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Abstract

We study reverse triangle inequalities for Riesz potentials and their connection
with polarization. This work generalizes inequalities for sup norms of products of
polynomials, and reverse triangle inequalities for logarithmic potentials. The main tool
used in the proofs is the representation for a power of the farthest distance function as
a Riesz potential of a unit Borel measure.
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1 Introduction: Products of Polynomials and Sums of Logarithmic
Potentials

Let E be a compact set in C. For any set of real-valued functions f;,7 =1,...,m, we have

> supf;>supy f
=1 F E oo

by the triangle inequality. It is not possible to reverse this inequality for arbitrary functions,
even by introducing additive constants. However, by restricting the class of functions we can
reverse the inequality with sharp additive constants to obtain expressions of the form

m

Zs%pfj §C+stép2fj~ (1)

Jj=1 Jj=1

We begin by considering logarithmic potentials p*(z) = [log|z — ¢|dv(t). Let v;, j =

1,...,m, be positive compactly supported Borel measures, normalized so that v := Z;”:l vj
is a unit measure. We want to find a sharp additive constant C' such that
m m
Zsupp”j < C + sup Zp”j =C +supp”. (2)
‘o E B D E
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The motivation for such inequalities comes from inequalities for the norms of products
of polynomials. Let P(z) = [[;_;(¢ — a;) be a monic polynomial. Then log|P(2)| =
n [log|z —t|dr(t), where 7 = L 37" | §,, is the normalized counting measure of the zeros of
P, with d,, being the unit point mass at a;. Let [|P||g be the uniform (sup) norm on E.
Then for polynomials P;, j = 1,...,m, inequality (2) can be rewritten as

117
j=1

[TIBlle < pm

j=1

(3)

E

where M = ¢ and n is the degree of [/, P;.
Kneser [13] found the first sharp constant M for inequality (3). Let E = [—1,1] and
consider only two factors so that m = 2. Then (3) holds with the multiplicative constant

deg Py 1 deg Py 1
n-1 2k—1 \» 2k—1 \»
M=2"= H (1 + cos o 77) H (1 + cos o 7T) . (4)

k=1 k=1

The Chebyshev polynomial shows that this constant is sharp. A weaker result was previously
given by Aumann [2]. Borwein [6] provided an alternative proof for this constant (4). He
showed further that on E = [—1,1], inequality (3) holds for any number of factors m with
multiplicative constant

5]

2

n—1 2k - 1 n
M =2 1 . )
H < + cos o ’/T) (5)

k=1

Another series of such constants were found for £ = D, the closed unit disk. Mahler
[16], building on a weaker result by Gelfond [11, p. 135], showed that (3) holds for

M = 2. (6)

While the base 2 cannot be decreased, Kroé and Pritsker [14] showed that for m < n, we can
use M = 2. Furthermore, Boyd [8, 7] expressed the multiplicative constant as a function
of the number of factors m, and found

w/m ¢
M = exp <T/ log (2COS§)> .
™ Jo

This constant is asymptotically best possible for each fixed m as n — oc.

For general sets F, the constant Mg depends on the geometry of the set. Let E be a
compact set of positive capacity. Pritsker [18] showed that a sharp multiplicative constant
in (3) is given by

_ eXp (f log dE(Z)d,UE<Z>)

cap(E) ’
where ug is the equilibrium measure of F and dg is the farthest distance function defined by
dg(z) :=sup,cp |r — t|, € C. Note that this constant generalizes several previous results.

E
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We can calculate that M_; ;) =~ 3.20991, which is the asymptotic version of Borwein’s con-
stant from (5) as n — oo. For the closed unit disk, we obtain Mp = 2, which is the constant
given by Mabhler (6). Furthermore, Pritsker and Ruscheweyh [20, 21] showed that Mp is a
lower bound on Mg for any compact E with positive capacity. They also conjectured that
M;_y 1) is an upper bound for all non-degenerate continua. Shortly afterward, Baernstein,
Pritsker, and Laugesen [3] showed M|_; ) is an upper bound for centrally symmetric con-
tinua. The assumption that F has positive capacity is vital. For example, if F is a finite
set, then no inequality of the form (3) is possible for any number of factors m > 2. If F is
countable, then the constant M could grow arbitrarily fast as m grows large.

All results for M in (3) apply as well to C' in (2) with C' = log M, see [22]. Specifically,
(2) holds with sharp additive constant

Cp = / log di(2)djuis(2) — log cap(E).

