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We derive fundamental asymptotic results for the expected covering radius p(Xy) for N
points that are randomly and independently distributed with respect to surface measure
on a sphere as well as on a class of smooth manifolds. For the unit sphere S¢ c R%!,
we obtain the precise asymptotic that Ep(Xy)[N/log N1/¢ has limit [(d+ 1)vg:/val/?
as N — oo, where vg is the volume of the d-dimensional unit ball. This proves a recent
conjecture of Brauchart et al. as well as extends a result previously known only for the
circle. Likewise, we obtain precise asymptotics for the expected covering radius of N
points randomly distributed on a d-dimensional ball, a d-dimensional cube, as well as
on a three-dimensional polyhedron (where the points are independently distributed with
respect to volume measure). More generally, we deduce upper and lower bounds for the
expected covering radius of NV points that are randomly and independently distributed
on a compact metric measure space, provided the measure satisfies certain regularity

assumptions.

1 Introduction and Notation

The purpose of this paper is to obtain asymptotic results for the expected value of the
covering radius of N points Xy ={x;, %, ..., xy} that are randomly and independently

distributed with respect to a given measure u over a metric space (X, m). By the covering
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2 A. Reznikov and E. B. Saff

radius p(Xy, X) (also known as the mesh norm or fill radius) of the set Xy with respect
to X, we mean the radius of the largest neighborhood centered at a point of X that

contains no points of Xy; more precisely,

p (Xy, X):=supinfm (y, x;) .
yex
Our focus is on the limiting behavior as N — oo of the expected value Ep(Xy, X).

The covering radius of a discrete point set is an important characteristic that
arises in a variety of contexts. For example, it plays an essential role in determin-
ing the accuracy of various numerical approximation schemes such as those involving
radial basis techniques [8, 12]. Another area where the covering radius arises is in “1-bit
sensing”, that is, the problem of approximating an unknown vector (signal) x € K from
knowledge of m numbers sign(x, 6;), j=1, ..., m, where the vectors 6; are selected inde-
pendently and randomly on a sphere; see discussion after Corollary 2.9 for details.

With regard to asymptotics for the expected value of the covering radius, of
particular interest is the case where X is the unit sphere S in R%t!, and the metric is
Euclidean distance in R%"!, Bourgain et al. [2] study local statistics of certain spherical
point configurations derived from normalized sums of squares of integers. Their inves-
tigation focuses on whether such configurations exhibit features of randomness, and for
this purpose, they study various local statistics, including the covering radius of random
points on S%. They prove that this radius is bounded from above by N~/4°M) a5 N — co.

For d=1, that is, the unit circle, it is shown in [6], by using order statistics, that
for N points independently and randomly distributed with respect to arclength on the

circle,

. 1 N o\
AIIEIC}OEIO (XN’S ) (logN) =7

Up to now, there has been no extension of this result to higher-dimensional spheres
where the order statistics approach is more elusive. Based on a heuristic argument and
numerical experiments, Brauchart et al. [4] have conjectured that the appropriate exten-

sion of the circle case is the following

1/d 1/d di2\\ /4
lim Ep (X, S%) - (L> = <M) = (2\/5%) : (1.1)
2

NS00 log N Vg r(4h)

7?2 _ s the volume of a d-dimensional unit ball in R4, and the points

r(1+d/2)
of Xy are randomly and independently distributed with respect to surface measure

where vg:=

on S? (more precisely, d-dimensional Hausdorff measure Hg). Their conjecture is also
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consistent with a result of Maehara [10], who obtained probabilistic estimates for the
size of random caps that cover the sphere S2. He showed that with asymptotic proba-
bility one, random caps with radii that are a constant factor larger than the expected
radii will cover the sphere, whereas this asymptotic probability becomes zero when the
random caps all have radii that are a factor smaller. However, his results fall short of
providing a sharp asymptotic for the expected covering radius (in addition, his meth-
ods do not readily generalize to other smooth manifolds). As discussed in Section 3, our
results for the sphere cannot be directly derived from Maehara's; however, his results
are a direct consequence of our Corollary 3.3.

The main goal of this article is to provide a proof of (1.1) and its various gener-
alizations.

We remark that for any compact metric space (X, m) with X having finite
d-dimensional Hausdorff measure, there exists a positive constant C such that for any
Yv={wn,..., yw} C &, there holds

C
pwi=p (Y, X) = 1og, N=1. (1.2

Indeed, a lemma of Frostman [11, Theorem 8.17] implies the existence of a finite positive
measure u on X for which u(B(x, 7)) < (2r)? for all xe X and all 0 < r < diam(X), where

B(x,r) denotes the closed ball centered at x having radius r. Consequently,

N
0<pu(X)<Y w(B (% py) <N 2px)?
i=1
that verifies (1.2). Thus, as also remarked in [2] and made more explicit by (1.1), randomly
distributed points have relatively good covering properties, differing from the optimal
order by a multiplicative factor of (log N)'/¢,

The outline of this paper is as follows. In Section 2, we state our probabilistic
and expected covering radius estimates for general compact metric spaces, where the
points are randomly distributed with respect to a measure satisfying certain regular-
ity conditions. Results for compact subsets of Euclidean space are given in Section 3,
including sharp asymptotic results for randomly distributed points with respect to
Hausdorff measure on rectifiable curves, smooth surfaces, bodies with smooth bound-
aries, d-dimensional cubes, and three-dimensional polyhedra. The proofs of our stated
results are provided in Section 5 utilizing properties established in Section 4 for a com-
monly arising probability function.

We conclude this section with a listing of some notational conventions and ter-

minology that is utilized throughout the paper.
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(1) We denote by B(x, r) a closed ball in the metric space (X, m); more precisely,
B(x,7):={ye X: m(y, x) <r}. For d-dimensional balls in Euclidean space, we
write Bg(x,1).

(2) For a positive finite Borel measure u supported on a set X, we say that a
point x is randomly distributed over X with respect to u, if it is distributed
with respect to the probability measure n/u(X); that is, for any Borel set K,
it holds that P[x € K] = u(K)/u(X).

(3) For a positive integer s < d, we denote by H; the s-dimensional Hausdorff
measure on the Euclidean space R¢ with the Euclidean metric, normalized by
Hq ([0, 11%) = 1. Thus, H(E) = %HS(E), where H® is the Hausdorff mea-
sure defined in [7].

(4) If K is a subset of the Euclidean space R% we always equip it with the
Euclidean metric m(x, y) = |x — yl.

(5) Thesymbolsc,c,...,and Cy, Co, ... shall denote positive constants that may

differ from one inequality to another. These constants never depend on N.

2 Main Theorems for Metric Spaces

Throughout this section, we assume that (X, m) is a metric space, u is a finite positive
Borel measure supported on X, and Xy = {x, ..., Xy} is a set of N points, independently
and randomly distributed over X with respect to u. Our theorems provide estimates for
the probability and expected values of the covering radius p(Xy, X) when the measure

u satisfies certain regularity conditions described by a function &.

