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Abstract We consider the minimal discrete and continuous energy problems on the
unit sphere S¢ in the Euclidean space R¢*! in the presence of an external field due
to finitely many localized charge distributions on S¢, where the energy arises from
the Riesz potential 1/7° (r is the Euclidean distance) for the critical Riesz parameter
s=d —2if d > 3 and the logarithmic potential log(1/r) if d = 2. Individually, a
localized charge distribution is either a point charge or assumed to be rotationally
symmetric. The extremal measure solving the continuous external field problem for
weak fields is shown to be the uniform measure on the sphere but restricted to the
exterior of spherical caps surrounding the localized charge distributions. The radii
are determined by the relative strengths of the generating charges. Furthermore,
we show that the minimal energy points solving the related discrete external field
problem are confined to this support. For d —2 < s < d, we show that for point
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sources on the sphere, the equilibrium measure has support in the complement of
the union of specified spherical caps about the sources. Numerical examples are
provided to illustrate our results.

1 Introduction

Let SY:={x € R?*! : |x| = 1} be the unit sphere in R?*!, where |-| denotes the
Euclidean norm. Given a compact set E C S, consider the class .2 (E) of unit
positive Borel measures supported on E. For 0 < s < d the Riesz s-potential and
Riesz s-energy of a measure U € .# (E) are given, respectively, by

Urx)= [kxy)da). xe R A= [ [kxydpEdao).

where ky(x,y):=|x —y|™® for s > 0 is the so-called Riesz kernel. For the case
s = 0 we use the logarithmic kernel ky(x,y):= log(1/|x —y|). The s-capacity of E
is then defined as Cs(E):=1/W;(E) for s > 0 and Cy(E) = exp(—Wo(E)), where
W(E):=inf{ (1) : u € #(E)}. A property is said to hold quasi-everywhere
(g.e.) if the exceptional set has s-capacity zero. When Cs(E) > 0, there exists a
unique minimizer Ug = U g, called the s-equilibrium measure on E, such that
Fs(Ug) = W(E). The s-equilibrium measure is just the normalized surface area
measure on S which we denote with ¢,. For more details see [8, Chapter I1].
We remind the reader that the s-energy of S is given by

D(d)T((d—+5)/2)

Uf"(x):fs(cd):vvs(sd)zZsr(d/z)r(d_s/z), 0<s<d, (1

and the logarithmic energy of S¢ is given by

dw,(S%)
ds

U () = So(0) = Wo(S") = = —log(2) + 5 (w(d) ~ w(d/2)),

s=0
where y(s):=T"(s)/T(s) is the digamma function. Using cylindrical coordinates
x=(/1-u?%u), —1<u<l,xes’ )

we can write the decomposition

doy(x) = %;1(1%2)‘”2’1 dudoy (). 3)

Here oy is the surface area of S? and the ratio of these areas can be evaluated as

o /jl (l_uz)d/zfldu_ VrT(d/2) _2d71[r(d/2)}2.

D=L EYCED )

“)
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We shall refer to a non-negative lower semi-continuous function Q : S¢ — [0, 0]
such that Q(x) < oo on a set of positive Lebesgue surface area measure as an external
field. The weighted energy associated with Q is then given by

To(w)i=74(1)+2 [ Q) (). 5)

Definition 1. The minimal energy problem on the sphere in the presence of the ex-
ternal field Q refers to the quantity

Voi= inf{IQ(/.t) e ///(Sd)}. ©6)

A measure [lg = [l € #(S?) such that Ip(pg) = Vp is called an s-extremal (or
s-equilibrium) measure associated with Q.

The discretized version of the minimal s-energy problem is also of interest. The
associated optimal point configurations have a variety of possible applications, such
as for generating radial basis functions on the sphere that are used in the numerical
solutions to PDEs (see, e.g., [10], [9]).

Given a positive integer N, we consider the optimization problem

éEQJV:: min Z [kY(X”X])‘FQ(Xl)JFQ(X])} (7)
X xn e84 <iZjon

A system that minimizes the discrete energy is called an optimal (minimal) s-energy
N-point configuration w.r.t. Q. The field-free case Q = 0 is particularly important.

The following Frostman-type result as stated in [7] summarizes the existence and
uniqueness properties for s-equilibrium measures on S¢ in the presence of external
fields (see also [12, Theorem 1.1.3] for the complex plane case and [13] for more
general spaces).

Proposition 1. Let 0 < s < d. For the minimal s-energy problem on S¢ with external

field Q the following properties hold:

(a) Vo is finite.

(b) There exists a unique s-equilibrium measure U = Ugs € M (S%) associated
with Q. Moreover, the support Sg of this measure is contained in the compact
set Eyp:={x € S : Q(x) < M} for some M > 0.

(c) The measure Lo satisfies the variational inequalities

U2 (x)+0(x) > Fy ge onS?, (8)
12(x)+Q(x) < Fp forallx € Sp, )

where
FQ::VQ—/Q(X)duQ(X). (10)

(d) Inequalities (8) and (9) completely characterize the extremal measure |ig in the
sense that if v € ./ (S) is a measure with finite s-energy such that
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UY(x)+Q(x) >C g onS, (11
U/ (x)+0Q(x) <C forallx € supp(Vv) (12)

for some constant C, we have then lig =V and Fg = C.

