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Abstract We consider the minimal energy problem on the unit sphere S? in the Euclidean
space R?*! in the presence of an external field Q, where the energy arises from the Riesz
potential 1/r® (where r is the Euclidean distance and s is the Riesz parameter) or the log-
arithmic potential log(1/r). Characterization theorems of Frostman-type for the associated
extremal measure, previously obtained by the last two authors, are extended to the range
d —2 < s < d — 1. The proof uses a maximum principle for measures supported on S.
When Q is the Riesz s-potential of a signed measure and d — 2 < s < d, our results lead
to explicit point-separation estimates for (Q, s)-Fekete points, which are n-point configu-
rations minimizing the Riesz s-energy on S¢ with external field Q. In the hyper-singular
case s > d, the short-range pair-interaction enforces well-separation even in the presence
of more general external fields. As a further application, we determine the extremal and
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signed equilibria when the external field is due to a negative point charge outside a posi-
tively charged isolated sphere. Moreover, we provide a rigorous analysis of the three point
external field problem and numerical results for the four point problem.

Keywords o-subharmonic functions - Balayage - Minimal energy problems with external
fields - Riesz spherical potentials

Mathematics Subject Classifications (2010) 31B05 - 31B15 - 78A30

1 Introduction

Let S7:={x € R4*! : x| = 1} be the unit sphere in R¥*!, where |-| denotes the Euclidean
norm. Given a compact set E C S9, consider the class M (E) of unit positive Borel mea-
sures supported on E. For s > 0 the Riesz s-potential and Riesz s-energy of a measure
u € M(E) are given, respectively, by

U ) = / kY duy). xeRT T = f / ky (%, y) dp(x) di(y).

where kg (X, y) := |x—y|~* is the so-called Riesz kernel. The s-capacity of E is then defined
as cap,(E):=1/W,(E) for s > 0, where W (E) := inf{Z;(n) : p € M(E)} is the s-
energy of the set E. A property is said to hold quasi-everywhere (q.e.), if the exceptional
set has s-capacity zero. When cap,(E) > 0, there exists a unique minimizer ur = U E,
called the s-equilibrium measure on E, such that Z;(ug) = W, (E). For more details see
[21, Chapter II].

Whenever s = 0 (we shall use s = log), which occurs, for example, when s = d — 2 and
d = 2, we replace the Riesz kernel k; by the logarithmic kernel

kiog (X, y) := log(1/[x — yl).

(In this case we define caplog(E) = exp{—Wipe(E)}.)

We shall refer to a lower semi-continuous function Q : S¢ — (—o00, 0o] such that
Q(x) < oo on a set of positive Lebesgue surface measure, as an external field. We note that
the lower semi-continuity implies the existence of a finite ¢ such that Q(x) > ¢ for all
x € S¢. The weighted energy associated with Q(x) is then given by

Io,s() :==Ts(p) +2/ Q(x)du(x), n € M(E). M

(The terminology “weighted energy” is used here to indicate the presence of an external
field, and should not be confused with “weighted energy functionals”, where the Riesz s-
kernel is multiplied by a weight function w(x, y). We leave the study of the external field
problem for such generalized kernels for a future investigation).

Definition 1 The Riesz external field problem on the unit sphere S? for the external field Q

is concerned with minimizing the weighted energy (1) among all Borel probability measures
W supported on S9. A measure no,s € M(S?) with

Io.s(gs) = Vo, = inf {Ig, () : ;1 € M)

is called an s-extremal (or positive equilibrium) measure on S? associated with Q.
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Riesz External Field Problems on the Hypersphere 649

If we consider only measures supported on some compact subset E C S¢ with positive
s-capacity, then the minimizing measure is referred to as the s-extremal measure on E asso-
ciated with Q and denoted by g ¢ 5. In the particular case when Q = 0and 0 < s < d,
the measure (g ¢ on S? is just the normalized unit surface area measure on the sphere for
which we use the symbol 0.

We shall also consider the discrete analogue of the above external field problem which
is defined as follows.

Definition 2 Let s > 0 or s = log. For a set of n points X, = {x1,...,X,} C S9 the
discrete weighted energy associated with Q is given by
n n
E2(Xy) =Y [ks(xj. x0) + O(x)) + Q(x0)]. )
j=1k=1
k#j

Then the discrete external field problem on the sphere S¢ concerns the minimization
£Q(n) = min{EsQ(X,,) X, C S X, :n}, 3)

where |A| denotes the cardinality of the set A. A solution of the discretized minimization
problem (3) is called an n-point (Q, s)-Fekete set.

The existence of (Q, s)-Fekete sets is an easy consequence of the lower semi-continuity
of the energy functional and the compactness of the unit sphere. Further, we remark that a
standard argument establishes the following monotonicity property

Elm) _EPmn+1)
nn—1)~— (m+1n

We remark that the discrete problem has application to image processing, namely the
half-toning of images based on electrostatic repulsion of printed dots in the presence of an
image-driven external field; cf. Schmaltz et al. [30] and Grif [14, Section 6.5.2].

The outline of the paper is as follows. In Section 2 we provide Frostman-type charac-
terization theorems for the solution to the external field minimal energy problem on the
sphere. This is facilitated by a new restricted maximum principle on the sphere which holds
for the range d — 2 < s < d (see Theorem 5). We also introduce the signed equilibrium
measure and discuss its relation to the positive equilibrium measure. In Section 3 we estab-
lish that for a large class of external fields Q, the sequences of n-point (Q, s)-Fekete sets
are well-separated; that is, have separation distance of order n1/d (Theorems 14 and 16).
In Section 4, for an external field due to a negative point charge, we provide a detailed
analysis and give explicit representations of the signed equilibrium (Theorem 19) and the
s-extremal measure on S¢ (Theorem 20). This extends results in [2]. In Section 5 we rigor-
ously characterize the 3-point (Q, s)-Fekete set for a general class of convex external fields
and provide numerical results for the four point problem with Riesz external fields (Figs. 2
and 4 illustrate the analysis). The proofs of our results are provided in Section 6.

forall n > 2.

2 Basic Properties and Characterization Theorems

In [10] the second and the third authors formulated the following Frostman-type proposition,
which deals with the existence and uniqueness of the measure 1o s, as well as a criterion
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650 J.S. Brauchart et al.

that characterizes 1 ¢ in terms of its potential. The proof of this proposition follows closely
the proof of [28, Theorem I.1.3]. It could also be derived as a particular case from the more
general results in [32] (see especially Theorems 1 and 2, and Proposition 1 of that paper).

Proposition 3 Ler 0 < s < d.! For the minimal energy problem on S¢ with external field
Q the following properties hold:

(@ Vo5 is finite.

(b)  There exists a unique s-extremal measure [Lg s € M(S9) associated with Q. More-
over, the support Sg s := supp(g,s) of this measure is contained in the compact set
Ey:={xe$: Q(x) < M} for some M > 0.

(c)  The measure g s satisfies the variational inequalities

U{‘Q-“'(x) + 0(x) > Fps gq.e.on Sd, 4)
UAfLQ‘“T (x) + Q(x) < Fo s everywhereon Sg, ®)]

where
FQ,S = VQ,S - / ox) dﬂQ,s(X)~ (6)

(d)  Inequalities (4) and (5) completely characterize the s-extremal measure g in the
sense that if v € M(S?) is a measure with finite s-energy such that for some constant
C we have

U’(x) + Qx) > C gq.e.on s¢, @)
U’(x) + Q(x) < C everywhere on supp(v), ®)
thenv = g s and C = Fop ;.

Observe that, if the external field Q is continuous on S¢, then the inequality in (7) holds
everywhere on S.

Remark 1 Proposition 3 remains true if S? is replaced with any compact subset K C S¢
with cap;(K) > 0. Notationally, the dependence on K will be indicated by a subscript K
(e.g., Kk, 0.s> Fx. 0,5, €tc.).

In the case whend — 1 < s < d, [10, Theorem 1.3] analyzes further the characterization
property from Proposition 3(d) by studying the supremum and the essential infimum of the
weighted potential Uy (x) + Q(x). Our first theorem extends this analysis to the larger range
d — 2 < s < d. To state the theorem we introduce the notation “inf”’xcg to denote the
essential infimum of f with respect to a set E C S%; that is,

“inf” f(x) := sup{c : f(X) > cq.e. on E};
xeE

in other words, the infimum is taken quasi-everywhere.

Theorem 4 Letd —2 < s < d, Q be an external field on sS4, and Fo s be defined as in (6).
For any measure A € M(S) we have

“inf” [U}(x) + Q(¥)] < Fos ©)
XESQ.S

"'A similar result holds for the logarithmic case.
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Riesz External Field Problems on the Hypersphere 651

and

sup  [U}x) + 0®)] > Fos. (10)
xesupp(r)

If equality holds in both inequalities, then A = [1g ;.

For the restricted range d — 1 < s < d, the proof of this theorem as given in [10]
utilizes the principle of domination for Riesz potentials, which generally is stated for the
parameter range d — 1 < s < d + 1 and measures supported on any subsets of R4+! (A
restricted version of the principle of domination for d — 2 < s < d was established in
[10, Lemma 5.1].) Via a different approach that utilizes the following restricted maximum
principle on the sphere, we are able to prove the result for s in the extended range d — 2 <
s < d; see Section 6.