Theorem 2.1. Suppose @ is a continuous positive strictly increasing function on (0, co)
satisfying @ (r) — 0 as r — 0". If there exists a positive number ry such that w(B(x,r)) >
@ (r) holds for all x € X and every r < ry, then there exist positive constants cj, ¢, ¢z, and
ap such that for any o > o, we have

log N
P[p (Xy. X) >0 (%)} < N, (2.1)

If, in addition, @ satisfies @(r) <r° for all small r and some positive number o, then

there exist positive constants ¢, ¢; such that

(2.2)

log v
Ep (Xy, X) <@ ! (Cz 0]%, )

A lower bound for the expected covering radius is given in our next result.
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Theorem 2.2. Let @ be a continuous positive strictly increasing function on (0, co) sat-
isfying &@(r) — 0 as r — 0" and the strict doubling property; that is, for some constants
C1,C; > 1 and any small r, it holds that C,®(r) < @(2r) < C,®(r). Suppose further that

there exists a subset X; C X with the following properties:

(i) w(X)=>0;

(ii) there exist positive numbers ry and c such that for any x € A} and every r <rg
the function t+— w(B(x, t)) is continuous at t =r and the regularity condition
c®(r) < u(B(x,1)) < @(r) holds.

Then there exist positive constants ¢, , ¢z, and ¢; such that

c;log N — c3loglog N
N

P[p(XN,X)>c1¢—1< )}:1—0(1), N — oo. (2.3)

Consequently, there exist positive constants ¢; and ¢, such that

log v ) . (2.4)
N

Ep Xy, X) =@} <62

Combining Theorems 2.1 and 2.2, we deduce the following.

Corollary 2.3. Assume the function @ is continuous positive, strictly increasing, strictly
doubling, and that there exist positive numbers ry and o such that @(r) <r” for every
r <ro. If, for some positive constants ¢, C, any x€ X and every r < rg, the function t—

uw(B(x, t)) is continuous at t=r and
c® (N<uBEMNICP (I, (2.5)

then there exist positive constants cy, ¢z, 3, ¢4 such that for any ¢ > 0, there is a number
N(¢) such that for any N > N(¢), we have

log v log N
]P|:C1¢l <C2 g ) gp(XN,X)<03@71 (C4 g )i| >1—e. (26)
N N
Moreover, there exist positive constants C1, C2, C3, C4 such that
log N log v
C ! (cz zgv ) <Ep (Xy, X) < Cad™! <c4 ;‘v ) . (2.7)

For recent estimates similar to (2.6) and (2.7) for the spherical cap discrepancy

of random points on the unit sphere S? C R?, see [1, Theorems 9 and 10].
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An important class of sets in R? to which Corollary 2.3 applies is described in
Definition 2.4.

Definition 2.4. We call a set X C R? s-regular if condition (2.5) holds for u="Hs and

@ (r) =rS; that is, for some positive constants ry, ¢, and C there holds

cr® < Hs (Bg(x,r)NX)<Cr® forany xe X and every r <ryp. (2.8)

Remark 2.5. Examples of sets in Euclidean space for which Corollary 2.3 holds include
the unit cube [0, 1]¢, a rectifiable curve I' C R, the unit sphere S41 - RE, or any s-regular
set X ¢ R Furthermore, the results of Corollary 2.3 hold not only for @ (r) =rS, but also
for more general regularity functions, such as @ (r) =r*log”(1/r), with @ > 0 and g > 0.
In particular, Corollary 2.3 applies for the “middle 1/3"” Cantor set C in [0, 1] with

du = 1edHiog2/10g3- We remark that for p-a.e. point x € C, we have

lim inf X (B (x,7)NC)
r—0+ rlog2/log3

W(B (x,)NC).

7& lim sup rlog2/log3 ’

r—0+
that is, at p-a.e. point x of C the density of u at x does not exist, which essentially
precludes obtaining a sharp asymptotic for Ep(Xy, C). However, Corollary 2.3 provides

the two-sided estimate

1 N log3/log2 log N log3/log2
Cl(oigv ) <EP(XN,C)<02<OE2V > . O

Remark 2.6. The condition in Theorem 2.1 that w(B(x,r)) > @(r) for every xe X is
essential. Indeed, if we consider the set X =[0, 1] U {2} with u Lebesgue measure, then
w(B1(x,r)) >r for all r <1 and xe X \ {2}. However, we have P[p(Xy, X) > 1]=1, and so
Ep(Xy, X) > 1. The reason that inequality (2.2) fails in this case is that for the point
x=2 we have u(B;(x,7)) =0 for small values of r. However, Theorem 2.1 does apply if
1 =my 1] + adz, where myp 1; is Lebesgue measure on [0, 1], §; is the unit point mass at

x=2, and « > 0. In this case, we obtain

Ep (Xy, X) <C (@) - 101%71\7.

In fact, repeating the proofs from Sections 5.5 and 5.6 (with K; =10, 1]), we obtain

N 1+«
lim Ep (Xy, X) - —— =—— foran 0.
am o0 (Xw, X) Tog V 2 y o > O
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The above shown results have immediate consequences for ¢-nets. Since differ-
ent definitions of an “e-net” occur in the literature, the terminologies that we use are

made precise in what follows.

Definition 2.7. A subset A of a metric space (X, m) is called an ¢-net (or e-covering) if,
for any point y € X, there exists a point x € A such that m(x, y) <e. Equivalently, A is an
e-net if p(A4, X) <e. O

Definition 2.8. A subset A of a metric space (X, m) with a positive Borel measure u is

called a measure ¢-net if any ball B(y, r) with w(B(y,r)) > ¢ intersects A. O

We remind the reader that on S¢ with u surface area measure Mg, the minimal
e-net has cardinality ce=¢ (for the proof see, for example, [15, Lemma 5.2]), whereas the

minimal measure ¢-net has cardinality ce~!.

Corollary 2.9. If @ and u are as in the first part of Theorem 2.1, then there exists a
positive constant c; such that for any positive number « there is a positive constant C,

for which

log N
P[Xyisanenet]>1-N° fore=co" (Ca 1‘%7 ) .
Furthermore, if the function @ is doubling, and the measure u satisfies the con-
dition (2.5), then for any positive number «, there exists a positive constant C, such

that

log v
P[Xy is a measure e-net] >1— N, fore=C, 1%7 . O

By way of illustration, suppose, for the sake of simplicity, that ®(r)=Cr? for
some positive constant C and ¢ =[(log N)/N1"/¢, which implies that N is of the order
¢~%log(1/¢). Then, from the first part of Corollary 2.9, if we take C;e~%log(1/¢) random
points, we get an e-net (¢-covering) with high probability.