Remark 1. We note that a similar statement holds true when S¢ is replaced by any
compact subset K C S? of positive s-capacity.

The explicit determination of s-equilibrium measures or their support is not an
easy task. In [7] an external field exerted by a single point mass on the sphere was
applied to establish that, in the field-free case, minimal s-energy N-point systems
on S%, as defined in (7), are “well-separated” for d —2 < s < d. Axis-supported
external fields were studied in [4] and rotationally invariant external fields on S?
in [3]. The separation of minimal s-energy N-point configurations for more general
external fields, namely Riesz s-potentials of signed measures with negative charge
outside the unit sphere, was established in [5].

Here we shall focus primarily on the exceptional case when s =d —2 and Q
is the external field exerted by finitely many localized charge distributions. Let
a;,a,...,a, € S? be m fixed points with associated positive charges q1,42,. . ., qm.
Then the external field is given by

O(x):=Y gika—2(a;x). (13)
i=1

For sufficiently small charges ¢i,...,gm we completely characterize the (d —2)-
equilibrium measure for the external field (13).

The outline of the paper is as follows. In Section 2, we introduce some notion
from potential theory utilized in our analysis. In Section 3, we present the important
case of the unit sphere in the 3-dimensional space and logarithmic interactions. An
interesting corollary in its own right for discrete external fields in the complex plane
is exhibited as well. The situation when d > 3, considered in Section 4, is more
involved as there is a loss of mass in the balayage process. Finally, in Section 5, we
derive a result on regions free of optimal points and formulate an open problem.

2 Signed Equilibria, Mhaskar-Saff . -Functional, and Balayage

A significant role in our analysis is played by the so-called signed equilibrium
(see [4, 5)).

Definition 2. Given a compact subset £ C R”, p > 3, and an external field Q, we
call a signed measure 1g o = Ne o s supported on E and of total charge ng o(E) = 1
a signed s-equilibrium on E associated with Q if its weighted Riesz s-potential is
constant on E:

UP(x)+Q(x) =Fzp  forallx € E. (14)
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We note that if the signed equilibrium exists, it is unique (see [4, Lemma 23]). In
view of (8) and (9), the signed equilibrium on Sy is actually a non-negative measure
and coincides with the s-extremal measure associated with Q, and hence can be ob-
tained by solving a singular integral equation on Sp. Moreover, for the equilibrium
support we have that Sg C supp(ng{ Q) whenever So C E C S? (see [5, Theorem 97).

An important tool in our analysis is the Riesz analog of the Mhaskar-Saff
F-functional from classical logarithmic potential theory in the plane (see [11] and
[12, Chapter IV, p. 194]).

Definition 3. The .%-functional of a compact subset K C S¢ of positive s-capacity
is defined as

FK)=Wo(K)+ [ 0x) dux(x), (15)
where W;(K) is the s-energy of K and ik is the s-equilibrium measure on K.

Remark 2. As pointed out in [4, 5], when d — 2 < 5 < d, a relationship exists be-
tween the signed s-equilibrium constant in (14) and the .Z;-functional (15), namely
F5(K) = Fx 0. Moreover, the equilibrium support minimizes the .% -functional; i.e.,
ifd —2 < s < d and Qs an external field on S¢, then the .%,-functional is minimized
for Sp = supp(up) (see [4, Theorem 9]).

A tool we use extensively is the Riesz s-balayage measure (see [8, Section 4.5]).
Given a measure v supported on S¢ and a compact subset K C S?, the measure
V := Baly(v,K) is called the Riesz s-balayage of v onto K, d —2 <s <d, if V is
supported on K and

UY(x) =U’(x) on K,
- (16)
U/ (x) < U/ (x) on S¢.

In general, there is some loss of mass, namely V(S?) < v(S?). However, in the
logarithmic interaction case s = 0 and d = 2, the mass of the balayage measures is
preserved, but as in the classical complex plane potential theory we have equality of
potentials up to a constant term

UJ(x)=UJ(x)+C  onK, -
UOO(X) <UJ(x)+C  onS%

Balayage of a signed measure 7 is achieved by taking separately the balayage of
its positive and its negative part in the Jordan decomposition 1 =Nt —n~. An
important property is that we can take balayage in steps: if F C K C S, then

Baly(v, F) = Baly(Bals(v,K), F). (18)
We also use the well-known relation

Bal,(V,K) = V|, +Baly( K). (19)

v|§d\[(’
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3 Logarithmic Interactions on S?

We first state and prove our main theorem for the case of logarithmic interactions
on S?. We associate with Q (or equivalently with {a;} and {¢;}) the total charge

q:=qi+ - +qm

the vector
qi

— i=1
1+gq

e=(e,...,&n), &g:=2 sy M, (20)

7

and the set

m
Ze =) Zie Tie={xeS:|x—al|>e}, i=1,....me>0. (1)
i=1

More generally, with any vector ¥ = (¥1,.. ., }») With non-negative components we
associate the set Xy = N, iy Note:if y< € (e, ¥ < g, 1 <i<m),then Xg C X,.

