Sλ
+

D = S
λξA1
D = D, Sλ

−
Rn = Dc,

(9.1) cgαD

(
Sξ−λ

+

D

)
<∞,

and finally by (6.6) and (6.11) we have

(9.2) U
λξA
α =

{
c on Sξ−λ

+

D ,
0 on Dc,

where c > 0, while by (6.10)

(9.3) U
λξA
α 6 c on D \ Sξ−λ

+

D .

Moreover, according to Theorem 6.3 relations (9.2) and (9.3) determine uniquely the solu-

tion λξA among the class of admissible measures.
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Example 9.2. Let n = 3, α = 2, f = 0 and let D :=
{
x = (x1, x2, x3) ∈ R3 : x1 > 0

}
.

Define A1 as the union of Kk over k ∈ N, where

Kk :=
{

(x1, x2, x3) ∈ R3 : x1 =
1

k
, x2

2 + x2
3 6 k

2
}
, k ∈ N.

Let λk be the κ2-capacitary measure on Kk, see Remark 2.6; hence λk(Kk) = 1 and
‖λk‖22 = π2/(2k) by [19, Chapter II, Section 3, n◦ 14]. Define

ξ :=
∑
k∈N

λk
k2
.

In the same manner as in the proof of Theorem 6.2 one can see that ξ is a bounded positive
Radon measure concentrated on A1 with E2(ξ) <∞. Therefore it follows from Theorem 6.1
that Problem 4.4 for the constraint ξ and for the generalized condenser A = (A1, D

c) has
a solution (no short-circuit occurs), although Dc ∩ C`R3A1 = ∂D and hence

c2

(
Dc ∩ C`R3A1

)
=∞.

Furthermore, since each Uλk2 , k ∈ N, is continuous on Rn and bounded from above by π2/2k,

the potential U ξ2 is continuous on Rn by uniform convergence of the sequence
∑

k∈N k−2Uλk2 .
Hence (9.1), (9.2) and (9.3) also hold in the present case with α = 2, again with c > 0, and

relations (9.2) and (9.3) determine uniquely the solution λξA within the class of admissible

measures. Also note that Sλ
−

Rn = ∂D according to (6.7).

10. Appendix

The following example shows that even for positive bounded (hence extendible) measures
on an open ball in R3 the finiteness of the α-Green energy does not necessarily imply the
finiteness of the α-Riesz energy, contrary to what was stated in [11, Lemma 2.4].

Example 10.1. Let α = 2. For technical simplicity we first construct the analogous
example with the ball replaced by the halfspace D = {(x1, x2, x3) ∈ R3 : x1 > 0} (next
we apply a Kelvin transformation). The boundary ∂D (replacing the unit sphere) is then
the hyperplane {x1 = 0}. For r > 0 let µr denote the κ2-capacitary measure on the closed
2-dimensional disc Kr ⊂ ∂D of radius r centered at (0, 0), see Remark 2.6. Such µr exists
since 0 < c2(Kr) < +∞ (in fact c2(Kr) = 2r/π2, see [19, Chapter II, Section 3, n◦ 14]).
The Newtonian energy E2(µr) equals E2(µ1)/r, where 0 < E2(µ1) = 1/c2(K1) < +∞. For
(z1, z2) ∈ R2 and a measure ν on R3 denote by νz1,z2 the translation of ν in R3 by the
vector (z1, z2, 0). Then µz1,z2r is the κ2-capacitary measure on the translation of the disk
Kr by the vector (z1, z2, 0), denoted by Kz1,z2

r .