It follows from [20, 21] that C'p = log2 is a lower bound for Cg for any compact set E with
positive capacity, while C_; 1) = log 3.20991 is an upper bound on Cg for certain classes of
sets E. Allowing the constant to be dependent on the number of terms m, Pritsker and Saff
[22] found that (2) holds for m terms with

Cg(m) = max / log max. |z — c|dpgp(2) — log cap(FE).
Note that lim,, .., Cg(m) = CEg.

These results were generalized to Green potentials by Pritsker [19]. Let p;, j=1,...,m,
be Green potentials [1, p. 96] on a domain G C C. Then for any compact set £ C G we

have
m

m
;%fpjo’—i-Ml%f;pj (7)
where M and C' are given in [19] as explicit constants depending only on G' and E, and C
is sharp.

The outline of the present paper is as follows. In the next section we prove a reverse
triangle inequality analogous to (7) for Riesz potentials (see Theorem 2.3), and give several
examples. The main ingredient in the proofs is the representation of a power of the farthest
distance function as the Riesz potential of a positive unit measure (see Theorem 2.2), which
may be of independent interest. We consider connections of the reverse triangle inequality
with polarization inequalities for Riesz potentials in Section 3. Section 4 contains all proofs.

2 Riesz Potentials and the Distance Function

We now consider a compact set £ C RN, N > 2, and Riesz potentials of the form U*(x) =
[z —t]*Ndu(t) for 0 < a < 2. For o = 2, these are Newtonian potentials, and they are
superharmonic in RY, N > 3. If N = o = 2 then one may study inequalities for logarithmic
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potentials as done in [22]. We do not consider the case N = « = 2 in this paper. For 0 < o <
2, the potentials U¥ are not superharmonic, but they are a-superharmonic [15, p. 111]. Many
of the standard properties of superharmonic functions hold for a-superharmonic functions.
Our goal is to find a constant C' such that

Zm:i%ngf > C+i%f§m:U;f.

J=1 Jj=1

We begin by stating some known facts. For a compact set £ C RY, let W, (F) < oo be the
minimum a-energy of E and let p, be the a-equilibrium measure of E [15, Chapter 2] so
that

Wa(E) = [ Utedp.

Theorem 2.1 (Frostman’s Theorem). For any compact set E C RN with W,(E) < oo, and
any a € (0, 2], we have
Uk (z) < Wa(E), z € RY.

Further,
Ute(x) = Wo(E) for quasi-every x € E,

where quasi-everywhere means except for a set of a-capacity zero [15, p. 187].

The farthest distance function for a bounded set £ C RY is defined by

dp(z) :=sup |z —t|, v € RY.
tek
The function dg may be expressed via potentials by using the Riesz Decomposition Theorem.
The Riesz Decomposition Theorem is usually stated for Newtonian potentials [15, p. 108],
but a version also exists for Riesz potentials with 0 < a < 2 [15, p. 117].

Theorem 2.2. Let E C RY be a compact set consisting of at least two points, with N > 2
and 0 < a < 2, a# N. Then there exists a unique positive unit Borel measure o, such that

V(@) = [ o=t dof). (3)

Note that if N = a = 2, then a similar representation exists for logdg(x), see [18].
For the present paper, we are interested in expressing d%’N as a potential in the case that
E = {x;}7, C RV is a finite set. We can give a short proof that d% * is a potential in this
case. Expressing d5 " as

2-N
daN(z) = ( max [r— xk|) = k_rglin N

k=1,...m

=1,...

we immediately see that |z — x|V~ is harmonic as a function of x everywhere except at x =
xp by using the Laplacian. As the minimum of harmonic functions, d%ﬁN is superharmonic
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everywhere, and we may apply the Riesz Decomposition Theorem for Newtonian potentials.
It states that there exists a unique Borel measure o5 such that

N () = / o — 12N doy(t) + h(z),

where h is the greatest harmonic minorant of d ~. Since d% ~(z) is positive and tends
to zero as x — oo, h must be identically zero [1, p. 106] and hence d% " is a Newtonian
potential. The complete proof of Theorem 2.2 is given in Section 4.

In the Newtonian case, we can also give explicit examples of go. If B is the unit ball and
dp(x) = |z| + 1, then the measure op is found using the Laplacian. Specifically, dog(z) =
Ad% N (x) = c|x|N72dz"dS where ¢ is a constant and dS is the surface area measure on
the unit sphere. If L = [—1,1] then Ad%‘N = 0 everywhere except on the hyperplane
that is the perpendicular bisector of the segment. It follows that o is supported on that
hyperplane [23]. Its value can be calculated using the generalized Laplacian, and is given by
doyp = cdzN dS where ¢ is a constant and dS' is the surface area measure on the hyperplane
[23]. For 0 < o < 2, the measure op should be calculated using fractional Laplacians.