Theorem 1. Letd =2 and s = 0. Let Q, &, and X¢ be defined by (13), (20), and (21).
Suppose that X}’ QZ;_’E,, =0, 1 <i< j<m. Then the logarithmic extremal measure

associated with Q is yQ =(14gq) 02y, and the extremal support is Sg = Xe.

Remark 3. The theorem has the following electrostatics interpretation. As positively
charged particles a; are introduced on a positively pre-charged unit sphere, they cre-
ate charge-free regions which we call regions of electrostatic influence. The theorem
then states that if the potential interaction is logarithmic and the charges of the par-
ticles are sufficiently small (so that the regions of influence do not overlap), then
these regions are perfect spherical caps X, whose radii depend only on the amount
of charge and the position of the particles. In Section 5, we partially investigate
what happens when the g;’s increase beyond the critical values imposed by the non-
overlapping conditions Eifgl_ ﬂZifgj =0,1<i<j<m.

Proof. Let m = 1. This case has already been solved in [4]. By [4, Theorem 17], the
signed equilibrium on Xy associated with Q(x) := glog Fla\ a € S?, is given by

nzy,Q = (1 + q) BalO(GZaEY) —q BalO(SaaZY)
2

—+go, + 10 (5 - 12 ) @

where f3 is the normalized Lebesgue measure on the boundary circle of XZy.
The logarithmic extremal measure on S? associated with Q is then given by

q
ko =(1+4q) oy, where ’/1+q
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Let & := (x,a) and ¥> = 2(1 —¢), where  is the projection of the boundary circle
82,, onto the a-axis. For future reference, by [4, Lemmas 39 and 41] we have

Bal 5 WO(ZY)’ X € 277
0y = Wo(Z)) + 2log -t xex @y
0 Y 2 g 1+§ ) Y
and
! og—l_t llog—l_t xclX
Balg(6a,Z 2 141 2 27 ”
e R S S T (24)
“log—2 — ~log—— e,
5 0g1+§ 5 og 5 X €2,
Moreover, V = Baly(07),,Zy) and 82 = Baly(8a,Z,) are multiples of 3:
¥
. . ¥ 1—t <
V:GZ(Zy)ﬁ:Zﬁ:T ) Sa:ﬁa (25)

Let m > 2. First, we determine the signed equilibrium on the set Xy, ¥ < €,
associated with Q. We consider the signed measure

7:= (1+q)Baly(02,Zy) —Balo(q1 Oa, + -+ Gm Oay,, Zy)-

As balayage under logarithmic interaction is linear and preserves mass, we have'

1

m
It = (1+a)lloall = Y aillda, | = 1+q~
i=1

L

m
gi=1.
=

The hypotheses on X¢ and X¢ C Xy, ¥ < €, imply the non-overlapping conditions

TN, =0, 1<i<j<m

Fori=1,...,mlet

Vii= 0o s V; :=Balo(Vi, Zi ), 0Oa; :=Balg(8,,,Z; y;)- (26)
i

Since X; , D Xy, balayage in steps yields
Bal()(\/,',zy) = Bal()(Bal()(Vi,Zi_’yi),Zy) = Bal()(V,',Zim) = \//\l

The second step follows because V; is supported on dZ;y, which is included in dXZy.
Hence

! The mass of a signed measure u is defined as ||u|| := [du.
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Balo(Gz,Z»y) = Balo((fzb:y +vVi+--+ vm,Ey)

m
= (72‘27 + EB&]Q(V{,E,,)

m
= 02‘27 + Zl Vi.
i=

Likewise,

—

Balo (8, , £y) = Balo(Balo(8,, Ziy ), Zy) = Balo(8,, i) = O,

Hence, we obtain the following representation of 7:

Ms
Ms
>

t=(1+q)oz, +(1+4q), (27)

Il
—_
Il
—_

We show that the weighted logarithmic potential of 7 satisfies (14). Let x € X,.
Then x € X; , for every 1 <i <mand, by (17) and (24), forevery 1 <i<m

UY(x) =U)(X)+Ci onZiy

Sa, . 1 1+
Uo’(x):UO’(x)—Elog :

onX;y.

Hence, computing the logarithmic potential of 7 in (27) yields, after simplification,

Up (x) +Q(x) = (1+ +Z( +qC+21gHz—ti), x e ZXy.

Since Uy (x) = Wy (S?), the weighted potential of 7 is constant on Zy; i.e., T is a
signed equilibrium on Xy associated with Q and, by uniqueness, 7x, 0 = 7 and

2 L qi 1+
Fro=(1+9)Wo(S*)+ ), (1+q)Ci+510g )
i=1
Letx € Zy. Thenx € X{ , forsome o € {1,...,m} and x € Xi y, for i # io. Using
(27), (23), and (24),

07 () + Q) = Pyt (140 |U" (00— (05 () Gy )|
i (28)

(] +‘§io) (1 _tio>
T (1)