Theorem 5 (Sphere Maximum Principle) Let d — 2 < s < d. Suppose i is a positive
measure with supp(u) C S? such that for some M > 0, the relation Ut (x) < M holds
w-almost everywhere on S9. Then U (x) < M holds everywhere on s

An essential part of the analysis of external field problems is the determination the s-
extremal (equilibrium) measure on S9 associated with the external field Q and, in particular,
its support. In principle, if the latter is known, the measure 1t s can be recovered by solv-
ing an integral equation for the weighted s-potential of 1o s arising from the variational
inequalities (4) and (5). A substantially easier problem is to find a (signed) measure that has
constant weighted s-potential everywhere on S?. The solution of this problem turns out to
be useful in solving the harder problem. This motivates the study of the signed equilibrium
measure associated with an external field which is defined as follows.

Definition 6 Given a compact subset K C R” (p > 3) and an external field Q, we call a
signed measure ng, o = 1k, (,s supported on K and of total charge nx o(K) = 1 a signed
s-equilibrium on K associated with Q if its weighted Riesz s-potential is constant on K
that is,

U2 (x) + 0(x) = Gk.0.s for allx € K. (11)

We note that if a signed equilibrium exists, then it is unique (see [2, Lemma 23]).

A remarkable connection exists to the Riesz analog of the Mhaskar-Saff F-functional
from classical logarithmic potential theory in the plane (see [23] and [28, Chapter IV, p.
194]).

Definition 7 The F-functional of a compact subset E C S¢ of positive s-capacity is
defined as

Fs(E):=W(E) +/ Q(x) dpg(x), 12)

where Wi (E) is the s-energy of E and wg is the s-equilibrium measure (without external
field) on E.

Letd —2 < s < d with s > 0. If the signed equilibrium on a compact set K C S¢
associated with Q exists, then integration of (11) with respect to ;g shows that

Fs(K) = Gk, Q.- 13)
The essential property of the Fs-functional is the following (cf. [2, Theorem 9]).

@ Springer



652 J.S. Brauchart et al.

Proposition 8 Letd —2 < s < d withs > 0 and Q be an external field on a compact
subset K C S% with cap,(K) > 0. Then the Fs-functional is minimized for the support of
the s-extremal measure i o s on K associated with Q, that is, for every compact subset
E C K withcapy(E) > 0,

Fs(E) > }—s(supp(MK,Q,s)) = FK,Q,s~
Given a compact subset K C S, the extended support §K,Q, s of Lk, 0.5 is defined by

Sk 0.5 = [x €K : UM% (x) 4 O(x) < FK,Q,S} . (14)

The following theorem, which is the Riesz analog of L9, Theorem 2.6] and [18, Lemma 3],
establishes a relation between the extended support Sp s of o s (by (5) this set contains
the support of (¢ ;) and the support of the positive part 775 of the Jordan decomposition
nJQ’ - né of the signed equilibrium g = ng¢ o ; On S? associated with Q.

Theorem 9 Letd —2 < s < d and suppose that Q is an external field such that a signed
s-equilibrium np, = 1y, 0.s on a spherical cap T, = {x € S : |x — p| > p} exists. Then

“Qesfz,, <nS Sos and  SgsNE, Csupp(nh).
Furthermore, if Fp 5 < Gx,.0.5 then §Q,s NnXx, C supp(n;)").
Remark 2 The theorem remains true if the s-extremal measure on a compact subset

K c $? with cap;(K) > 0 and signed s-equilibria ng on compact subsets E C S? with
supp (ng) C K are considered.

The characterization results for the shape of the support of the s-extremal measure on S¢
associated with a rotational symmetric external field given in [2, Theorem 10] immediately
carry over to the external fields with extended range.

Proposition 10 Letd —2 < s < d with s > 0 and the external field Q : S? - (—o0, 0]
be rotationally invariant about the polar axis; that is, Q(z) = f (&), where & is the altitude

ofz = <\/1 —£2g, é), z € 1. Suppose that f is a convex function on [—1, 1]. Then the

support of the s-extremal measure jLg on S? is a spherical zone; namely, there are numbers
—1 <t <t <1 such that

supp(itg) = 41y = [<\/1 —u?x, u) tH<u<th,Xe Sdﬁl} . (15)

Moreover, if additionally f is increasing, then t| = —1 and the support of 1o is a spherical
cap centered at the South Pole.

Next we focus on the discretized version of the Riesz external field problem given in

Definition 1. Recall that the normalized counting measure associated with an n-point set
X, = {X1,X2, ..., X,} is defined as

1 n
nx, = n Z(SX]’
j=1

where Jx is the Dirac-delta measure with unit mass at x. The continuous and discrete external
field minimization problems are related in the following way.
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Riesz External Field Problems on the Hypersphere 653

Proposition 11 Let 0 < s < d or s = log. Then

. EQ(n)
lim ° =Vos=1ps(no.s).

n—oo n2

Furthermore, if {X, 0,512, is any sequence of n-point (Q, s)-Fekete sets on S? (see Def-
inition 2), then the sequence of the normalized counting measures jix, , . associated with
Xy, 0,5 converges in the weak-star sense to the s-extremal measure Lo s.

The proof follows from a standard argument and utilizes the uniqueness result stated in
Proposition 3(b).

We are interested in determining sets that contain all the (Q, s)-Fekete sets. For this pur-
pose it is useful to investigate the weighted s-potential of the normalized counting measure
i x, which is defined as

1ix 1 o 1
h, () =U" @0+ 00 =

j=1

L+ 0x, xes (16)
|x —x,]

As an application of Theorem 4 we deduce the following result.

Theorem 12 Letd —2 < s < d. Let X,, C S? be a set of n distinct points, and suppose
that, for some constant M, the associated weighted potential satisfies the inequality

hx,(x) > M g.e.on Sg s =supp(Lgs). a7

Then (cf. (6))
U x) > M+ U (x) — Fos everywhere on $°. (18)

Furthermore,
hx,(x) > M q.e.on se. (19)

We point out that this is an extension of [10, Theorem 1.7], which, as with Theorem 4
above, was originally established ford — 1 < s < d. As in [10, Corollary 1.9], Theorems 4
and 12 yield the following.

Corollary 13 Ford —2 < s < d, every (Q, s)-Fekete set is contained in the extended
support Sg .

We note that for most of the above theorems, s = d — 2 marks the lower end of the stated
range of the Riesz parameter s. It turns out that the case s = d —2 is distinctive because new
phenomena arise in the solution of the signed equilibrium problem, see Section 4. Moreover,
for s in the interval (0,d — 2), the Riesz-s kernel becomes strictly superharmonic when
considered in the stereographic projection space of S?; consequently maximum principles
and domination principles do not apply.

3 Application to Point Separation
Good separation of points is generally associated with the stability of an approximation or
interpolation method (e.g., by splines or radial basis functions (RBF)); cf., e.g., [12, 22, 29].

In this section we shall apply results from Section 2 (especially Theorem 9 and Corollary 13)
to obtain explicit point separation estimates for sequences of n-point (Q, s)-Fekete sets
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(cf. Definition 2) associated with a large class of external fields Q and establish that such
sequences are “well-separated” in the following sense. Let

8(Xy) = min{IX; — Xel : Xj, Xk € X, j # K}

denote the minimum distance among the points in X,,. Then a sequence {X,,},>2, X, C N
for all n, is called well-separated if §(X,,) is of order n=14 as n — oco. (It suffices to show
the existence of a constant C such that

8(X,) =Cn~1/d for sufficiently large n, (20)

since 8 (X, ) cannot exceed the best-packing distance which is of order n=1/4; cf. [4].)

In the potential-theoretical and field-free setting (Q = 0) it has been known since
Dahlberg [5] that Fekete point sets (harmonic case s = d — 1) on a sufficiently smooth
closed bounded d-dimensional surface in R?*! that separates R+ into two parts will form
a well-separated sequence (but no explicit constant for the lower bound of §(X,,) has been
given). Gotz [13] studied the discrete external field problem on surfaces in R? where the
energy functional is defined in terms of the Green function for a domain X C R?. His sep-
aration result generalizes Dahlberg’s result. Well-separation of minimal logarithmic energy
configurations on S? in the field-free setting was first established by Rakhmanov et al. [26,
27], and with an improved constant by Dragnev [8]. For minimal Riesz s-energy configura-
tions on S? in the field-free case, well-separation was established by Kuijlaars et al. [20] for
s € (d — 1,d) and by Dragnev and Saff [10] for s € (d — 2, d). Damelin and Maymeskul
[6] give a separation result of order n~V/6+D 0 < s < d — 2, which is of sharp order in
the boundary case s = d — 2. It is expected but still unproven that minimal logarithmic and
Riesz s-energy (0 < s < d — 2) configurations on SS9 d > 3, are well-separated. The ref-
erences [8, 10, 27] also provide an explicit constant in the lower estimate (20). It should be
noted that [10] uses external fields to derive the desired separation estimates in the field-free
setting. In the hyper-singular case s > d, Kuijlaars and Saff [19] establish well-separation
of minimal Riesz s-energy configurations on S.

We now present a generalization of [10, Theorem 1.5] to the case when an external field
is present and given by a potential.