We are now prepared to state a reverse triangle inequality for Riesz potentials.

Theorem 2.3. Let E C RY be a compact set with the minimum a-energy Wo(E) < oo,
where 0 < a < 2. Suppose that v, k = 1,...,m, are positive compactly supported Borel
measures, normalized so that v = ;" | v}, is a unit measure, with m > 2. Then

ZirElf U > Cylo,m) + i%fz U, (9)

k=1 k=1

where
Cgla,m) = min/ min |z — c;|* Ndpa(r) — Wo(E)

ck€E 1<k<m

cannot be replaced by a larger constant for each m > 2. Furthermore, (9) holds with Cg(a, m)
replaced by

Crla) = [ di ¥ (@)dpa(z) ~ Wa(E),
which does not depend on m.
In the Newtonian case @ = 2, the minimum principle holds and so the minimum in

Cg(2,m) is achieved on the boundary of £. Thus

., ‘ L 12-N _
CE(Q’m>_c£Ié18r}E 1£?m|x ce|" "V dps(x) — Wa(E).

A closed set S C F is called dominant if

dg(x) = max |z — t] for all z € supp(pa)-
S



When F has at least one finite dominant set, we define a minimal dominant set D as a
dominant set with the smallest number of points denoted by card(Dg). Of course, £ might
not have finite dominant sets at all, in which case we can take any dominant set as the
minimal dominant set, e.g., ®p = OF. For example, let E be a polyhedron. The vertices of
E are a dominant set, since dg(x) = maXyersices ¢ € £ | — t| everywhere, not just in supp(fiq)-
However, this need not be the minimal dominant set. For example, let E be a pyramid. If the
apex is close to the base, then it will not be in the minimal dominant set. The hemisphere
has the equator as the smallest dominant set, however this set is infinite.

Corollary 2.4. For every m > 2, we have Cg(a,m) > Cg(a). In particular, if m <
card(Dg) then Cg(a,m) > Cg(a), while Cg(a,m) = Cg(a) for all m > card(Dg). Fur-

thermore, the constants Cr(c, m) are decreasing in m and lim, o Cr(a,m) = Cg(a).

Corollary 2.5. If E C RY is a compact set with C'-smooth boundary and with finitely many
connected components, then Cg(a,m) > Cg(a) for allm € N, m > 2.

IfE=L:=[-11 CR?and 1 < a < 2, then dr(z) = max(|Jz — 1], |z + 1]), =z € R?,
so that the endpoints form the minimal dominant set with card(®;) = 2. Thus Cr(a) =
Cr(a,2) = Cr(a,m), m > 2.

We finish this section with several explicit examples.

Example 2.6 (Unit circle T in C). Let T C C be the unit circle, and let 1 < a@ < 2. We
know that du,(e?) = df /2 and

wam - £

[\

NI

see [15]. We prove in Section 4 that

2m ™
. . _9 2
-l o) =22 (1),
(f?é% 1gllf1§nm|x | o) T 2m

where I(z) = [} cos® 26 df. It is obvious that dr(z) = 2, = € T, and that S has no finite
dominant set. Therefore,

> C’H‘(Oé) =202 _

_gana2mp oy 22T 9a-2[(251)
Cr(a,m) =2 I( ) VT T(9) NECR

T
Example 2.7 (Unit sphere S¥=! in RY). Let SN :={z € RV : |z| =1}, N > 3, and let
1 < a < 2. It is known that du, = do/wy is the normalized surface area on SV~=! and

22 T

ﬁ F<N+204—2> ’

see [15]. Tt is also clear that dgy—1(z) = 2, x € S¥~1, and that SY¥~! has no finite dominant
set. Hence

2m

WQ(SNfl) —

CSN—1<Oé,m) > Cgn-1 (a) =207N _




Example 2.8 (Unit ball BY in RY). Let BN := {z € RY : || < 1}, N > 2, and let
0 < a < 2. Again, B" has no finite dominant set. The Wiener constant of the ball is
D(Y-si2)r(g)

2

NG

2

W, (BY) =

see [15].
If « =2 and N > 3 then the equilibrium measure of the ball duy = do/wy is the
normalized surface area on SV~ = BN so that dg~ (1) =2, z € SV¥~! = supp(juz). Hence

Cpn(2,m) > COpn(2) = 227V — 1.
If 0 < a < 2 then the equilibrium measure of the ball is

D) RN
V2T (1 - 2) (R2 — [z[2)/2

dite(x) = for |z| < R,

see [15, p. 163]. Since supp(jq) = BY in this case, we note that dg~(z) = 1 + |z|, x € BY,

so that N
I(===)0(3)

NGO

Cin(a,m) > Cipn () = / (14 )™ dpal) —

where p,, is given above.