Observe that the square-bracketed expression is <0 by (17). Because of 1;, < §;, < 1,
the ratio under the logarithm is > 1 and the logarithm tends to zero as §;, goes to t;,
and the logarithm tends to 4o as &;; approaches 1 from below. Using (23) again,
we derive
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Nzy.0 - qi I+
Uy " (%) +Q(x) = (1+9) Wo(Zig.y, ) + Y | (1+9)Cit 5 log—
=1,
i (29)
gi 1 +1
+7010g O"‘f(tio)_f(éio)»
2 2
where
_ 1+ta—d dig
Su) .—flog(l—i-u)—i-?log(l—u), —l<u<l. (30)
The function f has a unique maximum at * =1 — ?i’?{ in the interval (—1,1) for

0 < gi, < 1 +¢. Assuming that —1 <#;; <u < 1, f’(u) < 0 if and only if

2q; da;
max{t,-o,l— 1:]_loq}<u<1 & 0<2(l—u)<min{lj]_’°q7yl%}:min{e,%,}/iz}.

By assumption, %, < &,. Hence, the infimum of the weighted potential of 1z, ¢ in
the set X Yo is assumed on its boundary. Continuity of the potentials in (28) yields

Nzy,0 c
Uy " (x)+0(x) > Fr,p  on iy

As ip was determined by x € X7, we deduce that the last relation holds on Z}C,.

Summarizing, foreach y < €

Uy " (x)+Q(x) > Fs,0  onZ, G1)
U () +0(x) = Fr, 0 onZy (32)

and from (27) and (25),
1 }/.2 e2
Meyo = (1+) 02, +(14) Y, <; - ;) B
i=1

Itis not difficult to see that the signed equilibrium 1)z, , becomes a positive measure,

and at the same time satisfies the characterization inequalities (11) and (12), if and

only if y = €. By Proposition 1(d), o =1y, , = (1 +¢) 02|z,- O
Theorem 1 and [5, Corollary 13] yield the following result.

Corollary 1. Under the assumptions of Theorem 1, the optimal logarithmic energy
N-point configurations w.r.t. Q are contained in Sg for every N > 2.

Proof. From [5, Corollary 13] we have that the optimal N-point configurations lie in
So=1{x : Uy%(x)+0(x) < Fo}.

The strict monotonicity of the function f in (30) yields §Q =3Sp. a
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Fig.1 Approximate log-optimal points for m =2, N = 4000 with g1 = ¢» = %, a; = (0,0,1) and

ay = (Y2,0,—3) oray = (23,0, 1)

Remark 4. Theorem 1 and Corollary 1 are illustrated in Figures 1 and 2 for two and
three point sources, respectively. Observe, that the density of the (approximate) log-
optimal configuration approaches the normalized surface area of the equilibrium
support Sp = Xe.

Fig. 2 Approximate log-optimal points for m = 3, N = 4000 with ¢; = %, 9

a; = (0,0,1),a, = (YL,0,— %), and a3 = (0, L, — 1)

Il
00—
)
(95}
Il
)
=

Remark 5. Point sets that provide approximate optimal s-energy configurations were
obtained using a spherical parametrization of the points and applying a bound con-
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strained nonlinear optimizer which used function and gradient information to find
a local minimizer. The initial starting points were uniformly distributed, so did not
reflect the structure of the external fields. A local perturbation of the local mini-
mum was then used to generate a new starting point and the nonlinear optimization
applied again. The best local minimizer found provided an approximation (upper
bound) on the global minimum. Different local minima arose from the fine structure
of the points within their support.

The results above lend themselves to the following generalization. Given m
points ap,...,a, € S?, foreach i = 1,...,m let ¢; be a radially-symmetric measure
centered at a; and supported on Xf i for some p; > 0 that has absolutely continuous
density with respect to o»; i.e.,

a0 =il (xa)doa(x). =0 on|~13/1=p2]. )

Let g; := ||¢:|| = [ d¢i(x), 1 <i<m, and define the external field

04 (x) := ;Ug)"(x) = ;/log |X_13i‘ deg;(x), (34)

L

where ¢ = (¢1,...,¢,). Then the following theorem holds.

Theorem 2. Let d =2 and s = 0. Let Q¢ be defined by (34) and €, X¢ be defined
by (20), (21). Suppose that X} . ﬁz;,ej =0, 1 <i< j<m. Then the logarithmic ex-
tremal measure associated with Qg is o o = (1+q) Oy, and the extremal support
is SQ¢ = Zg.

Proof. The proof proceeds as in the proof of Theorem 1 with the adaption that the
balayage measure of ¢; is given by

¢ = Balo(¢;,Zig;) = ||| Bi = 4 B,

which follows easily from the hypothesis p; < & and the uniqueness of balayage
measures. O

We next formulate the analog of Theorem 1 in the complex plane C. Let us fix one
of the charges, say a,,, at the North Pole p, which will also serve as the center of the
Kelvin transformation J¢ (stereographic projection, or equivalently, inversion about
the center p) with radius v/2 onto the equatorial plane. Set w; := ¢ (a;), | <i<m.
The image of a,, under the Kelvin transformation is the ”point at infinity” in C.
Letting z = ¢ (x), X € S?, we can utilize the following formulas

e - P LSl
- ) 1| — bl
V1+]z2 V1+z2 1+ wi?

to convert the continuous minimal energy problem (cf. (6)) and the discrete minimal
energy problem (cf. (7)) on the sphere to their analog forms in the complex plane C.