The cardinality of an e-covering of a set K c S¢ plays an important role in “1-bit

compressed sensing”. The estimates for the number m of random vectors {0;}7.,, essen-
tial to approximate an unknown signal xe K from knowledge of m “bits” sign(x, 6;),
involve finding an e-covering of the set K with log(N(K, ¢)) < Ce2w(K), where N(K, ¢)
is the cardinality of the covering, and w is the so-called “mean width” of K. As can be
seen from our results, for many sets K a random set of Ce~%log(1/¢) points satisfies this

condition with high probability. For further discussion, see [13, 14].
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3 Expected Covering Radii for Subsets of Euclidean Space

In some cases, we are able to “glue” upper and lower estimates together to obtain sharp

asymptotic results. For this purpose, we state the following definitions.

Definition 3.1. Let s be a positive integer, s < d. Suppose K is a compact s-dimensional
set in R? with the Euclidean metric.

We call K an asymptotically flat s-regular set if for any x € K it holds that
r“Hs(Bg(x,r)NK)=Zv; asr— 0T, (8.1)

where the convergence is uniform in x, and vs is the volume of the s-dimensional unit
ball B,(0, 1).

We call K a quasi-nice s-regular set if

(i) K is countably s-rectifiable; that is, K is of the form U;’ozl fi(E;) UG, where
Hs(G) =0 and where each f; is a Lipschitz function from a bounded subset
E; of R® to R4

(ii) There exist positive numbers c, C, ry such that for any x€ K and any r < ry,
the s-regularity condition holds: cr® < Hs(Bg(x,r) N K) < Cr5;

(iii) There is a finite set T C K such that for any r <rp and ye K\ |J By(%:, 1),

xeT

it holds that Hs(Bg(y, r) N K) > vsts. O

We remark that the appearance of the constant vs in the above definitions is quite
natural. Indeed, if K is a countably s-rectifiable compact set and 0 < H(K) < oo, then for
Hs-almost every point x € K, the following holds: r—H;(B4(x,r) N K) — vs as r — 0T, For
the details, see the Theorem 17.6 in [11] or Theorem 3.33 in [7]. Thus, if any uniform limit
in (3.1) exists, then it must equal vs.

For asymptotically flat s-regular and quasi-nice s-regular sets, we deduce the

following precise asymptotics for the expected covering radius as well as its moments.

Theorem 3.2. Suppose K C R? is an asymptotically flat s-regular or a quasi-nice s-
regular set for integer s < d. Then for Xy ={xi,...,xy}, a set of N independently and
randomly distributed points over K with respect to the measure u given by du:=
1x - dHs/Hs(K), and any p>1,

N p/s HS (K) p/s
. . [ —
A}1_1)10101[*1[)0 (Xn, K)?] <logN) < o ) . (3.2)
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Important examples of asymptotically flat s-regular sets are given in the follow-
ing result, which includes the verification of the conjecture of Brauchart et al. [3] for the

expected covering radius of randomly distributed points on the unit sphere.

Corollary 3.3. Suppose K is a closed C*? s-dimensional embedded submanifold of
R% that is, 0 < Hs(K) < oo and, for any embedding ¢, all its first partial derivatives
exist and are uniformly Lipschitz. Then K is an asymptotically flat s-regular manifold,
and thus for N points independently and randomly distributed over K with respect to
du =1g - dH;/Hs(K), equation (3.2) holds.

In particular, if K = S?is a unit sphere in R%! and p> 1, then

p/d
. d\Py N p/d_ ((d+ 1) Ud+1>p/d_ F(%)
Tim Elo (X, 5% <—logN) () = (oA rEy) o e

Thus relation (1.1) holds. U

As a consequence of the corollary, we shall deduce in Section 5 the result of

Maehara mentioned in the Introduction.

Corollary 3.4 (Maehara [10]). Suppose Xy ={xi,..., Xy} is a set of N points, indepen-
dently and randomly distributed over the unit sphere S? with respect to the measure p
given by du = 1ge - dHgq/Hs(S?) and set

V4 N )l/d

._ dy | .
Zwi=p (Xw. 5) (<d+1>vd+1 log N

Then Zy converges in probability to 1 as N — oo; that is, for each € > 0,

I\IIim P(|Zy —1|>¢€)=0. (3.4)

Remark 3.5. We remark that our results for S? do not directly (i.e., by means of basic

measure theory) follow from (3.4). Maehara’s result implies that the bounded sequence
py ) :=P(Zy>t)—> Lo (t) fora.e.t>0;

however, since the range of t is [0,00), the constant function 1 is not inte-
grable, and we cannot apply the Lebesgue dominated convergence theorem to get
EZy= [y pn(®) dt— 1. O

Corollary 3.6 gives an example of a quasi-nice 1-regular set.
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Corollary 3.6. Suppose y is a rectifiable curve in R (i.e., 0 < H;(y) < oo and y is a con-
tinuous injection of a closed interval of R). If Xy denotes a set of N points independently
and randomly distributed over y with respect to du :=1, - dH;/H1(y), then y is a quasi-

nice 1-regular set, and for any p>1

(3.5)

H, ()’))p

N p
I\IIEI;OE[p (Xn, y)*F1- (—) =( 5

log N

Next we deal with the following problem: suppose A C R?is a d-dimensional set,
but the condition
Ha (AN By (x,7)) = var®

fails for a certain subset of points x € A and the limit (3.1) in Definition 3.1 is not uniform.
Such situations arise for sets with boundary, which include the unit ball B4(0, 1) and the
unit cube [0, 11, The case of the ball is included in Theorem 3.7, whereas the case of the

cube is studied in Theorem 3.9.

Theorem 3.7. Let d>2 and K C R? a set that satisfies the following conditions.

(i) K is compact and 0 < Hg(K) < 00;
(ii) K =clos(Kjp), where Kj is an open set in R4 with dKo = 9K;
(iii) The boundary 9K of K is a C? smooth (d — 1)-dimensional embedded sub-
manifold of R%,

Let Xy ={xi,...,xy} be a set of N points, independently and randomly dis-
tributed over K with respect to du =1k - dHg4/H4(K). Then for any p> 1

p/d B p/d
lim Elp (Xy. K)7] - (—— ) = 2(d=1) Ha(®\" (3.6)

N— oo 10gN d Ud

In particular, for the unit ball,
N \"¢ (2d-1)\"?

lim Elp (Xy, B 1))P]- [ —— = ——- . .7
Jim [p (X, Bq (0, 1))?] <logN) ( g ) (3.7)
O

Remark 3.8. We see that in the case d=2 we have 2(d — 1)/d=1, and so the constant
on the right-hand side of (3.6) coincides with the constant for smooth closed manifolds,
see (3.2). However, when d > 2, we have 2(d — 1)/d > 1; thus this constant becomes bigger

than for smooth closed manifolds. O
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Propositions 3.9 and 3.10 deal with cases when the boundary of the set is not
smooth. For the sake of simplicity, we formulate them for the unit cube [0, 1]¢ and a poly-

hedron in R®. However, the proof can be applied to other examples, such as cylinders.