3 Connections to Polarization Inequalities

Let E be a compact set in RY and let A,, = {z;}"",, denote an m-point subset of E. The
Riesz polarization quantities, introduced by Ohtsuka [17] and recently studied by Erdélyi
and Saff [9], are given by

M*(A,, E) :1nf2|x—m]| and M (E) := sup M*(A,,E), s>0.

zeE AmCE

Let v; denote the normalized point mass d,,/m, so that 27;1 vj is a unit measure. The
Riesz polarization quantity for s = N — « may be rewritten in terms of potentials as

N—a . : vj
M (Am,E)—mlrEleUa .

As proved by Ohtsuka [17], the normalized limit
M*(E) := lim M; (E)/m
m—0o0

exists as an extended real number and is called the Chebyshev constant of E for the Riesz
s-potential. Moreover, he showed that this Chebyshev constant is always greater than or
equal to the associated Wiener constant. Combining this fact with Frostman’s theorem we
deduce the following:



Proposition 3.1. For 0 < a < 2 and any compact set E C RN there holds
MN"YE) =W, (E). (10)

Indeed, given a unit Borel measure p, Frostman’s theorem for such o and E gives
i%f Ul < /Ug; dite = /Ugf& du < Wy (E),

so that MY ~%(E) < W,(E), which together with Ohtsuka’s inequality yields (10). Alterna-
tively, one can deduce (10) by observing that for the given range of «, a maximum principle
holds for the equilibrium potential and appealing to Theorem 11 of Farkas and Nagy [10].

Bounds on the quantity MY~*(E)/m and the sets A,, which achieve the maximum
in MN=%(FE) have been the subject of several recent papers [9, 12]. The reverse triangle
inequality in Theorem 2.3 is directly connected with MN=%(E)/m in the case of atomic
measures. Recall that the inequality (9) holds for arbitrary positive Borel measures v; such
that 7", v; is a unit measure. We now introduce a similar inequality where each v; = &, /m
is a point mass 1/m supported at z; € E:

—me!x—xﬂ‘“ N> (a,m) +—1nf2\x—leo‘ N

el m xeE

where C% (o, m) denotes the largest (best) constant such that the above inequality holds for
all {z;}", C E. Clearly, we have C%(a, m) > Cp(a,m).

From the definitions of C%(a,m) and MYN~%(E) we immediately deduce that for all
a < N,

MN (B
max —Zda N(xy) m )>C’%(o¢,m).

AnCEM m

In particular, if E is the unit sphere SN=1 c RN, we have

MY-(8V )

m

20N = Cvi(a,m). (11)
In [12], it is proved that for the unit circle T = S* the maximum polarization for any m > 2
is attained for m distinct equally spaced points. Moreover, this maximum, which occurs at
the midpoints of the m subarcs joining adjacent points is known explicitly (in finite terms)
when N — « is a positive even integer, and asymptotically for all —oco < a < N. Thereby
we obtain the following.

Proposition 3.2. For the unit circle T = S there holds, for all —0co < a < 2,

M2—a A* T MQ—a T
C’g(a’m) — 204—2 _ ( m? ) — 2a—2 _ m ( )’ (12)
m m
where A, = {e™/m . k = 1,... . m}. Moreover the following asymptotic formulas hold as

m — o0



([ 2¢(2 —
—% 27— 1)m'™™, 1>a>-o00,
T (03
Co(a,m) ~ ¢ —=logm, a=1, (13)
2a7j2 20‘72 F(QT_I) C ( ) 1< <9
T = Tplay YT, o )
\ VT T(5)

where ((s) denotes the classical Riemann zeta function and a,, ~ by, means that lim,, o @, /by =
1.

For 1 < a < 2, we have from Example 2.6 and (13) that, for each m > 1,
Cr(a) < Op(a, m) < Co(a, m),

with equality holding throughout in the limit as m — oo. Consequently, from the formulas
in Example 2.6 we have

My ~(T)

2m(7r
m

= 20728 (a,m) < 2972 —Crp(a,m) = Wy (T)+2%72 (1 — ?[

)) < Wy (T).

We remark that the inequality MY~%(T) < mW,(T) was found by a different method in
(3.7) of [9].

Utilizing (12) and the polarization formulas in [12], we list the first few explicit formulas
for C%(cr,m) that hold whenever « is a nonpositive even integer and m > 1:

2m

1 m
C’%(O,m) = Z_]: — Z,
1 m m>
Co(—2,m) = 6 21 48’
1 3 5
Cidm) = L _m_m

For the unit sphere in higher dimensions, we have the following.