Theorem 14 Letd — 2 < s < d and Q(X) := U (X) for some signed measure ¢ with o4-
a.e. finite Riesz s-potential on S?. Assume the support of the negative part o~ in the Jordan

decomposition o = o — o~ satisfies that
supp(c ™) C [X e RI* . x| > r} 21)
for some r > 1 and that
(r+ 1) 1
= = 1 + —_ 1 > . 22
Co = ¢ (r) +wn+(m®%0_w lo™ll =, (22)

Then any sequence (X gs)ae, of (Q,s)-Fekete sets on S9 s well-separated; more
precisely,

Ko
8(Xn,0,5) = n]Q/;; foralln > 2¢c, — 1, (23)
where ;
2d—s 1 1/
Kos:= . (24)
' Ws(Sd) Co

It is understood that for d = 2 and s = log we replace W (S% by 1 and s by 0.
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Since the Riesz s-energy of S appearing in the separation constant in (24) is given by
the formula

Hd-1-sT(d+1D/DT((d = 5)/2)

W, (S%) = , 0, 25
s Jr T(d —5/2) t7 @)
we have in the harmonic case s = d — 1 that
+1 —l/d
Koa1 =214 ot " 1) o™ 26
0.d—1 + o™ + -1y llo~ |l (26)

and in the limiting case s =d — 2 (and d > 3)

1 T((d+1)/2)\ "¢ 12 e
KQ,H=( (@b )) [1+||a+||+< v )d—1> ||a||} ,

d Jm T(d/2) Wa_2(S%) (r — 1
@7
wheras for s =logandd =2
—1/2
r+1)?2 _
Kgog =2 [1 + ot + (EV _ 1;2 - 1) lo ||:| . (28)

Remark 3 Note that whenever the support of o~ lies outside of S¢, then both condi-
tions (21) and (22) are satisfied by taking r(>1) sufficiently close to 1. Also observe that as
r approaches 1, the constant K g ¢ approaches 0.

Incase of o = 0ands = d — 2 > 0, the above Theorem 14 yields a known result
for the well-separation of n-point minimal Riesz (d — 2)-energy configurations on S9 ([6]
but without explicit constants). Also with ¢ = 0, s = log and d = 2 we recover the same
separation result as obtained in [8]. Here we prove them separately (with explicit constants
in the former case), since they will be used to establish the separation bounds when an
external field (o # 0) is given.

Proposition 15 For Q = 0 and d > 2 we have

Kd

S(Xn,d72) = (}’L _ l)l/d

for any n(> 3)-point Riesz (d — 2)-energy 2 minimizing configuration X, q4—» on S?, where
(1T @+1)/2) ~l/d

4=\a yrnran '

29

(30)

Observe thatkg = (4/ Wa_2(S9)Y/4 whend > 3. The first three values of k4 are kp = 2,
K3 = (37r/2)1/3, and kg = 2/31/4. Curiously, (4)¢ is the ratio of the volume of the unit ball
in R? divided by the surface area of the unit sphere in R¢*!. (This constant also appears as
the coefficient of the leading term in the asymptotic expansion of the n-point minimal Riesz
d-energy as n — oo (cf. [19]).)

Finally, we present a well-separation result for sequences of (Q, s)-Fekete sets in the
hyper-singular case s > d. In this case the (strongly repellent) short-range interactions
between points on the sphere ensure well-separation of minimizing configurations for any

2When d = 2 we mean logarithmic energy.
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continuous external field on S¢. In fact, it is enough that Q be integrable on some small
subset of S¢ of positive surface area measure.

Theorem 16 Let s > d. Suppose there is a subset B C S¢ such that o4(B) > 0 and the
fixed external field Q is integrable over B with respect to o4. Then there is a constant C
independent of n such that

C
8§(Xn.05) > 31
( n,Q,A) - l’Ll/d ( )
for any n-point (Q, s)-Fekete set on S¢.

Remark 4 In case of Q = Q, varies with n, there may be no single fixed subset B satisfying
the hypotheses in Theorem 16. However, one can still deduce well-separation by requiring
the following: there is a sequence { B, } of subsets of S? such that for some & > 0, o4(B,) >
¢ for all n, and for some C’ > 0 independent of n,

|0, (X)| dog(x) —min{0, M2} < C'n*/?"'  foralln,
04(By) B,

where M2 denotes the minimum of Q,, over S7. These conditions are derived from the
main inequality (82) and the estimate (83).

Remark 5 For large classes of external fields Q (e.g., continuous external fields), inequality
(82) and the estimate (83) can be made explicit which, in turn, yields an explicit constant in
the separation estimate (31), as the following example illustrates.

Example 17 Lets > d. Consider the external field Q(x) = g |x — Rp|™%, ¢ # 0, R > 1,
due to a point source above the North Pole p. Clearly, Q is continuous and thus integrable
on B = S?. Thus Theorem 16 assures well-separation of n-point (Q, s)-Fekete sets on S.
An explicit lower bound can be easily derived from (82) to (83). We find

s|q|/ d”"(x)s—min{o, 1 }
st [x — Rp| (R — 1)

odém /D(Q(") — min{0, Q(x;)}) doa(x)

and, consequently,

—1/s )
vd 8n
8(Xn,0.5) = ,
n,Q,s 1 — }ﬂ/d nl/d
where
. I Bsd  _2/a 1—s/d 4 . q s
gn):= {s 4 + 5 n +2n lg| U (Rp) — min {0, (R — 1) .

Note that g(n) — (s — d)'/s as n — oo. The constants v, and Bs.a4 are given in (76) and
(78), respectively, and the representation of Us“ appears in (41).

4 Negatively Charged External Fields

In the following we consider external fields Q that are generated by negative sources. The
required lower semi-continuity of Q : S¢ — (—o0, co] implies that no negative singular-
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ities can be on the sphere but it may support a negative “continuous” charge distribution
(with no discrete part relative to S?). We give a detailed analysis for the Riesz external field

Obs(¥) = U7 (x) =qlx—b|~*, xe§ b=—-Rp(R>1),q<0, (32)

where o = g4(b), that is due to a negative point source at b below the South Pole and which
also provides the basis for more general axis-supported fields defined by superposition of
point source fields. Our analysis thus extends and complements results in [2] where positive
axis-supported external fields were considered.

Intuitively, a negative point source under the South Pole will “pull” charge towards the
South Pole and if sufficiently strong will cause a negatively charged spherical cap around
the North Pole to appear on a grounded sphere. Grounding of the sphere imposes constant
weighted potential everywhere on S?. This naturally leads to the signed equilibrium problem
on the whole sphere or on its parts, say, the spherical cap ¥, :={x € S? : x-p < 1} centered
at the South Pole. On a positively charged isolated sphere a sufficiently strong negative field
will produce a spherical cap around the North Pole that is free of charge. We are specifically
interested in the charge distribution on the remaining part ¥;_, that is the s-extremal measure
on S¢ associated with the external field Ob,s and its support X;..

We will use the methods and results of [2]. An essential concept is the s-balayage of a
measure. Recall that given a measure v and a compact set K (of the sphere S¢), the balayage
measure b := Balg (v, K) preserves the Riesz s-potential of v onto the set K and diminishes
it elsewhere (on the sphere S9). Let n; denote the signed s-equilibrium on X; associated
with the external field Oy, ;. Then it can be expressed as

m= @)/ We(sH] v = ge. (33)

where
€t = €5 1= Balg (dp, X1), Ve = V5= Balg (o4, %¢) (34)

are the s-balayage measures onto X, of the positive unit point charge at b and the uniform
measure o7 on S¢. The function @, (¢), defined by

D, (1) := Wy (SHA + gllec )/ Ivell, d—2<s<d, (35)

in terms of the s-energy of s, given in (25) and norms ||& || = fol de; and ||y, || = fol dvy,
plays an important role in what follows. Indeed,

P,(1)
dn; = vl —qllel =1
/z, m= vy 1l =gl

and using that U;" (x) = W, (S%) and U (x) = |x — a|~* on %, by (34), at every x € %,

Dy (1)

U0+ s (9 = |t

U (x) — q Ug' (%) + On s (X) = O5(7). (36)
By Definition 6, G5, ¢, ,.s = Ps(¢) and (13) relates @ (¢) to the Fs-functional by means of
D, (¢) = F;(Z;), whereas Proposition 8 implies that the latter is minimized by the support
of the s-extremal measure on S¢ associated with the external field (32) which turns out to
be a spherical cap ;.. We will see that the unique minimum of ®(¢) in the interval [—1, 1]
will provide this critical parameter 7. (see Theorem 20). Moreover, the remark following
Theorem 19 provides the necessary and sufficient conditions (involving ®,(¢) and therefore
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F5(Z)) under which the signed s-equilibrium measure 7, on %, turns into the s-extremal
measure on S¢ associated with the external field (32).

Throughout, ,F; (a,cb ; z) and »F, <a,cb ; z) denote the Gauss hypergeometric func-

tion and its regularized form 3 with series expansions

o0 o0
a,b (@)n(b)n 2" = a,b (@n(b)y 2"
F ez = , oF Tz = , 1,
2 ]< c Z) Z () n! 2 ¢t Zl"(n+c) n! 2] <
n=0 n=0
(37
where (a)p:=1and (a),:=a(a+1)---(a+n — 1) forn > 1 is the Pochhammer symbol.
We also recall that the incomplete Beta function and the Beta function are defined as

X
Buia )= [0 0 -0f Tan B )= Blia ). G9)
0
whereas the regularized incomplete Beta function is given by
I(x;a,b):= B(x;a,b)/B(a,b). 39)

First, we give the representation of the signed equilibrium on the whole sphere S¢, which
is well-known from elementary physics (cf. [15, p. 61]) in the classical Coulomb case, and
provide a necessary and sufficient condition when it also is the s-extremal measure on S.

Proposition 18 Let 0 < s < d and R > 1. The signed s-equilibrium np = nga ¢, s on s4
associated with the Riesz external field (32), where in fact g € R\ {0}, is given by

qU;" (b) g(R? — 1)d=s

d = ‘ d . ¢ = 1 — . 40
nb (X) nb(x) o4 (X) nb(x) + WS (Sd) Ws (Sd) |X _ b|2d7s ( )
Furthermore,
U (2) + On,s(2) = Fo(§) = &,(1) = W, (S + qU(b),  zeS,
where Uy (b) = fgd ks(b,y) doi(y) has the following representation:
U (b) = (R +1)"*F, (S/z;jd/z;étk/(m 1)2). (1
Moreover, if g < 0, then supp (/,LQbYS) =S¢ if and only if
W, (S¢ R—1)4—s
GO _R=DTT o), 42)

g ~ (R+DA
In such a case Lo, , = np.