1<i<m-—1
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Neglecting a constant term, we obtain in the complex plane the external field

1
Zq,log o +(1+q)log\/1+[z]2,  zeC. (35)

This external field is admissible in the sense of Saff-Totik [12], since

lim (Q(Z) *logIZI) = lim gy log|z| = oo.

|2]— |z|—

Therefore, there is a unique equilibrium measure > characterized by variational
inequalities similar to the ones in Proposition 1(d). The following theorem giving
the extremal support S o and the extremal measure 1 associated with the external

field é in (35) for sufficiently small g;’s is a direct consequence of Theorem 1.

Theorem 3. Let wy,...,wy—1 € C be fixed and qy, . .. ,qn be positive real numbers
with ¢ = q1 + -+ gm and Q be the corresponding external field given in (35).
Further, letay, ..., a, | € S? be the pre-images under the Kelvin transformation ¢,
Le,wi=2 (a;), 1 <i<m—1, and a,, = p. If the q;’s are sufficiently small so that
ngl ﬂEJC._’Ej =0, 1 <i< j<m, where the spherical caps X ¢, are defined in (21),

then there are open discs Dy, ..., Dy_1 in Cwithw; € Di =% (Z;g;), 1 <i<m—1,

such that
1+q—gm el
SQ z€C: |7 < 617 \UD (36)
m i=1

The extremal measure K associated with é is given by

1+¢

T _4A(z), 37
TP (2) (37

duy(z) =

where dA denotes the Lebesgue area measure in the complex plane.

Proof. The proof follows by a strai fht forward application of the Kelvin transfor-
mation to the weighted potential U, QO(x) and using the identity relating the
regular (not normalized) Lebesgue measure on the sphere and the area measure on

the complex plane
47 1
— 5 doy(x) = ——5dA(7)
x—p| 2= pl

This change of variables yields the identity

Ué‘Q (x)+0(x) = U:é (z) + O(2) + const

from which, utilizing (31) and (32), one derives
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Ho ~ ,
Uy%(z)+0(z) >C inC, (38)
U~ ~
Uy%(z)+0(z) =C on S5 (39)
which implies that Ko is the equilibrium measure by [12, Theorem 1.3]. O

Remark 6. At first it seems like a surprising fact that the equilibrium measure in
Theorem 2 is uniform on Sp. However, this can be easily seen alternatively from the
planar version Theorem 3. Once we derive that the support S o is given by (36), we
can recover the measure Ho by applying Gauss’ theorem (cf. [12, Theorem II.1.3]),
namely on any subregion of S o we have

1 ~ 1 ~ 1+¢
diu-=——AU"dA(z) = —A =—— 1 __dA(2).
Ho 27 (2) 27 () (1+]z]2)? (2)
Recall that on this subregion log|z — w;| is harmonic for all i = 1,...,m — 1. As

doy(x) = dA(z)/[m(1+|z)?)?], we get that p is the normalized Lebesgue surface
measure on Sgp. Observe, that the same argument applies to the setting of Theorem
5 (d =2, s =0), from which we derive pg = (1+¢q) 025, even in the case when X¢
are not disjoint. Of course, we don’t know the equilibrium support Sg in this case.
For related results see [1, 2].

4 Riesz (d —2)-Energy Interactions on S¢, d > 3

The case of (d — 2)-energy interactions on S?. d > 3, and an external field Q given
by (13) is considerably more involved as the balayage measures utilized to deter-
mine the signed equilibrium on Xy diminish their masses. This phenomenon yields
an implicit nonlinear system for the critical values of the radii €i,...,§&, (see (55)
and (56)) characterizing the regions of electrostatic influence.

Letd >3 and 0 <d —2 <s <d. Let ®(t;) := F(Z; ) be the Mhaskar-Saff
Z -functional associated with the external field Q;(x) := g;|x — a;|~* evaluated for
the spherical cap Z; . Then the signed s-equilibrium measure 7; := 7, g,.s ON
Xy associated with Q; is given by (see [4, Theorem 11 and 15])

(ps 14
Nis = WS((Sd)) Bals (0, Ziy,) — qi Baly(6a,, Ziy,)- (40)

For d —2 < s < d this signed measure is absolutely continuous

dnis(x) = ‘”d;' ) (1= dudoy (%), x=(V1—w2%u) € 5y,

@,

with density function
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o= e (1) (o)

1,d/2  t—u\ g2 “
><{@(ti)zFl(l_(’cJ—s)/Z;l—u)_Yid}

For the ratio % see (4), a formula for the Riesz s-energy Wy(S?) is given in (1),
and , F; denotes Olver’s regularized ,Fi-hypergeometric function [6, Eq. 15.2.2].
For s = d — 2 the signed (d — 2)-equilibrium

' . (Pd,z(t,') 1—1‘,‘ ) d/2—1 ) _@ )
Nid—2 = 7Wd_2(8d)6d‘zi4’i +t— (1-17) Dy 2(ti) ” Bi (42)

has, like in the logarithmic case (see (22)), a boundary-supported component f3;,
which is the normalized Lebesgue measure on the boundary circle of X; ;. Observe
that in either case the signed equilibrium has a negative component if and only if