Proposition 3.3. For the unit sphere SN~ N > 2, in RY equation (11) holds for all
—00 < a < N. Moreover, the following asymptotic formulas hold as m — oo :

(

T(N/2 (N=a)/(N-1) .
—0(N—a,N—1)<2(N//2)> mlfl, 1>a>—o00,
T

Oy 1(a,m) ~ ¢ logm I'(N/2)

~r (NS DR(N - D2)
K20‘_N — WQ(SN_l) =Cgv-1(a), 1<a<N,

a=1,

(14)
where o(N — a, N — 1) is a positive constant that depends only on o and N (cf. [5]), and
where the formulas for W,(SN=1) and Cgn—1() are given in Example 2.7.
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For the unit ball we have the following result.

Proposition 3.4. For the unit ball BY in RN there holds, for all —oo < az < N,

MN—a BN MN—a BN
L (B7) > O%y(a,m) >207N — —m = ( ). (15)
m m
Moreover the following asymptotic formulas hold as m — oo :
L1+ N2\,

—logm, a=0,
where o(N — a, N) is a positive constant that depends only on o and N.

We remark that asymptotic formulas similar to those in Proposition 3.4 can be obtained
for C9(c,m) for a large class of N-dimensional subsets of RY by appealing to the results in
[4] and [5].

4 Proofs

We begin with a lemma that will be used in the proof of Theorem 2.3. Let F,, = {zp,}7_;
be a set of n points in E. Let 7, be their normalized counting measure and let 0 < o« < N.
We define the discrete a-energy of 7, by

2
B[] = ——— Z |20 — xk,n|a_N.

n(n —1) 1<j<k<n

As F is compact, the minimum discrete a-energy is achieved by some set of points. Let
Fn = {&.n}i_;, be a set of n points in E that minimizes the discrete a-energy. For a = 2,
these are typically called the Fekete points. They provide a way to approximate the a-
equilibrium measure.

Lemma 4.1. Given 0 < a < N, let F, := {&.n}}i_, be the points of E minimizing the
discrete a-enerqy. Let 1, be the normalized counting measure associated with the set F,,.
Then the discrete a-energies of the measures T, increase monotonically and converge weak*
to the a-equilibrium measure fi,. Further,

n

PR | n
i U3 = i fuf 2 Dl = Gl = W)

Proof. The facts that the discrete energies of the measures 7, increase monotonically and
converge weak* to the equilibrium measure are proved in [15, p. 160-162]. Since 7, is a unit
measure, we may apply Tonelli’s Theorem followed by Frostman’s Theorem 2.1 to find

/ UTrdpiy = / Ubedr, < Wa(E).
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Since supp(pa) C £, this implies

inf U7 < Wa(E).

On the other hand, for the (n + 1)-tuple (z,&1h,...,&un) C E we may again apply the
extremal property of F,, to obtain

Z ‘gjn+1_£kn+1| 7N<Z|I_£kn‘a N+ Z |£]n

1<j<k<n+1 1<j<k<n

Further, monotonicity of discrete energies gives that

. a— n(n+1 a— a—
Z |z — &pplN > ﬁ Z €1 — Epmr " — Z [€jm — Ernl Y
k=1 1<j<k<n+1 1<j<k<n

n(n+1) o a—
Z n(n _ 1) Z ‘fj,n - gk,n’ N _ Z ‘fj,n - gk,n’ N
1<j<k<n 1<j<k<n
2
= Z &jn = Eenl™Y,
(n—1) 1<j<k<n

which immediately implies that

WL(E) > 1nf—Z|:17—§kn|°‘ N> E,[r] = Wa(E) as n — oo.

zelEn

]

Proof of Theorem 2.2. As discussed following the statement of Theorem 2.2, if E is finite
and a = 2, then dQE_N is the Newtonian potential of a unique Borel measure oy. A similar
proof will show that, for 0 < a < 2, d%’N is the Riesz a-potential of a unique Borel measure.
Note that for each v € E, |z — v|*™" is a Riesz kernel and thus is a-superharmonic [15,
p. 113]. Since d% () = minyeg |z —v|*V is a minimum of finitely many a-superharmonic
functions, it is also a-superharmonic [15, p. 129]. Hence there exists a unique positive Borel
measure o, such that dy ~(z) = UJ*(z) + A for some constant A > 0 [15, p. 117]. Since
d% N (x) tends to zero as  — oo and UZ%(x) is positive everywhere, we conclude that A = 0.
Thus dy N (x) = UZ*(z) for all z € RY.