Proof Indeed, it can be readily verified that np given by (40) is the signed equilibrium
measure on the whole sphere on observing that ey, := Balg (8p, N ) with

(RZ _ 1)d—s
W, (S9)|x — b|2d=s Wi (S9)

by using a suitably defined Kelvin transformation; for details see [2, Proof of Theorem 2]
which can be easily extended to hold for the external field (32).

dep(x) = dei(x) = dogy(x), lenll = Uy (b),

3The regularized form is well-defined even for ¢ a negative integer.
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The unique signed equilibrium 7y, on S associated with Qp, s coincides with the unique
positive s-equilibrium measure on S¢ if and only if ny, is a measure. This is a consequence
of the uniqueness of either measure and variational inequalities (Proposition 3(d)). As the
strictly decreasing density function 7; assumes its minimum value at the North Pole p,

qUs (b) g (R=D4

WP =TH ) 7w R+ e

we obtain the necessary and sufficient criterion in (42).

In light of (42) it is natural to ask if there is a critical distance R; > 1 such that the
support of wg,  is all of S? for R > R, but is a proper subset of S? for R < R,. For
external fields with positive charge ¢ such a critical distance always exists; cf. [2, Remark 4
and Example 5] and [3]. However, for negative charge ¢ such a critical distance does not
always exist. We discuss this phenomenon in more detail in [1].

How are the Riesz-s external fields, generated by a positive point charge ¢ above the
North Pole (a = R, p) and a negative point charge ¢_ below the South Pole (b = —R_p),
related? Let 7; and nj, be the density functions of the respective signed equilibrium on s,
Then it can be readily verified that for same center distances |a] = |b|] = R > 1 and total
charge g_ + g+ = 0 the densities complement each other; that is,

M) +np(y) =2 forallx,y € S? withp-x+p-y=0.

On the other hand, when it is assumed that both ), and nj, attain the same value at the North
Pole, then again by [2, Theorem 2] and Proposition 18,

q—UsUd (b) _ q7 (R% —_ 1)d7s _ 1 q+USUd (a) q+ (Ri _ l)dfs

WoS) WS (Re 4+ DM T WS WSk, — 1y 4

Here, in the case |a| = |b| = R > 1 (i.e. R- = R4 = R), Equation (43) is equivalent with

R 1 d—s/2 R—1 d—s/2 3
(R? = 1)"2U% @) = ( i ) - ( ) ! (44)
R—1 9+ —q- R+1 4+ —q-
and in the case g— + g+ = 0 (i.e. g+ = —g— = g > 0), Equation (43) becomes
(R_ — 1)@= (Ry + )7~
—UZ(b = Ul (a) — . 45
54 (b) + (R + 1) 54 (a) (Ry — 1yd (45)

Observe that the last relation between R_ and R, does not depend on the charge g. Figure 1

illustrates theses cases.
Next, we investigate the signed equilibrium on spherical caps %,. Ultimately, our goal is

to use this signed equilibrium to obtain the s-extremal measure on S¢ associated with the
external field in (32) when its support is not all of S?. We remark that the proofs of the
results and remarks in this section can be obtained by inspecting the proofs of the related
results in [2] (details will be presented in a later paper [1]).

Theorem 19 Letd—2 < s < d. The signed s-equilibrium 1, on the spherical cap ¥, C S¢,
—1 <t < 1, associated with Qy, s in (32) is given by (33). It is absolutely continuous in the
sense that forx = (v/1 —u2x,u) € &,

Wd—1
dn:(x) = TI;(“)
w,

’ 1=V dudos_1(x), (46)
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Fig. 1 Comparison of density functions of signed equilibria on S? associated with Riesz external fields
generated by a positive point charge above the North Pole (Blue curves in colored version, i.e. smaller value
at —1) and a negative point charge below the South Pole (Red curves in colored version, i.e. larger value
at —1) having the same density function value at 1 (North Pole). Left column: fixed center distance R = 1+¢
(¢ Golden ratio), g+ = 1 and g_ from (44). Right column: total charge g_ +q4 = O withgy = —g_ =¢q =
1, Ry = 1+ ¢ and R_ from (45). From top to bottom: s = 1/2, 1, 3/2. (No solution for s = 1/2 in right

column)

where (with R = |b| and r = v/R% + 2Rt + 1)

n,(u) =

1 T'(d/2)
W, (S?) I'(d — 5/2)

X {‘Ds(l)zFl ( 1

g(R— 1)
rd

2

1

1=\ (t—u
1 —u 1 —1t

1,dj2  t—u

—(d=5)/2"1—u
1,d)2

l—(d—-s)2"

)

72

)(Sd)/2

C(R+1D?*t—u

| —u 7

The density n, is expressed in terms of regularized Gauss hypergeometric functions.
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Furthermore, if 7 = (\/l —£27,8) €SY, the weighted s-potential is given by
Ul'(z) + Ops(z) = D(1), €Y, 48)
(R—12&—1t d—s s>
2 1+& 2 2
E—t d—s s
1+ 2 2

Wm+Qmm=%m+;%

—q>s(z)1< ) ze S\ %, (49)

where p = \/R2 4+ 2RE + 1 and I(x; a, b) is the regularized incomplete Beta function.

Remark 6 There is a simple relation between the positive and negative point charge problem
with regard to their signed equilibria when these charges are on opposite sides of an axis.
Namely, if QT(x):=¢,/|x — a|® and Q™ (y) :=q_/|y — b|* are the Riesz external fields
generated by a positive point charge at a above the North Pole and a negative point charge
at b below the South Pole, then the weighted s-potentials of the respective signed equilibria
na and np, on the spherical cap ¥; satisfy

U@+ 07X =Gy, 0+5. UP® +07(Y) =Gy, 0- s

everywhere on S?. Furthermore, if g_ + g4 = 0, then the following principle holds:

U;]a (x) + Usnh(Y) = G):,,Q‘*’,s + G)Z,,Q—,s

for all x, y € S? such that |x —a| = |y — b|.
The next remark, leading up to Theorem 20, emphasizes the special role of ®;(z).

Remark 7 It can be shown that the signed equilibrium 7, on X; associated with Qp 5 is a
positive measure with support ¥; if and only if

(R—1)7

P24 g2 oRe 41902

(50)
whereas the weighted s-potential of the signed equilibrium 7; on X; associated with Q¢
exceeds the value () assumed on X; strictly outside of X, (but on S9y if and only if

I +qlel (R—=1"

W, (S =d,(1) <q

. 51
el (R? + 2Rt + 1)4/2 b

As the right-hand side above is negative, one also has the weaker restriction ||€;|| > —1/gq.

For 7, to coincide with the s-extremal measure on S9 associated with QOp,s with support
%; both (51) and (50) have to hold (cf. Proposition 3(d)). The difficult part of the next
statement is to verify that the arising equation has a unique solution, which can be done as
in the proof of [2, Theorem 13].

Theorem 20 Letd —2 < s < d. For the external field (32) the function ®4(t) given in (35)
has precisely one global minimum t. € (—1, 1]. This minimum is either the unique solution
t. € (—1,1) of the equation

(1) = q(R — D™ /(R* + 2Rt + 1)?/?,
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ort. = 1 when such a solution does not exist. In addition, ®(t) is greater than the right-
hand side above if t € (—1,1.) and is less than if t € (t., 1). Moreover, t. = max{t : n; >
0}. The extremal measure g, . on S9 is given by ny, (see (46)), and supp(pg, ) = Zy,.

In the limiting case s = d — 2 with s > 0 it can be shown that the s-balayage measures
€ :=€,q—2 = Balg_»(8p, %), V= 4-2 = Balg_2(0, %)) (52)

exist and both have a component that is uniformly distributed on the boundary of %;. Each
of these measures is the weak-star limit as s — (d — 2)™ of the respective measure in (34).
An inspection of the proofs in [2] yields that the signed s-equilibrium 7, on the spherical
cap X associated with Qp, 4_»(X) = ¢ [x — p|2— (g <0andb = (0, —R) with R > 1) is
given by

N = [Pa—2(t)/ W2 (8D — qer,  Daa(t) = Wa—a(SH(L +gqlle D/ IIvell.

More explicitly, it can be decomposed into a continuous and a discrete part by means
of

dny () = 1, dogls, ) + g, 5@ dog10,  x=(VI—wxu)est, (53)
where the density with respect to o restricted to X, has the form

D42 (t) q (R? — 1)?

/ — —
M) = S8 T Wya(S4) (R? 4 2Ru + 1)d/2+

and the boundary charge uniformly distributed over the boundary of ¥, is

1 g(R—1)? }
q; = .

2

-t 2d/2—1
1—1t¢ Dy_o(t) —
( ) [ d—2(1) (R? + 2Rt + 1)1/2

The vanishing of this boundary charge characterizes the critical distance 7. for which n,_

becomes the (d — 2)-extremal measure on S? associated with Op.4—2 (details will be pre-
sented in a later paper [1]). A similar result holds for the logarithmic case s = log on
S2.