Proposition 3.9. Suppose d>2 and [0, 1]¢ is the d-dimensional unit cube. Let du =
Lio.qpe - dHg. If Xy ={xi,..., %y} is a set of N points, independently and randomly dis-
tributed over [0, 1]¢ with respect to u, then for any p> 1

) D N p/d 9d-1 p/d
I\IIEIoloE['O (XN, [0, 1] ) ]- (m) = ( dvd> . (3.8)

Proposition 3.10. Suppose P is a polyhedron in R® of volume V(P). Let Xy = {xi, ..., Xy}
be a set of N points, independently and randomly distributed over P with respect to
du=1p-dHz/V(P).If 6 is the smallest angle at which two faces of P intersect, then for

any p>1
N \P? [2zv(P)\P? [v(P)\P? T
1 py. = _— = _— i < —: .
Z%I_I)I;lOE[p(XNaP)] <logN> ( 300s ) ( 29 ) , 1f9\2, (3.9)
N p/3 V(P) p/3 T
: P — — 1 > —, .
A}lﬁnoloE[/o(sz,P)] <10gN) ( - ) , 1f9/2 (3.10)
O

In the theorems up to now, we dealt with measures u on sets X satisfying for
all xe X the condition cr’ < u(B(x,r) N X) < Cr® (i.e., the regularity function ¢ was the
same for all points of X); only the values of best constants c, C differed for points x deep
inside & from those near the boundary. We now give an example of a measure for which

the regularity function parameter s depends upon the distance to the boundary.

Proposition 3.11. Consider the interval [-1, 1] and the measure u given by du = n%.
Let Xy ={xi, ..., xy} be a set of N points, independently and randomly distributed over
[—1, 1] with respect to . Define
p(Xy,[0,1)):= sup infly—x;|, p(Xy,I[0,1]):= sup inf|y — x;l.
yell— 5,11 J vel-14 27, 1- 41 7
(i) If a=2, then there exist positive constants c; and c; such that
C N Cy
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(ii) If 0 < a <2, then there exist positive constants ¢; and ¢, such that

clogN clog N

Nie <Ep (Xn,[0,1]) < N1+ (3.12)
(iii) For any a > 0, there exist positive constants ¢; and ¢, such that
clogN c,log N
B <Bp (X, [0,1) < 22 (3.13)
O

Observe that if we stay away from the endpoints +1, the measure p acts as
the Lebesgue measure, and thus the order of the expectation of the covering radius is
(log N)/N. However, when we are close to the points +1 (where “close” depends on N),
the measure u acts somewhat like the Hausdorff measure H,;,2, and we get a different

order for the covering radius.

4 An Auxiliary Function

The proofs of the results stated in Sections 2 and 3 rely heavily on the properties of the
following function. For three positive numbers N, n, m, with m and N being integers and

m<n<N, set
N =y o (M) (12K (4.1)
f@Wnm=3, D (1= :
The useful fact about the function f(N, n, m) is the following.

Lemma 4.1. Suppose Xy ={xj, ..., Xy} is a set of N points independently and randomly
distributed on a set X with respect to a Borel probability measure u. Let By, ..., B be

disjoint subsets of X each of yu-measure 1/n. Then

P(3k: BxN Xy =) = f(N,n,m). (4.2)
O
Proof. We use well-known formula that, for any m events Ay, ..., An,
m m
A\ 1K+ ] AL ]
P (H AJ) => ., D Z(ﬁ ’’’’ SP(Aina,n-na;), (4.3)
where the integers ji, ..., ji are distinct.

Let the event A; occur if the set B; does not intersect Xy. Then for any k-tuple

(j1,---, Jr), the event A; N---N A; occurs if the points xj, ..., xy are in the complement
J1 Jk
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of the union Bj, U---U Bj; that is, x;, ..., xy are in a set of measure 1 — k/n. We see that
for any k-tuple the probability of this event is equal to (1 — k/n)". Moreover, there are
exactly ('} ) such k-tuples. Therefore,

and (4.2) follows from (4.3). [ |

For the lower bounds in Theorems 2.2 and 3.2, we will need the following esti-

mate on the function f(N,n, m).

Lemma 4.2. For any three numbers 0 < m < n< N, such that m and N are integers,

N]" N mm-1 1\20V-D
f(N,n,m)21—|:1—(1—;L>:| _E'T(l_ﬁ)

1\ V-1 m—2
. |:1 + (1 — —) :| . (4.4)
n

Proof. Note first that fork>1 and 0 < x< 1, we have

kk-1)

1—kx<(1-xF<1—kx+ 5

Thus, for x=1/n, we get
1\* kk-11 k 1\*
1--) -2 oS- .
n 2 n n
Suppose (1 — L)k > XD 1 'ysing the inequality
a"—@-v"=b- (@ '+@-ba"*+ - +@-b"")
<N-b-a" ', ifa>b>0,

we get

< k)N (( 1)" k(k—1) 1)”
1-2) >((1-2) - 22
n n 2 n?

kN _ k(N—-1)
><1_l> _N.Mi.<1_l) | (@.5)

2 n? n

GT0Z ‘22 Jequiszag uo 1senb Aq /6.i0'seulnolployxo-ulwi//:dny wouy papeojumoq


http://imrn.oxfordjournals.org/

14 A. Reznikov and E. B. Saff

Suppose now that (1 — 1) < ¥6-D.1 Then

1\ k(k—1) 1 1)\FV=D
1-= -N.—— 7" (1-=
n 2 n? n

k(N—1) k
=<1_1> ((1_1> _NML)<O,
n n 2 n?

so as in inequality (4.5) for k< n,

k\" 1\ k(k—1) 1 1)\ k=D
1--) >(1-2) -nv. =22 (1-=
n n 2 n? n

also holds. Therefore,

= 3
SNS—
N
—
|
| =
N—
=
|
g
[’}
s
B
ol
N
3
/e
= 3
SNS—
N
o
|
S
N——"
=

f(N.m, m):Zkodd,k<m< n

m 1\*V k(k—1) 1 1)\Fv-D
>Zkodd( % )[(“5) —N'Tﬁ<1—z>
m 1 kN
k even k n
kN k(N—-1)
mo k[T YT Ny [(m M.(J)
22](:1( 1) < k )(1 n) nz k=0< k ) 2 1 n ’

(4.6)

The first sum in (4.6) isequalto1 — (1 — (1 — }L)N)’”. To calculate the second sum,

we note that

m((m—1) m72_1 m\" _ m m k(k—l)
sz(1+x) —EXZ((1+X) ) _Zko<k)'TXk'

Thus, for x= (1 — 2)¥~!, we get

3 (m)k(k— D (1 B 1)"““)_ m(m—1) <1 ~ l>2<N1)_ . (1 ) 1>N1 m—2
k=0\ k 2 n - 2 n - .