&) — T <0, where 2(1—1;) = 1. 43)

The weighted s-potential of 1; 5, d —2 < s < d, satisfies ([4, Theorem 11])

U™ (2) + Qi(z) = D4(t),  z€Ziy, (44)
Ny ' _ . qi 2 é‘i—ti.d—s E
Us (ZHQ’(Z)_%(”H[2(1_5,~)]s/2I<1—zl-1+<§i’ 2 ’2)
(45)
i—ti d—
QT(i)I(f—i—(gi;Zs’;)’ ZESd\Zi,w

wherez:(,/l—éizi,‘g'i) es? —1<&<landzeS% !, and

B(x;a,b)

I(x;a,b) := B(a.b)

X
, B(a,b) :=B(1;a,b), B(x;a,b)::/u“fl(l—u)b*ldu
0

are the regularized incomplete beta function, the beta function, and the incomplete
beta function [6, Ch. 5 and 8]; whereas ([4, Lemmas 33 and 36])

Uz?id272 (Z) + Qi(Z) = ¢d72(ti)7 VAS Ei’y“ (46)
d/2-1
Nid—2 o . 1414 a4
Vara ()% Qi) = Pu2(i) ( 1+ §i> i 2(1-&)*!
qi 1414 d/2—1 ., 47)
_}{12<1+<§i) ) ASES \2,'7%..

The last relation follow from (45) if s is changed to d — 2.
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In the proof of our main result for s = d — 2, d > 3, we need the analog of (31),
which we derive from a similar result for the weighted potential (45). As this is of
independent interest, we state and prove the following lemma for d —2 < s < d.

Lemma l. Let d > 3 and d —2 < s < d. If (43) is satisfied, then the weighted s-
potential of the signed s-equilibrium M; s satisfies the variational inequalities

U:]i,s (Z) + Ql(z) = ¢S(tl)7 VAS Ei,'}’i?
UM (2) + 0i(2) > Dy (1), 2SN\ 5.

Furthermore, both relations remain valid if equality is allowed in (43).

(48)
(49)

Proof. The first equality (48) was established in [4, Theorems 11 and 15].
Let d > 3 and d —2 < s < d. The right-hand side of (45) is a function of &;
with 1; < & < 1. We denote it by G(&;). Using the integral form of the incomplete

regularized beta function, we get

o(452.2) (ot -o0) - (1%

o) |

)5/2 2d7Sq1‘ /
v Jo

Si—ti
1+& d=s__
& u 1

(1 —u)%_ldu.

Let (43) be satisfied. Then

&
d—s s\ G(&)— Ps(1) 1—5 1% (T a 2
B( 2 ’E) o0 |1-& /0 wr o\l

Si—ti

118 d=s_ s
—/+§’u2s 1(1—u)§ Ydu.

0

— u
1—1

Si—ti 31
. d—s 2M 2
e (i 20,

1—1

5-1
) du

The square-bracketed expression is > 1 for —1 < 1; < & < 1. Since 1%@ > 1, the
first integrand is bounded from below by the second integrand if 5 — 1 < 0. In the

case 5 — 1 > 0, we observe that for 0 <u < f:é’,
[

>(1—t,' 2 )51
——u
1-& 1-§

> (1—u)2" ",

The estimates are strict in both cases. Hence, equality is allowed in (43).
We are now ready to state and prove the second main result.

[l—t,}sﬁ(l 2 )51 11— (1-;,» 2 )%1
——u = — u
1-¢& -t 1-&§\1-& 1-§

O

Theorem 4. Let d > 3 and s = d — 2. Let Q be defined by (13). Suppose the positive
charges q1, ... ,qm are sufficiently small. Then there exists a critical € = (€1,...,&y),
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uniquely defined by these charges, such that X N Zg] =0, 1<i<j<m, and the
(d — 2)-extremal measure associated with Q is g = C Odly, for a uniquely defined
normalization constant C > 1 and the extremal support is Sg = L.

Furthermore, an optimal (d — 2)-energy N-point configuration w.r.t. Q is con-
tained in S for every N > 2.

Proof. Let Y= (V,...,¥n) be a vector of m positive numbers such that £f, N Zi‘:yj =0,
1 <i< j < m. We consider the signed measure

7:=C Baldfz(O'd,Ey) — Bald,z(ql 331 +- o+ gm 5am s 27).
As balayage under Riesz (d — 2)-kernel interactions satisfies (16), we have

Uj_(2)+0Q(z) = CUJ, (z) = CWy_o(S7), Z€ Xy,
U 5(2)+0(2) > CUS™S 2% (g), zesi\ zy.

If the normalization constant C = C() is chosen such that ||7|| = 7(Xy) =1, then 7
is a signed (d —2)-equilibrium measure on Xy associated with Q and, by uniqueness,
nzyaQ =7 and FEY’Q = ,%(Ey) with C = ES(ZY)/Wdfz(Sd).