5 Examples of External Field Problems for Small N
5.1 The Three Point Problem with a Convex External Field

Let a be a fixed point in R} with R = |a] > 1. It will be regarded as the source of an
external field Q(x) = f(|x — a|?), where f is a strictly convex and decreasing function.
Then as we show below the optimal configuration (minimizing (2)) on S? for every s > 0
is an equilateral triangle perpendicular to the main axis passing through a and the center of
the sphere; cf. Figure 2. The intercept fy of the plane supporting this unique (up to rotation
about the main axis) triangle with the main axis varies with f. From these facts it is easy to
see that

6
£2(3) = (1) +12f(1 = 2R1o + R?),
0
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where the negative intercept g is the unique minimum of ng (3) satisfying the relation
3s(—10)

(30—

Remark 8 Tt is interesting to note that for the case Q(x) = ; |x — p|~* we deduce the well-

known fact that the tetrahedron has minimal Riesz-s energy for four points on S? interacting
via the Riesz-s potential; see the first frame of Fig. 2.

= 4R[—f'(1 — 2R1p + R?)].

We now establish that the aforementioned configuration is indeed optimal. For this pur-
pose let {X1, X2, X3} be an optimal configuration. Without loss of generality, we assume that
the segment connecting x; and x, lies in the yz-plane and is parallel to the y-axis, say,
with parameterization x| = (0, V1—h2, h) and X, = (0, -1 —h2, h), —1l<h<l.
Furthermore, we can write

X3 = (\/1 —t2cosa, \/1 —2sina, t) and a = (Rsiné cos B, Rsinf sin B, R cosb).

Since |x3 —X1|% + |X3 —X2|> = 2(2 —2h1), the convexity of the function u +—> u /2

that

implies
(1% —x1) 7% + (Ix3 = x2[) 72 = 22 = 2h1) 712,
where equality holds only if & = 0 or 7. Similarly, since
la—x1)% +|a—x2)2 = 2(R* + 1 — 2hR cosh),
the convexity of f implies that
Q(x1) + Q(x2) = fla—x1) + f(la = x2|") = 2f (R® + 1 = 21 R cos 6),

where equality holds only if 8 = 0 or 7. Moreover, from the fact that f is strictly decreasing
we get

0(x3) = f(la—x3/®) = f <R2 +1-2RV1-1¢2 sin@ cos(a — B) + 2Rt cos@)

v

f<R2+ 14 2RV1 —tzsin9+2RtC030),

and equality holds only if « — 8 = 7 or —m. Consequently, the optimal configuration must

satisfy |x3 — x| = |x3 — X»| and |a — x| = |a — X3|. Since the choice of x; and x, was
1 1 1
a=; g=1 a=; g=1 =3 ® g=1 ®
® ®
P AN
R, WA

Fig. 2 Typical 3-point (Q, s)-Fekete sets for weaker (g = 1/2, left) and stronger (¢ = 1, right) Riesz exter-
nal fields Q(x) = g|x — Rp|~* in the Coulomb case s = 1 for selected values of center distances R = 1, 2,
and 1 + ¢ (¢ is the Golden ratio); compare with Fig. 4
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arbitrary, the same is true for any pair, which implies that the configuration is an equilateral
triangle with equidistant points from a. Finally, it is easy to see that there is a unique solution
for the intercept 7o of the equilateral triangle and the axes.

5.2 The Four Point Problem with Riesz External Field

Let four unit charges be restricted to move on the unit sphere S and the fifth point (placed
on the polar axis above the North Pole) act as the source of an external field Q, (x) =
qks(x,a), where a = Rp, R > 1, and p the North Pole. A (Q, . 5)-Fekete set minimizes
the discrete weighted energy associated with Qg s,

4

4
EZ ((x1.%0. %3, %)) = Y O [ke(X}. X0) + Qas (%)) + Qas (0],
=1 k=1

J
J#k

among all four point configurations {Xi, Xy, X3, X4} on S. This optimization problem is
highly non-linear and currently eludes explicit solution. Heuristic considerations based on
the symmetries of the problem and backed by numerical experiments suggest three basic
types of optimal configurations (see Fig. 4): (A) a triangular pyramid X 3) with one point
at the South Pole and three points forming an equilateral triangle parallel to the equator (one
degree of freedom) with discrete weighted energy

2—s/2 3—s/2
+
(1 + t)s/2 (1 _ tz)s/Z

1 3
+ + :
q[(l+R)" (1—2Rt+R2)”2D

where ¢ denotes the intercept of the triangle’s plane with the polar axis; (B) the set X2 2)
consisting of two pairs of opposite points in planes parallel to the equator rotated by 90°
(two degrees of freedom) with discrete weighted energy

EsQa""(X{1,31) = flu3@) = 6(

Ous 2173‘ 2173‘ 2373‘/2
E; (X{Z»Z}) = f{2»2}(t’ T) = a- tz)s/z + a- rz)s/z + (1- m—)fs/Z

1 i
12 ,
g ((1 ORI+ R T (1 —2Re + RZ)S/Z)

where ¢t and 7 denote the intercepts of these two planes with the polar axis; and (C) the four
points forming a square X 4) parallel to the equator (one degree of freedom) with discrete

weighted energy
2—s I+s/2
Qs 2275 (1 4-2115/2) 24q
E: X = 1) .= ’
s (X,4) = foa () (=202 T (1—2R: + R2)/2

where ¢ is the intercept of the square’s plane with the polar axis.

Using elementary calculus, one can show that fio 4)(¢) is a strictly convex function on
(=1, 1) with f{’0’4}(t) — 400 ast — %1 and thus has a unique minimumatat € (—1, 1)
satisfying

22751 42251 (1 — 1275271 4 24gsR(1 — 2Rt + RS>~ = 0.
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Similarly, the function f{; 3y(¢) is strictly convex on (-1, 1) with f{’l 3}(t) — *ooast —
=£1 and thus has a unique minimum at a r € (—1, 1) satisfying

6s (—2—3/2—‘ (1407271 4 3gRA — 2Rt + R*) /271 4375/2¢(1 — ;2)—3/2—1) =0.

The set X{04) is a special case of X{» when the two planes merge into one.
Figure 3 shows a comparison of the discrete weighted energy for these configurations for
the Coulomb case s = 1 and for ¢ = 1/3 and ¢ = 1 as the distance of the external source
varies. (As we have no explicit formulas, numerics provide the optimal values of the free
parameters, that is, the positions of the planes supporting the points of X(j 3), X{2,2) and
X0,4) that yield the smallest respective weighted energy).

In the case when ¢ = 1/3 (weak field), the (numerically) smallest discrete weighted
energy appears to occur for the X 3j-configuration for all R > 1, whereas for ¢ = 1
(strong field) the optimal configurations change type from Xy 3; to X2 2 to X{0,.4) as
the distance R decreases and passes certain critical distances; cf. Figure 4 for typical
examples.

Remark 9 Similar to the case of the three point problem, the choice Qp ;(X) = é |x — p|~*
for the four point problem corresponds to the equilibrium configuration for Riesz-s energy
with no external field for five points on S?. For s = 1 this is illustrated in the first frame
of Fig. 4. Recently, Schwartz [31] gave a computer-assisted proof that the triangular bi-
pyramid X 33 U {p} is indeed the minimizing configuration for s = 1 and s = 2. For other
choices of g in Qp (x) = g|x — p|™* different configurations, such as the square based
pyramid, may arise; see the second frame of Fig. 4.

6 Proofs
6.1 Proofs for Section 2

The proof of Theorem 4 relies on the restricted version of the maximum principle for mea-
sures supported on S? (see Theorem 5). The latter can be shown using the principle of
domination and the maximum principle for Riesz potentials. For convenience we state them
here.

0.25 . o
Pl *
o ad *
020 P 0.15 o
* b 4
£ 4 v ¢ .
*
0.15 o 0.10 L o
/0’ ‘.{ . P d
0.10 A L3 4
0/‘ ,0'
P 0.05 o
0.05 “,0 T — < bbb ]
P% ..I I-Ii.".'.. s
T000000000000000
1.5 2.0 25 3.0 35 4.0 15 2.0 25 3.0 35 4.0

Fig.3 Deviation of the minimal discrete weighted energy of X1 3y (Bullet), X2 2} (Black Square) and X 0,4
(Filled Lozenge) from the putative global minimum versus distance from center R (sampled at Ry = 1+k/10)
for g = 1/3 (left) and g = 1 (right) and Coulomb case s = 1
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g=l ®

4=t

Fig. 4 Typical putative 4-point (Qj s, 5)-Fekete sets for weaker (¢ = 1/3, left) and stronger (¢ = 1, right)
Riesz external fields Q, (X) = g|x — a|~*, a = Rp, in the Coulomb case s = 1 for three choices of center
distances R = 1, 2, and 1 4 ¢ (¢ is the Golden ratio); compare with Fig. 2

Proposition 21 (Principle of Domination, [21, Theorem 1.29]) Let p—2 < s < p. Suppose
W is a positive measure in RP whose potential Ul is finite j1-almost everywhere, and that
f(x) is a (p — s)-superharmonic function. Then if the inequality U (x) < f(x) holds
w-almost everywhere, it holds everywhere in RP.

Proposition 22 (Maximum Principle, [21, Theorem 1.10]) Let p —2 < s < p. Suppose i
is a positive measure in R? and that U (x) < M holds ji-almost everywhere for some real
M. Then this inequality holds throughout all of R?.