Combining the above estimates, we obtain (4.4). [ |

With the help of (4.4), we can deduce some asymptotic properties of f(IN,n, m)

as N — oo.
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Lemma 4.3. Let N be a positive integer and n, m be numbers satisfying 1 <m <n< N.

Further, let «, denote constants depending on n such that 0 < ¢; <«, < ¢, for all n.

(i) If m=|«x,n] and c; <1, then there exists a number « such that for n=

N
m, we have f(N, n, m)—) 1as N — oo.

(i) If d>1 and m= Lfcnn%lj, then there exists a number « such that for n=
N
1 log N—«loglog N
s 1 .
(iii) If d>1 and m = |«k,n<], then there exists a number « such that for n=

N
LlogN—aloglog N’

, we have f(N,n, m)— 1as N— oco.

we have f(N,n, m)— 1as N — oo. O

Proof. We prove only part (i) since the proofs of the second and third parts are similar.

In what follows, to simplify the displays, we omit the symbol for the integer part.
If ay and by are two sequences of positive numbers, we write ay ~ by to mean ay /by — 1
as N — oo.

For our choice of nin part (i), we have

N o
n n N

Thus,

v\ " o\ g sioglogm o
1—(1=2 ~ 1_(log—N) R ~exp | — kn (log N) .
n N log N — aloglog N

If @ > 1, then the last expression tends to zero. Moreover,

N m@m-1) 1)V R
== (1-= 1+ (1-=
n 2 n n

2 2u aN ——nlN
Kn (log ) . <1 N (log ) >IDgNoz10glogN

2 N N
k2 (log N)* .
~?"-gT-exp(Kn(logN) h.

For o = 3/2 (actually, any 0 < « < 2 will work), the last expression is comparable to

(log \)®

N exp (Kn (log N)%> ,

which tends to zero as N tends to infinity. Thus from (4.4), we deduce that

liminf f(N,n, m) > 1.
N—oo
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16 A. Reznikov and E. B. Saff

However, since f(INV, n, m) is equal to a certain probability, we have that
f(N,n,m)< 1, and so limy_. o, f(N,n, m)=1. [ |

5 Proofs
5.1 Preliminary objects

Fix a compact set Xy with a metric m. For any large positive number n, let £,(Xy) be a
maximal set of points such that for any y, z € £,(Xp), we have m(y, z) > 1/n. Then for any
x € Xy, there exists a point y € £,(Xy) such that m(x, y) < 1/n (otherwise, we can add x to

En(Xp), which contradicts its maximality).

5.2 Proof of the Theorem 2.1

Recall that (X, m) is a metric space, p is a finite positive measure supported on X,
and B(x,r) denotes a closed ball (in the metric m) with center x € X and radius r. Put
En = Ey(X) and note that

w(X) > ersn“ (B (x, 3in>> > card (&) @ (1/ (3m)). (5.1)

Suppose now that Xy ={xi,..., xy} is a set of N random points, independently

distributed over X with respect to the measure u. We denote its covering radius by
p(Xn):=p Xy, X).
Suppose p(Xy) > % Then there exists a point y€ X such that Xy N B(y, %) ={. Choose a

point x € &, such that m(x, y) < 1. Then B(x, 1) C B(y, 2), and so the ball B(x, 1) (and thus

B(x, in)) does not intersect Xy. Therefore,
2
P (P (Xw) 2 ﬁ) <P@Exeé&,: B(x,1/(Bnm) N Xy =1)

L N
? (3")> . (5.2

< dgn-l—
carc. (&) ( ()

We now choose n to be such that 3in =¢! (“IOTgN). There exists such an n since @

is continuous and @ (r) — 0 as r — 0. Then utilizing the upper bound for card(&,) from
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(5.1), we deduce that for some C > 0, we have

N
log N

—Ca

’

P[p(XN)>E}<C
n

which concludes the proof of the estimate (2.1).

To establish the estimate (2.2), note that since for small values of r we have
@(r) <r°, it follows that for small r and D =1 we have @~!(r) > r”. Choose « so large
that N'=¢* = o(N~P) as N — oo. Then

Ep (Xy) < % + Cdiam (X) -0 (N ) =60"" <“1°TgN) +o(N7P).

Finally, since @‘l(o‘k’TgN) > @ Y(N 1) > NP, inequality (2.2) follows. [ |

5.3 Proof of the Theorem 2.2

Let &,:= &,(X1), where X] is as in the hypothesis. Note that

1 1
0<p(X) < ersn“ <B (x, ﬁ)) < card (&) @ (ﬁ) . (5.3)

An estimate as in (5.1) together with the doubling property of @ implies that

1 1
u(X)=c-card (&, @ (—) >c-card (&) @ (—) .
3n n
Thus, 1,:=card(&,) - ©(1/n) satisfies 0 < ¢; < 1, < ¢; for some constants ¢; and ¢, inde-
pendent of n. Clearly, if a ball B(x, in) does not intersect Xy, then o (Xy) = p(Xy, X) > %L
Thus

]P’(,o (Xw) 2 3in> >P@Exeé&: B(x,1/Bn)NXy=0).

Note that the balls B(x
t=0).

Next we claim that for every x € &, there exists a constant ¢y < 1 such that the

, Sin) are disjoint for x € &, and their u-measure is comparable to

balls B(x, cxﬁ) have the same measure coq)(%l) = ¢pt, and moreover, that the uniform esti-
mate ¢y > c> 0 holds for some constant c. To see this, take two points x;, x, € X; and
assume that the balls B;:= B(x;,r), i =1, 2 are disjoint. Suppose w(B;) < u(B3). Define
the function ¢(s) := u(B(xz, s - r)). The strict doubling property of @ implies

1 (By)=cd (r) =c- Cio (r/2Y).

GT0Z ‘22 Jequiszag uo 1senb Aq /6.i0'seulnolployxo-ulwi//:dny wouy papeojumoq


http://imrn.oxfordjournals.org/

18 A. Reznikov and E. B. Saff

Choose k such that ¢- C¥ > 1. Then
w(B) =@ (r/2%)=>¢(275).