For fixed r > 0 the potential Uµr2 on R3 equals 1 on the disc Kr by the Wiener criterion.
By the continuity principle [19, Theorem 1.7], Uµr2 is continuous on R3, and even uniformly
since Uµr2 (x)→ 0 uniformly as |x| → +∞, SµrR3 being compact (actually, SµrR3 = Kr).
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For any positive measure ν on R3 we denote by (ν )̌ the image of ν under the reflection
(x1, x2, x3)→ (−x1, x2, x3) with respect to ∂D. The 2-Green kernel on the halfspace D is
given by

g(x, y) = U
εy
2 (x)− U (εy )̆

2 (x),

see e.g. [1, Theorem 4.1.6], and therefore we obtain

Eg(µ
ε,0
r ) =

∫
Uµ

ε,0
r

g dµε,0r =

∫ (
Uµ

ε,0
r

2 − U (µε,0r )̆
2

)
dµε,0r(10.1)

=

∫
Uµr2 dµr −

∫
Uµr2 (−2ε, x2, x3) dµr(x1, x2, x3)→ 0

as ε→ 0, noting that Uµr2 (−2ε, x2, x3)→ Uµr2 (0, x2, x3) uniformly with respect to (x2, x3) ∈
Kr as ε→ 0.

Consider decreasing sequences {ck}k∈N and {rk}k∈N of the numbers ck = 2−k and rk =
2−2k. Then c2

k/rk = 1, hence

(10.2)
∑
k∈N

ck = 1 and
∑
k∈N

c2
k/rk = +∞.

For k ∈ N choose 0 < εk < 1 small enough so that

(10.3)
∥∥µεk,krk

∥∥
g

=
∥∥µεk,0rk

∥∥
g
< 1,

which is possible in view of (10.1). Now define the functional

µ(ϕ) :=
∑
k∈N

ckµ
εk,k
rk

(ϕ) for all ϕ ∈ C0(D).

Since any compact subset of D has points in common with only finitely many (disjoint)

disks Kεk,k
rk , µ thus defined is a positive Radon measure on D with µ(D) = 1, see the

former equality in (10.2). Furthermore, the partial sums

η` :=
∑̀
k=1

ckµ
εk,k
rk

, where ` ∈ N,

belong to E+
g (D) with ‖η`‖g < 1, the latter being clear from (10.3) and the former equality

in (10.2) in view of the triangle inequality in Eg(D). Since η` → µ vaguely in M+(D),
hence η`⊗ η` → µ⊗µ vaguely in M+(D×D) [5, Chapitre III, Section 5, Exercice 5], from
Lemma 2.1 with X = D ×D and ψ = g we obtain ‖µ‖g 6 1.

On the other hand, being bounded, µ is extendible to a positive Radon measure on R3 and

E2(µ) >
∑
k∈N

E2

(
ckµ

εk,k
rk

)
=
∑
k∈N

c2
kE2(µrk) =

∑
k∈N

c2
kr
−1
k E2(µ1) = +∞,

where the last equality follows from the latter equality in (10.2). This verifies Example 10.1
for a halfspace.



CONDENSERS WITH TOUCHING PLATES 29

For treating the ball, apply the inversion relative to the sphere with center (2, 0, 0) and
radius 2. It maps the above halfspace D on the ball D∗ centered at (1, 0, 0) and with
radius 1. The above measure µ has bounded Newtonian potential Uµ2 at the point (2, 0, 0)
because µ is bounded and supported by the closed strip {0 6 x1 6 1} not containing
(2, 0, 0). Therefore, the Kelvin transform µ∗ of µ is a bounded measure, see [19, Eq. 4.5.3],
and can be written in the form

µ∗ =
∑
k∈N

ck
(
µεk,krk

)∗
,

the Kelvin transformation of positive measures being clearly countably additive. Since κ2-

energy is preserved by Kelvin transformation, so is g2
D-energy of a measure µεk,krk ∈ E+

2 (D),
as seen by combining [19, Eqs. 4.5.2, 4.5.4] and relation (3.9) above. Denoting by g∗ the
Green kernel for the above ball D∗ we therefore obtain

‖µ∗‖g∗ 6
∑
k∈N

ck
∥∥(µεk,krk

)∗∥∥
g∗

=
∑
k∈N

ck
∥∥µεk,krk

∥∥
g
6 1.

And clearly E2(µ∗) = E2(µ) = +∞. This verifies Example 10.1 also for a ball.
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