Before we provide the proof of Theorem 5 and then show Theorem 4, we recall some
basic facts about the Kelvin transformation (spherical inversion) of points and measures.
Inversion in a sphere is a basic technique in electrostatics (method of electrical images, cf.
[15]) and, more generally, in potential theory (cf. [17] and [21]). The Kelvin transformation
(of a function) is linear, preserves harmonicity, and preserves positivity. Let us denote by
K, the Kelvin transformation (stereographic projection) with center a € S? and radius v/2;
that is, for any point x € R?*! the image x* := K,(x) lies on a ray emanating from a, and
passing through x such that

|x —a| - |x* —a| =2. (54)
The transformation of the distance is given by the formula

[x —yl

, x,y € % (55)
[x —ally —al

IX* —y*| =2
The image of S¢ under the Kelvin transformation is a hyperspace orthogonal to the radius-
vector a, which we can identify with R in a natural way. For A C S, let A* denote the
image of A under the Kelvin transformation K. Clearly, A* is then contained in R4,
Next, we recall the definition of the Kelvin transform of measures. Given a measure v
with no point mass at a, its s-Kelvin transformation v* = Ky 5(v) is a measure defined by
25/2
dv*(x*) = dv(x). (56)
Ix —al’
Clearly, (54) and (56) imply the duality (v*)* = v. We also note that

UV (x*) = 2r UY(x) x eS¢ (57)
s T xx—als S '
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In the particular case when d = 2 and s = log we have

dv(x") = dv(x),  Up(x") = Up,(x) — Upy(@) +log|x—a]  xeS% (58)

Proof of Theorem 5 Suppose thatd —2 < s <d orif s = d — 2, thend > 3. Any point a
in the level set {x es?UMx) <M }, which has positive ;-measure, can serve as a center
of inversion for the Kelvin transformation with radius v/2 given in (54). Select one such
point as center. Define the measure v :=[M/ W; (S)1o4. Then U, J(x) =M forallx € s4.
Neither u nor v has a point mass at a, hence (57) gives

: 25/2 M2*/2 :
Ul (x*) = Utx) < =U] x%) u — a.e. (and hence u* — a.e.).

jx* — al x* — al

Since the right-hand side is (d — s)-superharmonic in R, by Proposition 21 the inequality
extends to all x* € R? = (S%)*. The inverse Kelvin transformation yields U (x) < Uy (x)
forallx € Sd\{a}. So, Ut (x) < M forallx € Sd\{a} Using a different center of inversion,
one obtains U (a) < M.

Suppose now that d = 2 and s = log. Using (58) we write

U Mog (X)
+ Ui, (%) — Wigg(S%)

lOg(x ) + log |x* —a| + Ulog(a)

I /\

= lOg(}i: ) +log |x* —a| + ¢ w* —ae.

Since u* has finite logarithmic energy, the principle of domination for logarithmic potentials
[28, Theorem I1.3.2] implies that this inequality holds everywhere in the complex plane.
The inverse Kelvin transformation then gives the desired inequality on the sphere except at
the center of inversion. This restriction can be removed by moving the inversion center.

Proof of Theorem 4 Suppose to the contrary that there is a measure A € M (S?) such that
(9) fails; that is, there is a constant L > Fg s such that

Urx) 4+ Q(x) > L, g.e.on Sp ;.
Applying (5) we obtain that
UrMx) > U (x)+ L — Fp;,  qe.onSp.. (59)

From Proposition 3 we have that (¢ ; has finite s-energy, therefore its support Sp ¢ will
have positive s-capacity. Hence, the s-extremal measure associated with Sgp ¢ is well-
defined. Thus, we may integrate both sides of inequality (59) with respect to wg, , and,
using Fubini’s theorem, we derive

/ Uy "2 dy = / Uldps,, > / Us ® dpusg, + L1 — Fo.s

HSp.s
= / Us Se. diugs+Li—Fg. (60)

Recall that the Gauss variational inequalities for the s-extremal measure (g, , state that (see
[21])

I'LS N HSo.s
e (x) < WS(SQ s) on SUPP(MSQJ% Uy ¢ (x) > WS(SQ,S) q.c. on SQ,S~

By the maximum principle the first inequality can be extended to all of R4t if d — 1 <5 <
d and still remains true on S¢ whend — 2 < s < d — 1 by the sphere maximum principle
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(see Theorem 5). Thus, we get the contradiction
WS(SQ,S) > WS(SQ,S) + Ly — FQ,s > WS(SQ,S)~

This establishes relation (9) ford —2 < s < d.
We derive (10) similarly, utilizing (4) instead. Assume there is a measure A € M(S?)
and a constant Ly < Fg g, such that

Ul (x) + Q(x) < Lo, X € supp(L).

Integration with respect to A yields that A has finite s-energy (recall that Fp s is finite
and Q(x) > cp). This implies that cap,(supp(A)) > 0, and that the measure psupp(n) is
well-defined. From (4) we get

Ul (x) > Us)‘(x) +Fos—L> g-e. on supp(i).

Now, we integrate both sides of this inequality with respect to the s-extremal measure
Msupp(x) and using Fubini’s theorem we arrive at

/UAHSUPP(K) diig.s :/UAHQ.& ity = /‘Us)\ ditsanpy + Foos — La

- / U™ dj + Fo s — La.

Applying again the Gauss variational inequalities now to Us """

maximum principle we obtain a similar contradiction.

and using the sphere

Proof of Theorem 9 Letd —2 < s < d with s > 0. For brevity set n = 5y, 05 and
Gy =Gz, 0.5, Where %, is the spherical cap {x € S x — p| > p}. Then

Us”+ (x) = U" (x) + 0(x) = G, everywhere on ¥,.
Using (4) and (14) we get

Ut x) + G, = U" (x)+ Fgs qe.onS‘NE,, 61)
USMQ-Hf x) + G, < US"+ (X) + Fps everywhere on SQ,K nx,. (62)
Now we can rewrite (61) as
uktes ™ (x) 4 (G, — Fo.s) cap; (SHyBhEaE) gy 5 U (x) qeonS'n z,

which also holds nt-a.e. on S N ¥,. Setting vi=pg s +n- + (G, — FQ,S)caps(Sd)
Baly (04, X)), we obtain that (see also (62))

U, (x) > US'7+ (x) nT—ae.on Sdﬂ):)p, U, (x) < Us”+ (x) everywhere on gQ,SﬂEP.

Selecting a center of inversion a € S? \ supp(n™), the potentials of the Kelvin transforma-
tions v* and (n™)* satisfy

Uy >0 &) (7 —ae on (87N T,
Us”* (x*) < Us(”ﬂ*(x*) everywhere on (Sg s N DIPY

Note that by the principle of domination (see Proposition 21) the first inequality holds on
all of R?. Now, we can apply a de La Vallée Poussin-type theorem (see [11, Section 3],
[16, Theorem 2.5]) to conclude that

%) x|
ViGguns, = )G, s,
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The inverse Kelvin transformation yields
(s + 17+ (Gy — Fo.) cap, (8 Bals (0. Zp) |5, s, <07 | -
o5 So,sNZp

This implies that
HQ,s ’)3,, =< 77+’SQ.S , Sps N, C SUPP(77+),

and that if Fp; < Gy, then §Q,s N X, C supp(n™). The theorem for the Riesz case
d —2 < s <dwiths > 01is proved.

When d = 2 and s = log we utilize (58) and modify the argument above using the
regular principle of domination in the complex plane and the original de La Vallée Poussin
theorem [28, Theorem IV.4.5].

Next we establish the proof of Theorem 12, which allows for the important conclusion
that the (Q, s)-Fekete sets X, ¢ s (that is, the supports of the minimizers of the discrete
weighted s-energy associated with Q) are contained in the extended support Sp ¢ of the
continuous minimizer fLg .

Proof of Theorem 12 From Theorem 4 we conclude that M < Fg . Using (5), inequality
(17) yields that

USM” X))+ Fos—M > U;LQ‘S(X) q.e.on Sg .

Let A be a multiple of the s-equilibrium measure on S¢, so that U (x) = Fg.s — M for all
x € S?. Then the last inequality becomes

U x) > UM (x) g on Sps. (63)
If Sos = S?, then we can extend this inequality to any z ¢ X, by the lower semi-
continuity of UAHQ"" and the continuity of U;lx” + at such z. As U;lx" H(X) = 400 and

USMQ’S (x) < oo forx € X, (18) holds for all x € 7.

If Sp s is a proper subset of S4, then we can find a pointa ¢ X, N So.s- Since g s
has finite s-energy, inequality (63) holds 1o ¢-almost everywhere. Using Kelvin transform
centered at a with radius +/" 2, we derive that

)" .
US(NX”Jr ) (x*) > U;LQ" (x*) /“Las —ae.

The principle of domination (see Proposition 21) enables us to extend this inequality to all
x* € R?. Inverse Kelvin transformation then implies (18) for all x € S¢ except at the center
a and this restriction can be lifted by moving the center of inversion.

Finally, we note that (19) is an immediate consequence of (18) and (4).

Proof of Corollary 13 Definition 2 implies that any point x; € X,, ¢, is a global minimum
for the weighted potential (cf. (16)) hx, ,(X),x € S9, where X,_; = Xn, 0,5 \ {x¢}. Hence,

inequality (17) holds with M = hx, ,(xx) = U;lx"f' (Xx) + O(Xg). Thus (18) holds in
particular for x = x; which reduces to UfQ“ (xx) + O(xx) < Fg,s. Therefore, x; € S 5.

6.2 Proofs for Section 3

Here we prove our separation results. The proof of Theorem 14 has three parts. The first
considers the case d —2 < s < d. The second establishes explicit bounds in the limiting
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case s = d — 2 in the field-free setting and thus shows Proposition 15. The third considers
the limiting case s = d — 2 > 0 in the presence of an external field.

Proof of Theorem 14, Part 1 Letd —2 < s < d. We shall modify the approach from [10].
Let X, 0s = {X1,...,X,} be an n-point (Q, s)-Fekete set on S9. Each point in X, ¢ ¢
defines an external field by means of

5 o 1 d _
Qk(x)'_Q(XH_(n—2)|x—xk|S’ x e §¢, k=1,...,n.