Thus, ¢(27%) < uw(By) < u(By) = ¢(1). Since x; € X} and nis large, we can use continuity of
¢ to see that there exists a constant ¢y, such that u(B(xz, cx,7)) = u(B(x1,7)). Note that
Cx, = 2% =: ¢y, where k depends only on the constants c, C; from Theorem 2.2 and not on
X, Xp, or r. Applying this procedure to all balls B(x,1/(3n)), x€ &,, and using the fact
that card(&,) = t,/t, we obtain

P (p (Xn) > %@‘1 (t)) >P (one of T?n disjoint balls of measure ¢yt is disjoint from XN)

1 1
=f(v. = 2)=r(N — ), (5.4)
Ct t cot Cot

where «, := ¢y, and fis given in (4.1). If necessary, we can decrease the size of ¢ so that
kn < 1 for nlarge. As we have seen in Lemma 4.3(i), there exists a number « such that if

1 _ N
cot logN —aloglogN’

then f(N, %t %) — 1 as N — oo. Thus, for any sufficiently large number N, we have

log N — «aloglog N
CoN

P(p(XN»%@l( ))21—0(1), N — o,

which is the desired inequality (2.3).
Moreover, for large values of N, we have log N — a loglog N > 7 log N, thus

log N
N b

Ep (Xy) = @' (Cz

which proves inequality (2.4). |

5.4 Estimates from above for asymptotically flat sets

Let K be an asymptotically flat s-regular subset of R? and put

1

Xy) = Xy, K = .
p(Xn)=p Xy, K), ey Tog N

In order to deduce sharp asymptotic results, we first improve our estimates from above
by considering a better net of points. For each N > 4, let £y, := &,y (K). From estimates
similar to (5.1) and (5.3), we see that card(&,) is comparable to (n/¢y)° independently
of N.
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Suppose p(Xy) > % Then, since K is compact, for some y € K, we have By(y, %l) N
Xy =1/, and thus there exists a point x € &,,, such that Ba(x, 1=tvy N Xy =@. We fix a

n
number §, 0 <8 < 1, and take n so large that

1— 1—¢n)° 1—s
Hy (Bd (x, 8"’) mK) S (1= 8y, LT S g gy LTSN
n n n

As in (5.2)

1 n\?* 1 1—sex\V
PQ"&”>5><C&E>(1_HAKﬂI_&“ = )

Fix a number A > 0 and choose

(1 —8)vs N 1/s
n = .
Hs (K) log N+ Aloglog N

Then with n=mn; in (5.5), we get for all N large,

P (/0 (XN) - i) < C. N(lOg N)s—l ef(lfs/logN)(logNJrAloglogN).
n

(5.5)

(5.6)

Recall that C does not depend on N. Thus if A and N are sufficiently large, it follows

that

1 1
P X — )< —.
<,0( N)>n1> log v

N

Furthermore, if we plugn=n, := (BTogh

1
P <p (Xn) > —> < NPT
ny
With du = 1xdHs/Hs(K), we make use of the formula

memwzj

p(Xy)Pdu(xy) ... du(xy) =J p(Xy)Pdu(xy) ... du(xy)
KN

pP(Xn)<1/m

+J p(Xy)Pdu(xy) ... du(xy)
1/m<p(Xn)<1/mp

+J p(Xy)Pdu(xy) ... du(xy)
p(Xn)>1/mp

11 1 : 1
<5+ 5P <p(XN) > —) + (diam(K))” - P (P(XN) > —> :
mn m

n

(5.7)

)!/s in (5.5), we get for sufficiently large B

(5.8)

(5.9)
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From (5.7), (5.8), and the definitions of n; and ny, we obtain

p/s p/s
Elp(Xu)?] < <logN+ AloglogN) . (HS(K)>

N Ug
log N\?* 1
. —3)—P/S+c( Of; ) mJFCN—P/S—l. (5.10)

Therefore, for any § with 0 <§ <1,

p/s p/s
lim sup Elp (Xa)P] - (L) <1 - 8)7p/s . (HS (K)) ’
N—oo 10gN U

and consequently,

N p/s Hs (K) p/s
i py. s A
hgisotijE[p (Xn)P (logN> g( o ) . (5.11)

5.5 Estimate from above for quasi-nice sets

Let K be a quasi-nice s-regular subset of R%, and again set ey :=1/log N and &y, =
Enjen (K), where n/ey — oo as N — oo. Since the set T from part (iii) of Definition 3.1 is

finite, the regularity condition (ii) implies

Hs (U By (x, r)) <C-card(T) - r*=Cir’, O<r<rp.

xeT

l‘rfN). Then the balls By(y;, 51) are disjoint and

Suppose yi, ..., ¥k € Eney N Uyer Balx,
Bq(yj, ) C Uyer Ba(x, 222) for j=1, ..., k. The chain of inequalities

n
1+eéen $ 1+en k EN EN\S
> > PR >c-k-[—
Cl( n ) > Hs (gBd<X’ n ))/ZJ':le(Bd(yJ’Sn))/C k (n)
implies that k< Cy/e};, and C, does not depend on N. Further, if yeé&y,, \
User Ba(x, 52), then Hy(Ba(y, 152)) = vs(F52)°.

n n

As we have seen in (5.5), P(p(Xy) > 1/n) is bounded from above by the prob-

ability that for some ye &,.,, we have Ba(y, 2=2%) N Xy = . Taking into account that

n
card(&ye,) < C3(n/ey)®, we obtain

1 c cl . ...
P (,o(XN) > ;l) <P (one of < —32 balls of measure > ;i is disjoint from Xy or
€N

n\°* 1—ep)s
one of < Cj (—) balls of measure> u

is disjoint from XN) .
EN
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This last probability is bounded from above by

¢ v * 1 1—en)*\"
G0 e (E) (™)
ey 7 EN Hs (K) ns

As in the preceding proof, if

Us N 1/s
= (Hs (K)log N + AloglogN> '

then, for N large,

c (ﬂ) (1_ 1 us<1—sN)S>”< Cs
\ew Hy(K) 1 SlogN

Furthermore, note that if Cg is sufficiently large, then

C a\Y
—SZ (1 — —1> <Cs(logN)’) N2, N — oo.
N m

Repeating estimates (5.9) and (5.10), we obtain

N p/s Hs (K) p/s
i o —
llrléljogp Elp (Xx)P] <10gN> < ( o ) ) (5.12)

Note that (5.12) holds whether or not K is countably s-rectifiable; it requires only
that properties (ii) and (iii) of Definition 3.1 hold.

5.6 Estimate from below for quasi-nice sets
For the proof of Theorem 3.2, it remains in view of inequalities (5.11) and (5.12), to estab-
lish
N p/s H K p/s
liminfE[p (Xy)?]- <—) > (L) (5.13)
N—oo log N Us

for asymptotically flat and quasi-nice s-regular set K. Since by the Holder inequality, we

have

N 1P s\
lll\rllllol.}fE[p (Xw)P1- [@] > (ll]{]lllol.}pr (Ny) - I:—]OgN:| ) s

it is enough to prove (5.13) for p=1. If K is a quasi-nice s-regular set, then K is count-

ably s-rectifiable (s is an integer) and 0 < Hs(K) < oo; thus as previously remarked, the
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following holds for H-almost every point x € K:
r 5. Hs(Bg(x,7)NK)—>vs,, r—0F.