If F is compact, we consider a sequence of finite subsets E,, C E,, 41 C FE that are
dense in E as m — oo. Let d,, be the farthest distance function of E,, and let o,, be
the associated measure such that df‘n_N = U™, m € N. Since d,, < d,+1, it follows that
U™ > U+, m € N. Thus we obtain a decreasing sequence of potentials, and Theorem
3.10 of [15] gives a positive unique Borel measure o, such that ¢,, — o, and d3 ~ = U%"
quasi-everywhere. Since the set of points S where daE_N # UZ> has a-capacity zero, it also

has zero volume in RY, see [15, Theorem 3.13 on p. 196]. Hence UZ* x el) = du N « )
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for the averaging measure e used in the definition of a-superharmonicity in [15, p. 112].

Furthermore, Property (i) [15, p. 114] for a-superharmonic functions gives that

U (z) = im U%* € (z) = limd% N % " (2) = d% N (z), z € RY,

r—0 r—0

where we used the fact that 8 = do as 7 — 0 [15, p. 112] on the last step.

We now consider the mass of the measure o,. Assume, without loss of generality, that
the origin is a point in E. Consider the ball B(R) of radius R > diam(F) about the origin.
We average

V@) = [ o=t o)
]RN

with respect to the a-equilibrium measure 7 of the ball B(R), to obtain

M(R) = /B @G /B . /R o=yl o (y)dra). (17)

We begin with the case a = 2, for which the a-equilibrium measure is the normalized
surface area measure drr = dz/(wyRY71). It is a standard fact [1, p. 100] that the potential
of the equilibrium measure is given by

1 RN if ] <
Uzt () = —/\x—t\Q_th = { ] < £,

wyRN-1 |z|>~N if || > R.

Consider the left hand side of (17). We know R < dg(x) < R+ diam(E) on supp(tg) =
O0B(R). Thus
(R + diam(E))*Y < M(R) < R*7V. (18)

On the other hand, we may apply Tonelli’s Theorem to the right hand side of (17) and
obtain

/ / t‘z NdO'Q dTR / / |.CE—t|2 NdTR( )dO’Q()
OB(R) JRN RN JOB(R

- [ U wdoato)
— /t |<RU;R(t)d02<t)+ / U™ (t)do(t)

[t|>R

— R*Noy(B(R)) + / UZ=(£)dos (t).

[t|>R
Since 0 < U;7(t) < R?>~N for |t| > R, we have
R Nay(B(R)) < M(R) < R*Noo(RY).

Combining the above inequality with (18) and letting R — oo, we obtain o(RY) = 1.
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The proof in the case of 0 < a < 2 is similar. In this case, the a-equilibrium measure is
given in [15, p. 163] as

drg(z) = AR*NM(R? — |2|*)~*/2dx for |z| < R,

where A is the constant

_ ety
©gNer (1-2)
Its potential UZr(z) = [ |z — t|*Ndrg(t) is
N/241
TR — A a—N m
Vet ) = AR N oy sin(ma/)
for all |y| < R [15, (A.1)]. Using the fact that
m
=I'(x)'(1 —
sin(7z) ()1 =),

we calculate for |y| < R that
F(N-—a)/2+1) , 72

U2 0) =g B /AT~ /2)
_L@/2)U (N -a)/2+1) pan
I'(N/2) '
Introducing the notation
B TN/ _ T(a/2T (N —a)/2+1)
AN, 0) = ATy sm(ra/) T(N/2) ’
we obtain
U™ (y) = c¢(N,a)R*Y, forall |y| <R. (19)

Furthermore, this same value serves as the upper bound of the potential for all |y| > R.
Notice that ¢(N,2) = 1 and hence (19) is a generalization of the fact that U;%(z) = R*N
for |z] < R when a = 2.

Consider the left hand side of (17). We know |z| < dg(x) < |z| + diam(F) in B(R). We
use the lower bound on dg to find an upper bound on M(R). Applying the calculations in
[15, Appendix] again, we conclude that

| @) < [ ol V(o)
B(R) B(R)
:ARaN/ (R2 _ ’x‘2)7a/2‘x|adex
B(R)
oN/2+1
I'(N/2)sin(ra/2)
=¢(N, )RV,

= ARV
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Next we use the upper bound on dg to obtain a lower bound for M (R). Let d = diam(F).
Then for any € > 0 we have d < €|z| for any = not in B(d/¢). Hence

d%_NxdTRQZ > x| + ) Ndrg(z
[ 4 @) 2 [ (ol Nt

B(R)

> / (] + d)O‘_NdTR(x)
B(R)\B(d/e)