Observe that Xy, g s \ {X¢} is an (n —1)-point (Qk, s)-Fekete set on Sd Since all the m-point
(Qk, s)-Fekete sets X, 0.5 are contained in the extended support S~ Or. ¢ of the s-extremal
measure /L5 o on S? associated with Qk by Corollary 13, we will be done if we show that
there is a spherlcal cap with radius K¢ s/ n'/4 such that when centered at x;, its intersection
with S5 _ is empty. Note that the constant K ¢ s should only depend on Q and s.

We shall use the fact that whenever the compact subset K C S? contains the support
$5,.s of the s-extremal measure 115 on S4, then SQ s C SK Or.s C Supp (”;,Qk,s) (cf.
Theorem 9 and remark following it). From Proposition 3(b) it follows that S Or.s is contained
in a set where ék (x) < M for some constant My > 0. This implies that there is a spherical
cap Xy, =X, (x):={x € S : |Ix — x¢| > ri}, ri > 0, such that S~M C X,,. Hence it
suffices to consider the continuous Riesz external field problem on %, (instead of $9) and
study signed s-equilibria N5, 0.s ON spherical caps X, satisfying S5 C %,.

The signed s- equlhbrlum 5, 0p.s O @ spherical cap X, exists for any 2 > p > 0.
Indeed,

5, 0rs = Ck Baly(0y4, X)) — Bals(o, £,) — 1/(n — 2) Bal(8x,, Xp), (64)

where Jy, is the Dirac-delta measure with unit charge placed at x; and ¢ is a normalizing
constant such that ||’7>:p,§k,s |l = 1. Using similar analysis as in [10, Proof of Theorem 1.5]
we shall derive that this signed measure will be negative on a band containing the rim of
the spherical cap X, forany 0 < p < KQ,S/nl/d, and in particular for p = r¢. Hence, for

any such p the support of the positive part n;:r Gis is contained in a smaller spherical cap
ps ks

X; with p < p. Since S 0,.s 1s contained in any such supp (n;p’ éM), we conclude that
Sék,s C EKQ_S/VII/([’ i.e.
dist (xk, §§k,s) > KQ,S/nl/d.

To finish the proof we have to show the negativity of the signed equilibrium mea-
sures 1y 5, ¢ hear the rim for all such 0 < p < KQ,S/nl/d. The middle term in (64),
Bals (o, X)), can be written as

Bals(o, X)) = Balg(ot, ¥,) —Baly(o™, X)) =:0;' —0o,.

With the notations v, := Bals(og, £,) and €, := Bal,(8x,, £,) we rewrite (64) as follows:
Vo | = llop | + Nepll/(n =2 .
5,015 = ol v —of +o, —1/(n—2)¢,
]
Lt | =loy |+ e/ =2)
el voo, —1/m=2e (65
P
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Note that inequality between two signed measures may be understood in terms of their
densities or that the difference of the two signed measures is a positive measure.
Since balayage may be done in steps, we have

o, =Bal, (0, .%,). where o, :=Bal(c",S%).
The superposition representation of the balayage measure yields

doy (x) = </ €)(x) do’(y)) doa(x), where ey = Bal;(8y, S%), y € R withly| > 1.

The formula for the point mass balayage on the unit sphere (see [2, Theorem 2]) yields

2_1d7s
[awao = [ 2  aew

(8)ly — x4
(yP? =D . r+ 1=
= | wastiy - 1pa-s 479 = iy - el

where r > 1 is such that supp(c~) C {x € R4t : |x| > r}. As balayage preserves
positivity and is linear, application of balayage to the inequality

- (r+ 1 _
oy (%) =< W, (S (r — 1yd o™ lloa(x)

yields

(66)

(r+ 1 )_ r+ Do ||

—~ < Bal - b .
% = “(M@MwAWM””“L” Wy (S0 (r — 1yd
Combining (65) and (66), and using that [Jv,| < 1, we arrive at

(r+ D= B
W, (S (r — 1)@ - 1) llo, Il + llepll/(n —2)

vol

1+||a,,+||+<

N5, 0 = vy —1/(n—2)¢€,.

As balayage reduces the norm of a measure (i.e., ||<7;’|| < |lo™]| and o, Il < llo~1), we
obtain

(r 4+ 14— B
W, (S9)(r — 1)d - 1) lo™ 1l + llepll/(n — 2)

vol

L+ lot) + <

N8, 0 = v, —1/(n—2)€,.

The dominating signed measure at the right-hand side above has total charge
r+ 1)d —s 3
o =1+ |oT|+ —1)|lo
. lo™* | (M@%v—w o |
(which does not depend on k and p) and can be rewritten as

. <1 + ll€pll/[co (n = 2)] 1 )

Il P =) 6D

where the parenthetical expression is the signed s-equilibrium on X, associated with the
Riesz-s external field generated by a point charge of size g :=1/[c, (n — 2)] at X¢. (There
is no other dependence on k than that x; determines the axis of symmetry of X,). It follows
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from [2, Theorem 13 with R = 1] (also cf. analysis in [10, Theorem 1.5]) that this signed
measure has a negative part for each 0 < p < po, where the critical pg solves the equation*
d—s

2 . I+qllepl
470 =W it =W T

vol

’

and po is also the unique minimizer of W,. Hence

2d—s
q" , =Ws(po) < Ws(0) = Wi(§)(1+9)

Lo
q 2d—s 1/d
<

[q +1 Ws(Sd)] =

and it follows that

where (substituting for g)

q 1 1 2¢ — 1 1
= > 1— > .
g+1 ce(n—2)+1 Co N n Co N
The last inequality holds for all n > 2 such that 0 < 2¢, — 1 < n and the constant K¢ s
takes the form given in (24) which reduces to the constant given in [2, Theorem 1.5] in the
field-free setting. Specialization for s = d — 1 gives (26). This completes the proof of the
theorem ford — 2 < s < d.

Next, we derive explicit separation estimates for the limiting case s = d — 2 in the
field-free setting.

Proof of Proposition 15 Letd > 3 and s = d — 2. We proceed similar as in the first part of
the proof of Theorem 14. Let X,, 4—» = {Xi, ..., X, } be a Riesz (d — 2)-energy minimizing
n-point configuration on S?. Each point in X,, 45 in turn can be identified with the North
Pole p and thus defines a Riesz external field

ox:= 1 . xes, (68)
Ix —pld=2
where ¢ = 1/(n — 2), so that X, 4> \ {p} is an (n — 1)-point (Q,d — 2)-Fekete set
on S¢. Every m-point (Q, d —2)-Fekete set on S is contained in the (rotational symmetric)
extended support Sp 4—3 of the (d — 2)-extremal measure (g 4—2 on S? by Corollary 13.
It suffices to show that SQ 42 C{xesS?:|x— pl > Kd/nl/d} for some constant Ky
independent of n. _

Observe, that the set Sp 4_» is contained in the extended support of the (d — 2)-extremal
measure on a compact subset E C S whenever E cgntains the support Sg 4—2 of Lo d—2.
Hence, by Theorem 9 and following remark, the set Sp 4—> is a subset of the support of the
positive part of the signed (d — 2)-equilibrium measure on E associated with Q whenever
S0.4—2> C E. In fact, Proposition 3(b) yields that Sp y—» C Ey:={x € S 0(x) < M)
for some positive M, depending on n. (Note that Sg 4 is a spherical cap by Proposi-
tion 10). We deduce that Sp s C supp(n ) of the positive part nt , of the signed equilibrium

measure 7, on the spherical cap ¥, = {x € S x — p! > p} for each p € (0, p.), where
1,, coincides with 1 g 5. The radius p. and its estimate in terms of n gives the desired lower
bound for the separation of points in X, 4.

“#Note that here the parameter is the distance of the source (on the sphere) to the boundary of X o. In [2] the
“altitude” of the boundary is used.
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It can be shown that the (d — 2)-balayage measures onto the spherical cap X, of the
uniform measure o4 and a unit point charge at p,

Vy =V 42 = Balg_2(04, Zp), €p =€pd—2 = Balg—2(dp, Zp), (69)

exist and both have a component that is uniformly distributed on the boundary of %,,. From
[2, Theorem 15], and letting R — 17, we obtain that

_ Waa(p)

U AN R
with
Waa(p) N )
d-2(p p d-2(P) 4
dn,(x) = Wy (S4) d(rd|):p(x)+(l 4 ) ( 4 o —q) dd_y2p(u) dog—1(x),
where
L+qllepl
Wa-2(p) = Wa-2(8%) g
ol

Using the formulas in [2] it is easy to show that W;_>(p) has a unique minimum in (0, 2) at
the critical radius p, (cf. [2, Theorem 15]). This p. is the solution of the equation

Wy 2(p)
p! —

=0.
4 q

Therefore,
4
4 4 = Va-2(pe) < Wa2(0) = Wa—2(S) (1 +¢)
c

and the relations (29) and (30) follow after substitutionof ¢ = 1/(n — 2).
Let d = 2 and s = log. In the logarithmic case the external field in (68) is replaced with

0(x) :=q log xe$?,

Ix —p|’

where g = 1/(n — 2). Again, X, 10¢ \ {p} is an (n — 1)-point (Q, log)-Fekete set on S2.
Similarly as before we are led to the investigation of the signed logarithmic equilibrium
problem on spherical caps X,. Theorem 17 in [2] gives (as R — 1) that

2
Ay 105®) = (14+q) doa (x)+[(1 + q)p4 - q] ds,_ () dog— (), (\/1 —12x, u) es?.

Clearly, the signed logarithmic equilibrium 7, 1, has a negative boundary charge (uni-
formly distributed over the boundary of X,) for every o € (0, p.), where at the critical
distance p = p, this boundary charge vanishes; that is,

2 4q 4
pcz = .
g+1 n-1

The relation for the separation follows.