Fix a number § with 0 <§ <1 and a countable unbounded set N. For ne N define
rp:=1/nand g,:= (%)1/5 -1/n. By Egoroff’s theorem, there exists a set K; =K;(§) C K
with H(Ky) > %HS(K) on which the above limit is uniform for radii r equal to r, and g,.

That is,

r¥Hs(Bg(x,r)NK)=vs, r=r, or r=q, neN, n—oo. (5.14)

This means that there exists a large number n(s8), such that for any n> n(§) we

have, for every x € Kj,

(1 =8) vsry < Hs (Bg (%, 1) N K) < (1 +68) vty (5.15)

(1 —8) usqS < Hs (B (X, o) N K) < (1 4 8) vsqs = (1 — 8) vsrs. (5.16)

Recalling the notation of Section 5.1, we set &2 := £,/2(K1). Then, as in the pre-
ceding sections, there exist positive constants ¢; and c¢; (independent of n) such that

a’ < card(Eye) < 1 where, for the lower bound, we use

0<Ms(K)<Hs [ | (Bax.2/mNK)| <C-card (&y2) (2/1)°.

XEgn/z

Thus, t,:=card(£y2)/7 satisfies 0 < ¢ <1, < . Clearly, if for some xe &, the ball
Ba(x, 1) is disjoint from Xy, then p(Xy) > +. Thus, for a given § > 0 and sufficiently large
n, we have a family {Bg(x, 1/n) N K: x € Ey2(K1)} of 7,17° balls (relative to K) with disjoint
interiors of radius 1/n and Hs-measure between (1 — §)v;/7n° and (1 + §)vs/7r’. For a fixed
x € Ey2(Ky), define ¢(f) :=H(B(x,t/n) N K). Then ¢(1) > (1 — §)vs/r’. On the other hand,

inequalities (5.16) imply
1-35 1/s
— <(1-3 .
2 (( 1+ 8) ) ( ) us/ 10

Thus, there is a number ¢ = ¢y, with ¢x > (%)l/s, such that ¢(cy) = (1 — 8)vs/r’. That is,

there exists a new family {B4(x, cx/1) N K: x € Eyy2(K1)}, With cx > (1—:;)1/3, and the sets

Ba(x, cx/n) N K all have the same H; measure, namely (1 — §)vg/ 7.
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As in (5.4), it follows that

1-8\'"1 Hs (K) ¢
P<P<XN>>(1—+5) ﬁ>>f (&)

S
=f<N, Hs(K)Tf’ n.Hs(K)VL), (5.17)
(1—96)vs (1 —9)vs
where
(1—=96)vs
Kpi=Tp ————.
T Hg(K)
It is easily seen that
1—96) v
Hs (K)>Tnns%=7_[s (K) kn;

thus «, < 1. Part (i) of Lemma 4.3, therefore, implies that the sequence in (5.17) tends to

1 as N — oo if (for suitable «), we have

1-8)uvs logN—alogloghN

Hs ()1 N ’

which is equivalent to

e [A = s N e
| Hs(K) logN —aloglogh|

(5.18)

We take N so large that n exceeds n(§), which ensures that the inequalities (5.15)—(5.16)
hold. From (5.17), we obtain

1-8\""1 Hs (K) 1
o> (55) s ()

Using the definition of nin (5.18), we get

1/s 1/s e\ 1/s B Vs
Ep(XN).[L} >|: N:| .<1 5) '|:Hs(K) logN aloglogNi|

log N log N 1+96 (1 —9d)vs N
~f(N, w,wﬁ), (5.19)
(1 —d)vs

and passing to the liminf as N — oo yields

N 1/s 1 1/s HS(K) 1/s
liminfEp (Xpy) - ( —— ) >(—) |22 .
g p (Xn) (logN) <1+8> [ Us :|

Recalling that § can be taken arbitrarily small, we obtain (5.13) for quasi-nice sets. For

asymptotically flat sets, the same (but even simpler) argument applies.
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5.7 Proof of Corollary 3.4

Recall that

va N )1/d

Zy=p (Xy,S% - .
v=p (Xy. 59 ((d+1)vd+1 log N

Corollary 3.3 implies that EZy — 1 and E[Z] — 1; thus E[(Zy — 1)?|=E[Z%] — 2EZy +
1 — 0. The Chebyshev inequality then implies

El(Zy — 1)?] .

P(1Zy — 1> &) < .
&

07

which completes the proof. |

5.8 Proof of the Corollaries 3.3 and 3.6

It is well known that a closed €} manifold is an asymptotically flat set, and a rec-
tifiable curve is a quasi-nice 1-regular set. For the first fact, we refer the reader to a
textbook on Riemannian geometry, for instance, [5, Chapters 5-10]. The second fact can
be deduced from [7, Section 3.2]. [ |

5.9 Proof of the Theorem 3.7: estimate from above

The proof of the theorem is similar to the proof for asymptotically flat sets. However, we
need to take into account that the limit (3.1) is not equal to vg4 for points on the boundary.

We use properties (ii) and (iii) of K to obtain

r Mg (Ba(x,r)NK) = Jvg, r—0, xedkK; (5.20)

xeK, dist(x,0K)>r= Hg(Bq(x,7)NK)=Hg(Bg(x,1)) = var? (5.21)
1

V6>03ar(5)>0:Vr<r(§),¥xeK: Hag(Bg(x, 1) N K) > <§ - 8) var?. (5.22)

For the details, we refer the reader to Lee [9, Chapter 5]. For large N, set /., 1= Enyey (K)
and ey :=1/log N, where n(N) is a sequence such that nx= (N/log N)'/¢, We now fix a
number § with 0 <§ < 1/2. Note that if x € £, and dist(x, 0K) > (1 — ey)/n, then

Ha(Ba(x, (1 —ey) /m) N K) =vg((1 — ey) /m)?;
if x € £y, and dist(x, 0K) < (1 — ey)/n then, for large enough n,

Ha(Ba(x, (1 —en) /MmNEK) > (3 —8)va((1 —en) /M2,
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On considering disjoint balls (relative to K) of radius ¢y/(3n) and using that
Ha ({x: dist (x, 3K) < (1 — 2en) /n}) < Ci/n,

we deduce, as in (5.1), that
i1
T

N

1 —
card {XG Enjey t dist (x, 9K) < N } <Cy
n

Therefore, for large enough n, we get

1 1-—
P (,O(XN) > 72) <P (ElXEgn/gN: By <X, ngN) ﬂKﬁXN=@>
nd-1 (1/2 = 8)vg (1 —en\0\ "
SC—g- |1~
ey Ha(K) n

nd Ud 1—epn a\ "
+ng (1 — —Hd(K) < - ) ) . (5.23)