> | 227 (1+ )~ drn(a)
(R\B(d/e)
— (N0 - N [ paf V(o)
(d/e)
= (146" Ve(N,a)RN — (14" / 2| Ndrg(z)
B(d/e)
Estimating the integral over the ball B(d/¢), we find

dfe
[ el (o) =R N Ay [ el (B Jof?)
(d/e) 0

d2 )‘Q/Q Awyd®

2

SRO(—N (RZ

€ e
Since the above integral is also bounded below by zero, it follows that it is O(R™) and thus
(146 Ne(N, )R —OR™) < M(R) < ¢(N,a)R*™Y. (20)

On the other hand, we may apply Tonelli’s Theorem on the right hand side of (17) to
obtain

/ / —y|*” Ndaa YdTR(x / / — y|a_NdTR(x)daa(y)
B(R) JRN RN JB(R)
/ U (y)doa(y)

= Uit (y)do, Ul (y)doa(y).
/IM (v) <>+/ (4)doa(y)

ly[>R

Applying the calculation of the potential in (19), we find
¢(N,a)R* Mo, (B(R)) < M(R) < ¢(N,a)R* Vo, (RY). (21)
Combining (20) and (21), dividing by R*™" and then letting R — oo, we obtain
1+ <o (RY) <1

Finally, we conclude o,(R") = 1 by letting ¢ — 0. O
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Proof of Theorem 2.3. For any positive Borel measure p, the potential

U (t) = / 1t — 2 Ndu(x)

is lower semicontinuous [15, p. 59|, and hence attains its infimum on the compact set F.
Thus we may choose ¢, € F such that

3 Vg __ Vg
1%f Ulr = Ul (c)

for each k =1,...,m. It follows that

m m

> inf Uz = > UL (cr)

k=1 k=1
m

:Z/ |Ck — I|a7Nde<.I)
k=1

> 3 _ a—N
> 11§111€1§nm|ck x| Mdv(z)

a—N
:/ (12}%);1|ck_x|) dv(z).

The function d,,(x) := maxj<k<m |cx — x| is the farthest distance function on the set
of points ¢;. By Theorem 2.2, there exists a probability measure o, such that UJ>(z) =
d®~N(z). Applying Tonelli’s Theorem, we have
> infUr > / U (z)dv(z) = / U (t)dog(t).

P

We estimate the potential U% on RY. Let u, be the a-equilibrium measure for £ and let
W, (E) be the a-energy for E. Let g(t) := Ute(t) — W,(E). By Frostman’s Theorem 2.1,
we know ¢(t) < 0 everywhere. On the other hand, UY(t) — infgp UY > 0 for t € E. Thus

UZ(t) > inf U2 + Uge () = Wa(E)

on E. It follows by the Principle of Domination [15, Theorem 1.27 on p. 110 for o = 2 and
Theorem 1.29 on p. 115 for 0 < a < 2] that this inequality holds in RY. Thus, noting that
0, 1s a unit measure and again applying Tonelli’s Theorem, we find

m

Zi%f Uve > / U (t)doy(t)

- > / (irElf v+ / Ure (t) —Wa(E)> do (1)
= inf U2 + / U (2)djia () — Wa(E)
/

=infU% 4+ [ dN(2)dua(z) — W (E).

E

15



By minimizing over all m-tuples ¢, we conclude that

: Vk> : Vi
eréfU _CE(oz,m)—i—l%fZU,

k=1 k=1

where
Cpla,m) :=min [ min |z — c|* Ndpa(r) — Wo(E).

c,eE 1<k<m

We now show Cg(a, m) is the largest possible constant for a fixed m. We present two
proofs of this fact. We begin with the shorter one which requires F to be regular in the
sense that Uke(z) = W,(F) for all z € E. Choose a set ¢, k = 1,...,m, such that
[ deN (x)dpg (z) attains its minimum on E™. Let df, (x) := minj<j<,, |z —c}| and iteratively
define the sets

S ={x € supp(pa) : |2 — €| = diy (2},
Sk :{l’ € Supp(:ua) \ Uf;llsj : |I - C]:| = dq*n(‘r)}v k= 2,...,m.

It is clear that
supp(pta) = U1 Sk and S, N S; =0, k # .