In the third and last part of the proof of Theorem 14 we establish separation bounds for
the limiting case s = d — 2 and d > 3 given an external field.

Proof of Theorem 14, Part 3 Lets = d —2 and d > 3. We proceed as in the first part of the
proof of Theorem 14. Let X,, 9. 4—2 = {X1, ..., Xy} be an n-point (Q, d — 2)-Fekete set on
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S?. Each point in X n,0,d—2 defines an external field by means of
~ 1
X):=0(X) + , xeSd, k=1,...,n.
Cei=0W+ i
Again Corollary 13 and Proposition 3 guarantee that there is a spherical cap %, such that
Xm,ék,d—Z C S@M C X, for every m-point (Q, d — 2)-Fekete set on S¢. Hence, we
may study the continuous Riesz (d — 2)-external field problem on %,, and use signed (d —
2)-equilibria on spherical caps X, in our analysis.
The signed (d —2)-equilibrium s, 0r.d—20na spherical cap X, exists forany 2 > p >
0, since (with the notations v, := Baly_2(0q, £,) and €, := Balg_3 (8x,. =)))
N5, 0rd—2 = CkVp — Baly »(0, Xp) —1/(n —2) €y, (70)

where ¢y is a normalizing constant such that ||77>3p,§k, 4—2|l = L. In the limiting case s =
d — 2, balayage introduces a boundary charge uniformly distributed over the boundary of
X,. Indeed, from [2, Lemmas 33 and 36], and letting R — 1T, we have®

dj2—1
Wa—2(S%) p*
dv,(x) = dogly )+ " ol (1= d8_ 2o (u) dog-1(x), (71)
2\ d/2—1
P

de,(x) = (1 — ) d817pz/2(u) dog_1(x). (72)
Furthermore,
Baly_2(0, X)) = U;r -0, where a; := Balg_s(c™, X,) and o, = Baly (07, Zp).

Note that O’;r (since it is subtracted in (70)) can only have a non-positive contribution to the
boundary charge on X, This leaves o,. Iterating balayage, we have

o, =Balg2(0; .5,
where 0, := Baly_2(0~, S9Y. From (66) we get
_ (r+1)? _ r+ Do~ |
< Baly_ , % = . 73
o, = balg ( Wd_z(Sd)(r _ ])d ”O ||O'd(X) p) Wd_Z(Sd)(r _ ])d VP ( )

Hence, using that the (d — 2)-balayage also does not increase the norm (i.e., ||c7;r <ot
and ||ap_ I < lle~ ), we arrive at

(r + 1)? -
Wy oSO — 1) 1) lo= Il + llepll/(n —2)

voll

1+ o] + <

N5, 0rd-2 = v, —1/(n —2)e,.

The right-hand side has total charge

s R A
co=1+lo ”+<Wd2(Sd)(r—1)d ) ol

and can be rewritten as ¢4 1, o, Where n,, ¢ is the signed (d — 2)-equilibrium on %, for the
Riesz-(d — 2) external field due to a point charge of size ¢ = 1/[c, (n — 2)] placed at x.

SWe use the correspondence p? =2(1 — 1) in [2, Lemmas 33 and 36].
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Now we may proceed as in the last part of the Proof of Proposition 15 to conclude that the
critical distance p. satisfies

4
I Wa-2(S) (1 +q):

c

that is

,0->|: q 4 ]l/d q = ! > 1
Tlg+1 WaashH ] g+1 " con—2+1 " con’

The result for s = d — 2 and d > 3 follows. In the logarithmic case s = log and d = 2 we
follow the same argument utilizing [2, Lemmas 39 and 41]. Note that the separation estimate
in the logarithmic case is the limit as s — 0 of the separation results for 0 < s < 2.

In the proof of Theorem 16 we will use the following facts about spherical caps
C(x,r):={yeSd y — x| <r} ={yeSd:y~xz 1—r2/2}

centered at x € S? with radius r € (0, 2) provided in [19]; namely

1 ! dj2—1 1 wg_
0a(C(x, r)) = 247! / (1 —zz) di = YTV Lo a5 0
wg J1-22 d wqg
(74)
and the estimate (d > 2)
1 wy—
oa(Cxr) = P, (75)
d wy
Here, w, denotes the surface area of S? and
wg-1 _ T(d+1)/2)
var="0" = 2, (76)
w7 T(d/2)
Reference [19] also gives
1 Yd .
/ cdogp = Y R0, 1)
shcx,r) X =Yl s—d

where R 4(r) = o(r? %) as r — 0. A finer analysis of the integral on the left-hand side
gives the following explicit estimates.

Lemma 23 The remainder term in (77) satisfies Ry q(r) < de Bs.d r2td=s \where

0 ford <s <2d,
2—d
s/ for2d <s <2d+2,
Bsa=14 (s—d)(s—d—2) (78)
2—d
;(/d—|—2) fors > 2d + 2.

Proof The Funk-Hecke formula (cf. [24]) gives

W41 1-r2/2
doun) =" 2‘”2/ (1—0)~2(1 = 2421 g1,
-1

/ 1
si\cx,r) 1X—YI°
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The standard substitution 1 + 7 = 2 (1 — Cj) v and [7, Eq. 15.6.1] enables us to obtain an
expression in terms of a Gauss hypergeometric function by means of

dj2
1 ] r2 1 d/2-1(] _ )11
dog(y) = va2!= 7 (1~ / i
/Sd\C(x,r) Ix —y[* 4 0 (1 (1 B 742) U)l+(s—d)/2

s—d d 2
ydzd—s—l 1— _21::1 1+ 2d’ 21— r
d 1+ 2 4

dj2 d_ 1 2

Yd 45 r ; r
= 1— _2F 11— . (79
a’ ( 4) 1( 1+2 4) (79

where the last relation follows from the last linear transformation in [7, Eq. 15.8.1]. Using

2\d/2 . .
that (l — ’4 ) < 1, we obtain the estimate

Yd 4-g d—>3,1 ~
doa(y) < P rd ‘—2F1< ]+2d ;1> + Rs.a(r),
2

1
/Sd\C(x,r) Ix —y[*

where

S Yd as g (d=50  _rP\ __ (d=3.1
Rs'd(r)_dr (2F1<1+§,1 4 2F; 1+g,1 .

Note that the hypergeometric function at argument 1 evaluates as d/(s — d) by

[7, Eq. 15.4.20]. Setting f(x) = —2F; <d1—+s£,21 1 — x>, the mean-value theorem and
the differentiation formula [7, Eq. 15.5.1] gives
f(r?/4) — f(0) / d—; 1+d—3,2
= = — —2F LA [

_d=5 T@+d/) [P =t
1+ 4 T@TW@/2) Jo (1—1=gn)l+d=s/2

for some & € (0, r2/4). (The last step follows again from [7, Eq. 15.6.1]). The result follows
by considering the integral (which reduced to a Beta function integral) for the three given
casesd <5 <2d,2d < s < 2d+2ands > 2d + 2 and the observation that R 4(r) <
7?/s,d(r)-

Proof of Theorem 16 We follow the argument in [19, Corollary 4]. Let X,, = {x1, ..., X,}
be a (Q, s)-Fekete set on S¢. Set Dy := B \ C(x¢, pn) fork = 1, ..., n, where B C S% is
such that o4(B) > 0 and [ |Q(x)| doq(x) < oo, and where p, := (04(B)/n)'/?. Setting
D := N}_, Di, we have from (75) that

1
04(D) =z 04(B) — nog(C(:, pn)) = 0a(B) (1 - de) > 0. (80)

Consider, for a given index j, the function

n

Hj(x);=2|x_] +2(n —1)0(x), x e §7.

s
po X |
k#j
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As X, o5 minimizes the discrete weighted s-energy (2) associated with Q, we have

04(D) Hj(xj) < /DHj(X) dog(x)

“ 1

= E /DIX—XkIS dog(x) +2(n — l)/D 0(x) doy(x). 81
k=1
k)

Using the inclusions D C Dy = B\ C (X, pn) C s4 \ C (X, pn) and (77), we have

1 1 1 _
/ s doa(x) = / s doa(x) = Ya (p2)* ™" + Ry.a(pn),
D I1X — Xg| SI\C(xg, ) X — Xkl s—d

where Ry q(0n) = 0((0,)?~) as p, — 0; in fact, by Lemma 23,

Yd 04(B)

2—s
) ,Bs,d 04(D) (on) .

n
04(D) Rs,d (on) <

Dividing through by o4(D) in (81), subtracting off the constant Q(x;) (if it is negative)
from both sides of the new inequality and substituting the estimates above, we arrive at

04(B)
04(D)

Ya 04(B)
—d o4(D)

2n— 1

Hj(xj) = 2(n = Hmin{0, Q(xj)} = (o)™ + de Bs.d (pn)*™*

Note that min{0, Q(x;)} is well-defined and finite by the lower semi-continuity of Q and
minimality of X, ¢ 5. Since |xj — xk|7s (k =1,...,n,k # j)is alower bound for the
left-hand side, we have

- < 04(B)

Ix; —xx|7° <
! 0q4(D)

(pn)_s {s’fid + 'Y2d lgs,d (pn)2

1
+2(n — D (pn)* 04(B) /;)(Q(X) —min{0, Q(x;)}) de(X)} - (82)

Integrability (with respect to o4) of Q over B O D and min{0, Q(x;)} > min{0, M2},
where M€ is the minimum of Q over S¢, yield

sy Jp (Q00 = min0, Q(x;))) doa ()|
< gty J5 10®|doy(x) — min{0, MC} < oc. (83)

Hence, the result follows from (82), (80) and the definition of p,,.
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