We show the variational inequality for z € S¢ \ Zy and proceed in a similar fashion
as in the proof of Theorem 1. Fori=1,...,mlet

Vii= 04|y Vi :=Baly_»(vi, Ziy,), Oa; :=Baly (8, Ziy),  (50)

LY

where #; is the projection of the boundary circle dZ; ;. onto the a;-axis; recall that
2(l—1) = y As the open spherical caps Xf o 1 <i < m, do not intersect for i # j,
we have 90Xy, C 0Xy. Balayage in steps yields

1— d/2—1
Baly_»(v;,Zy) =Baly_»(vi,Ziy) = (S ) ( )/ Bi,
1-—

< d/2—
Baly_(84,, Zy) = Baly_»(8u, i) = 8, (1 2,

4

"
where the respective last step follow from [4, Lemmas 33 and 36] and it is crucial
that V; and &,, are supported on dX; ;, and thus d Xy, so that

m m o
T:CGd‘ZerCZ{vifziqiaai (51)
1=

4 i i -
=Coyy, +Z<CWd 2(S7) - ;) Zt (l—fiz)d/z "B (52)

Observe, the signed measure 7 has a negative component if and only if

da;
CW,y_5(S%) — i for at least one i € {1,...,m}.

v
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Letz € S?\ Xy. Thenz € X y, forsome g € {1,....m} and z € ; , for all i # iy.

Hence,

Su

Uj_(2)+0(2) =CWyo(S*)+C (Uﬁz(l) - U;ii’z(Z)) —di (Ujii% (2) —U; 5 (Z)) -

Using (19), from [4, Lemmas 33]

1+ti0
1+&,

_ _ d/2-1
uj%@)—uj%@)—wd_z(sd)( ) W8 <0

and from [4, Lemmas 36],

& &, 1 [ 1+, ! 1
U U0 = s (1) - <O
2 \1+&, (201-&))"*!
hence
T N1 g (g, 4
r o d io _ Y io
Ud72(1)+Q(Z) _CWd—Z(S )<1+§lo> %(1)—2 (1_‘_&10)
iy

g

Observe the similarity to (47). Essentially the same argument as in the proof of
Lemma 1 shows that

Uj,z (Z) + Q(Z) > CWd_g(Sd), VAS 2,'07%.0

in the case when 4
CWya(s?) — 1o <o, (53)
io

It is not difficult to see that near 82,0% the following asymptotics holds:

0§ 4(2) +0la) =CWaa(8)+ (5 1) (‘ﬁo —CWO(Sd)> L

1/d d 4q,~ 2t; d éi —1 2
5l 5-) 5 a7 tCW(S 200
2(2 )2(% v TEME T,

+@‘)(<éi0ti0>3) asé,-oﬁti'g;

1—|—l‘,‘O

i.e., the weighted (d — 2)-potential of 7 will be negative sufficiently close to 82,'07%.0
if (54) does not hold. Hence, if the necessary conditions
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4q;

CWy_»(S% 7//go, i=1,....m, (54)

are satisfied, then
Ui »(2)+0Q(z) > CWa2(89),  z€Xy

Suppose, the system

dg:
CWy (s =2 =1, m, (55)
¥
Cou(Zy) =1, (56)
subject to the geometric side conditions
Zin(Ziy =0, 1<i<j<m, (57)

has a solution (y,C) with y = ¥(C) € (0,2)" and C > 0, then Ny, o =T = Codlzy

with Fy, o =C W,;_(S?) satisfies the variational inequalities
Nzy,

Ui b () +Q(2) = Fro,  2€Zy,

Nzy.0 .
U, 5" (z)+0(2) > Fx, 0, ze Xy,

(58)

and thus, by Proposition 1(d), up = Ney0 = Cod‘zy and Sy = Xy. Observe that,

given a collection of pairwise different points ay, ... ,a,, € S¢, for sufficiently small
charges q1,...,qm, there always exists such a solution. In particular, this is the case
if (56) holds for ¥; = [4q;/Wy_(S%)]"/4.

To determine the parameter C, denote g(C) := Coy(Zy), where

4q; 1/d
=%(C) = | = [=1,...,m.
%= %(C) [cwd_z(Sd)} ;o i=lom
As 7; = %/(C) are decreasing and continuous functions for alli = 1,...,m, we derive

that 6;(Zy) is an increasing and continuous function of C and so is g(C). Also, note
that g(1) = 04(Zy) < 1, and limc_,. g(C) = eo. Therefore, there exists a unique

solution C* of the equation
m
Coy (ﬂ 2,-7%) =1,

i=1

where the 7;’s are defined by (55).
Finally, we invoke [5, Corollary 13] and (58) to conclude that an optimal (d —2)-
energy N-point configuration w.r.t. Q is contained in Sp. a
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5 Regions of Electrostatic Influence and Optimal (d — 2)-Energy
Points

In this section we consider what happens when the regions of electrostatic influence
(see Remark 3 after Theorem 1) have intersecting interiors. We are going to utilize
the techniques in the proofs of [5, Theorem 14 and Corollary 15] to show that the
support of the (d — 2)-equilibrium measure associated with the external field (13)
satisfies Sg C ¢, and hence the optimal (d — 2)-energy points stay away from X¢.
We are going to a prove our result for s in the range d —2 < s < d.