Repeating the estimates (5.7)-(5.11) with

1/d
(2= N
T\ Ha®) 4=1log N + Aloglog N

3 N\
= BlogN ’

where A and B are sufficiently large, we obtain, after letting § — 0%, the estimate

p/d _ p/d
lim sup Elp (Xx)?] N < 2(d-1) Ha(K) .
N—oo log N d Ud

and

5.10 Proof of the Theorem 3.7: estimate from below

We repeat the proof from the Section 5.6, but now we will place our net £ only on the
boundary K. Namely, put &2 :=Ep2(dK). Since 9K is a smooth d — 1-dimensional sub-
manifold, we see that card(Ey2) = tnt!

obtain as in (5.14) that

with 0 < ¢ < 1, < ¢;. Moreover, from (5.20), we

r_de (Bag(x,1/mNK)= %vd/nd, r=r,0rr=gqy Nn— o0,

uniformly for x € &y2.
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The remainder of the proof just involves repeating the estimates (5.17)-(5.19),

using part (ii) of Lemma 4.3. |

5.11 Estimate from above for the cube [0, 1]¢

The proof is similar to the case of the bodies with smooth boundary. The only change we
need to make is to the formula (5.20). Namely, if a point x lies on a (d — k)-dimensional
edge of the cube, then Hgy(Bg(x,7r) N[0, 119) < 2 *¥ugrd. Moreover, Ha(Ba(x,7) N[0, 1]1%) =
27*ygrd for points x on the (d — k)-dimensional edge that are at distance larger than
r from all (d — k — 1)-dimensional edges. Thus, if we consider a set &£y, 1= Eysy (10, 119,
we have for any k=0, ..., d at most Cxn®*/¢¢ points x € &y, with Ha(Ba(x, (1 — ey)/m) N
[0, 11%) > 2 %u4((1 — ey)/m)?. In particular, if k= d, we have only finitely many such points
x € &Eyyeys and if k=d — 1, we have no more than Cn/e]‘%, such points. We now repeat the
estimates (5.7)-(5.11) and (5.23) with

., N 1/d
=(279D.d. vy- .
n1 ( d- va log N + Aloglog N>

5.12 Estimate from below for the cube [0, 119

The proof is almost identical to the proof in Section 5.10; the only difference is that now
we take £,2 1= En2(L), where L is a one-dimensional edge of the cube [0, 1]¢. To complete

the analysis, we appeal to part (iii) of Lemma 4.3.

5.13 Estimates for a polyhedron in R3

The estimates here are the same as for the unit cube [0, 1]¢. The only difference is that,
for points x € L, where L is the edge where two faces intersect at angle 6, we have, if x

is far enough from the vertices of P:
o 3
H3 (B, rYNP)=—-v3z-1°.
2

Consequently, for k=0,1,2,3, we have at most akn3*k/8fv points xe &y, (P) with
H3(Bs(x, (1 —ey)/m) N P) > cus((1 —ey)/n)®, where ap=1, @y =1/2, and a; =6/(2n). In

the case 6 <m/2, one needs to choose

26 N 13
n = . s
(V(P) log NV + AloglogN)
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and in the case 0 > /2, one needs to choose

T N >1/3
m = . .
V(P) logN + AloglogN

For the estimate from above, consider £,/2(L) and repeat the estimates for the cube. W

dx
V1—x2

5.14 Estimates for du =

We remind the reader that o(Xy) = o(Xy, [0, 1]) = SUPyen1— 1, 1] inf; |y — x;|, where x;, j=
1,..., N, are randomly and independently distributed over [0, 1] with respect to u.

5.14.1 Casea=2

Suppose that an interval I, :=[1 — 3, 1] is disjoint from Xy for some « > 1. Then we get

a—1
N2

p(Xy) =

We note that if o < C; logz(N), and N is sufficiently large, then

Ve

w(Iy) < Co2 N

Therefore, if « is some number greater than 1,

Consequently,

where C4 =C3z(x — 1).
For the estimate from above, note that u(I,) > ﬁ/(ﬂnN). Assuming p(Xy) = 37z,
we get that the distance from 1 to any x; exceeds o/N?, and thus the interval [1 — % 1]

is disjoint from Xp. The probability of this event is less than

N
(1 - %%) <e Osve,

Thus, for any «, 1 <« < N?, it follows that

P (5 (Xn) > 5 ) e
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In particular, for sufficiently large Cg, we have

. Cglog? () _
HD(PO‘W)?% <N

Therefore,
Celog?(M) o + 1

. o g Csve 4 N3,
a=

. 1
Ep (Xw) < 57+ )

It is easy to see that the latter expression is bounded by C;/N?, which completes the

proof for this case.

5.14.2 Case0O<a<?2

1

We again note that, if « is a number and I = [0, ¢ + ] C[1 — 1] is an interval of length

Na»
¢, then
a0 J‘”S dt - 1 & S 1 ) S CieN’
" = - - 1€V 2.
« n«/l—tz/ﬂ«/l—az/ﬂ\/l_(l_L)z/
Nu
Now consider n intervals of length nllva (and thus having u-measure u greater than %)
n

inside [1 — 4, 1]. As we have seen before, if 5(Xy) > -2, then for some y e[l — -, 1], the

2

interval of length =

centered at y is disjoint from Xy; thus one of the fixed intervals of

length nzlva is disjoint from Xy. Consequently,
R 2 ¢ \"
P Xy) > <n|l- = .
o) a1 )
With
N'-z
n=——,
Alog N

where A large enough, we get

P(pw>—2)<n(1- & N<N—3
1Y N /nNa X TLN% X .

Therefore,

which finishes the estimate from above.
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For the estimate from below, we note that if I =[o, & + e] C[1 — 5, 1 — 53], then

& a
p (D) < Cp e <203 NE.
1
1— (1~ 33)

. . 1 1 1
Take nintervals in [1 — 35, 1 — 53 @

[{-measures Cgﬁ (note that if we are allowed to take such intervals near 1, then the

Cq
nNe*

] of length comparable to and having equal

best measure we can get is ﬁ). If one of them is disjoint from Xy, then o(Xy) >

Thus,
Cy

nh¢<

P <[> (Xy) > ) > f(N.nN?/Cy.m).

It is easy to see that if we take

N2
n:=
Alog N — Bloglog N

for suitable A and B, then the latter expression tends to one. Recall that 0 < a < 2. There-

fore, for large values of N, we have

R log N 1
P Xy)2Ci—= )2 =,
(P( n) C4N1+z) 7

which completes the proof for this case.

5.14.3 The estimate for p

For the estimate from above simply note that for any interval I, we have u(I) > |I|. For
1
2
uw(I) < C|I|, and thus the estimation from below runs as usual. |

the estimate from below, take the interval [}, 1]. For any interval I C [}, 1], we have
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