Leta,...,a, € S? be m fixed points with associated positive charges g1, .. . ,gm.
We define for d — 2 < s < d the external field

0,%) = Y aik(@x),  xesh (59)
i=1

We introduce the reduced charges

— qi .
=, ISZSm
& l+g9—gqi

Let Es(ti) be the Mhaskar-Saff .Z;-functional associated with the external field
G ks(a;,-) evaluated for the spherical cap Xy (cf. Section 4) where it is used that ¢;
and ¥; are related by 2(1 —¢;) = }/1-2. Let 7; denote the unique solution of the equation

_ 245G,
Di(1) = L 1<i<m. (60)
¥
Theorem 5. Let d —2 < s <d, d > 2, and let ¥ = (V,,...,7,,) be the vector of
solutions of (60). Then the support Sp, of the s-extremal measure Lo, associated
with the external field Qs defined in (59) is contained in the set Xy = . iy,
Ifd=2ands =0, theny; = g, 1 <i<m, where & is defined in (20).
Furthermore, no point of an optimal N-point configuration w.r.t. Qs lies in X;,

1<i<m.

Proof. First, we consider the case d —2 < s < d. Let i be fixed. Since the external
field (59) has a singularity at a;, it is true that Sg, C X;  for some p > 0. Moreover,
as noted after Definition 2, Sp, C supp(n{i y-Qs) for all y such that Sp, C X; 4. It is

easy to see that the signed equilibrium on X; y associated with Qy is given by

LY gilldall o

nZLyst = = ‘//\i_ qu 5aja (61)
! Hle j=1

where

—

‘//\i == BalS(GdaZi,}’); 5aj = Bals(6aja2i,y)-
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Observe, that if a; € X; ; then ga\j = 5a,~- We will show that for all p < y <7, the
signed s-equilibrium measure in (61) will be negative near the boundary dZ; ,.
Indeed, with the convention that the inequality between two signed measures
vi < v, means that v, — Vvp is a non-negative measure, we have

LY g6l 0

nZi,y-,Qx — ”\//\l” Vi —qi 531’
143 18] ~ _ =
D(t) . —~
=(1+q—q) {W(éj) ViqiSai] , (62)

where 2(1 —¢) = y2. The square-bracketed part is the signed equilibrium measure
on Z; , associated with the external field g; k,(a;,-) and has a negative component
near the boundary dZ; y if and only if @(r) — % < 0 as noted after (42). This
inequality holds whenever p < y <7%; and the inclusion relation Sg, C X; , for all
p <y <7, can now be easily deduced. As i was arbitrarily fixed, we derive Sg, C X3.
As an optimal N-point configuration w.r.t. Qy is confined to Sp,, no point of such a
configuration lies in Z;i, 1<i<m.

In order to obtain the result of the theorem for d = 2 and s = 0, we use that
balayage under logarithmic interaction preserves mass. Hence

m — R _— .
N5ip00 = o) Vi— Y, qj8a; < Po(1)Vi—G;6s;,  Pol(t) :=1+g¢
=1

and the characteristic equation @ (t) = % reduces to 7> = léfé . As before, no point
1

of an optimal N-point configuration w.r.t. Qg lies in 2107» 1 <i <m. This completes

the proof. a

Example 1. Observe, that if the charges ¢y, ..., q, are selected sufficiently small so
that for all i we have a; € Xy, then close to the boundary d X, equality holds in (62).
So, the critical ¥; can be determined by solving the equation

Dy(1) =27,/ % =0,

where R
143,85

= dy___ Uil s
D,(1;) WS(S)HBals(O'LE%-)”.

(63)
Motivated by this, we consider the important case of Coulomb interaction potential,
namely when d = 2 and s = 1. We find that (see [4, Lemmas 29 and 30])

int; 1 — 12 + arcsin;
2 2 arcsint; 1 i i1
WIS =1, [18ll= = +5, |Bal(o2.Zy)] = . -5
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Fig. 3 Approximate Coulomb-optimal points for m = 2, N = 4000, q; = q» = %, a; = (0,0,1)

and a) = (0,%,—13—0) ora; = (O,@,f—o)

Maximizing the Mhaskar-Saff .%|-functional @(¢) is equivalent to solving the
equation

n(1+q;/2)+q;arcsiny; g,
1—1¢ '

1 — 2 +arcsint; + /2

An equivalent equation in term of the geodesic radius ; of the cap X¢ of electro-
static influence, so #; = cos(¢;) is

(gi+ 1)mcos(a) — giovcos(ar) 4 gisin(ar) — w = 0.

Problem 1. The two images in Figure 4 compare approximate log-optimal config-
urations with 4000 and 8000 points. The two yellow circles are the boundaries of
X1 and X, ¢,. It is evident that optimal log-energy points stay away from the caps
of electrostatic influence Xy . and Xj . of the two charges. In the limit, the log-
optimal points approach the log-equilibrium support, which seems to be a smooth
region excluding these caps of electrostatic influence. We conclude this section by
posing as an open problem, the precise determination of the support in such a case.
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. . >

Fig. 4 Approximate log-optimal points for m = 2, N = 4000 (left) and N = 8000 (right), g =
q2 = %1 a; = (070a1)’ a = (\{797()1’07 %)
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