Hence we can decompose u, along the sets S; such that
m

vy = lals, and p, = Zy,’:
k=1

If E is regular, then [ |z — ¢|* Vdu,(t) = Wo(E) for each € E by Frostman’s Theorem.
Applying this fact, along with Tonelli’s Theorem, we obtain

16



Hence Cg(a,m) is sharp. The alternative proof uses points minimizing the discrete a-
energy and does not require that E be regular. Let F, = {§.,}}, be the points of E
which minimize the discrete a-energy. We will break the set F,, up using the points ¢ just
as we broke up supp(p.) previously. Let Fj, be a subset of F,, such that &, € F, if
dr (&n) = [&n — ], 1 <1 <n. If there is overlap between the sets, assign ,, to only one
set Fin. It is clear that for any n € N,

Fn = Uznzlfk,n and fk,nﬂj—:j,n = (Z)a k%j

Define the measures

1
VZ,TL = ﬁ Z 5£l,n7
gl,neFk,n
so that for their potentials
k 1 —
Prn(T) = - Z 2 — &N, k=1,...,m,
gl,neFk,n
we have 1 )
inf pip (x) < — > e =Gl = - > ().
El,nEFk,n gl,neFk,n

It follows from the weak* convergence of v, := Y} vp, = = 3" 0 t0 fla, s N — 00,
that

n

n 1
lim supz i%fpzm(x) < lim — Z(d:n(fk,n))a_]v
k=1

n—oo N

— [ (@) Vdpala)
Applying Lemma 4.1 to the potential p} of v} we find that

lim inf p; = W, (F).

n—o0
It follows that .
I inf p’ < lim inf p’.
13:8;}13;1% Py < Cpla,m) + lim inf )

Hence we have asymptotic equality in (9) as n — oo with m > 2 being fixed, which shows
that Cg(a,m) is the largest possible constant for each m. Since d,, < dp everywhere, we
have Cg(a,m) > Cg(a). O

Proof of Corollary 2.4. If m < card(®g), then there is an xg € supp(fa) such that df, (zo) <
dg(zo). As both functions are continuous, the same strict inequality holds in a neighborhood
of mg, so that [(df,(2))* Ndua(z) > [dy N (x)dus(r) and hence Cp(a, m) > Cp(a). This
argument shows that if ® g is infinite, then Cg(a, m) > Cr(«a) for m > 2. If m > card(Dp)

17



then we may choose the points ¢} to include ® g and hence d},(x) = dg(z) for € supp(fia)-
Thus Cg(a,m) = Cg(a).

Let ¢, K =1,...,m, be a set of points in F that minimize the integral in the expression
of Cg(a,m). Choose a point ¢,,41 € OF. Then

Cpla,m) = [ min |z — c|* Nduo(x) — Wo(E)

1<k<m
> : _ a—N _
> léirélrrnlﬂ |z — ¢ dig(z) — Wo(E)
> Cgla,m+1).

Hence the constants Cg(o, m) are decreasing. It remains to show that their limit is Cp(«).
Let {ax}?2; be a countable dense subset of E. Then

Ce(a) < Cr(a,m) < / min |2 — ap|* Ndpa(z) — Wo(E).

1<k<m

Further, applying the Dominated Convergence Theorem, we have

m—00 1<k<m m—o0 1<k<m
~ [ &Y @dna(a).

The result follows. 0

lim min |z — ap|* N dua(r) = / lim min |z — ap|* N dua ()

Proof of Corollary 2.5. We show the minimal dominant set is infinite and then the result
follows from Corollary 2.4. Suppose to the contrary that ®p = {xj}jzl is finite. Let J C OF
be a single connected component of the boundary. Define

Jyi={x e J dg(x)=|v—ai|},k=1,...,s.

For each « € Jy, the segment [z, xx] is orthogonal to OF at x, by the smoothness assumption.
Hence, each J; is contained in the normal line to OF at z;, k = 1,...,s. We thus obtain
that J = U;_,Ji is contained in a union of straight lines which is a contradiction. O

Proof of Example 2.6. To calculate the quantity min, et [ minj<p<,, [v — cx|* Ndua(x), we
follow an idea of Boyd [8]. Let ¢ = —e™*, k= 1,...,m, with ¢, < ¢p1, and for notational
convenience let 1)y = 1,,,. Then we have maxj<p<p, [¢? — c| = |e?? + e™*| = |e!0=¥%) 4 1] for

18



M << % and hence

Y+t

1 & 2 ,
. _ja-N _ i(0—) a—2
i o=l N =503 [, 1t

2
Y —Yr—1

1 & .
:_Z/ T e 1o %de
=0
P —VE—1
ga-2 " 5 — )
— Z/ ’ cos® 2 (—) do
™ = Jo 2

2 m
:20*2; > 16,
k=1

where 6, = =Pt and 1(6;) = foe’“ cos® 2(f) df. Since I(0y) is strictly convex for 0 < 65 <
Z,and Y ", 0, = 7/2, we have

1 s

—N" 1) > 1 (-) .

m Z (k) 2 2m

k=1
Hence 5
: : a—N a—2 21 m
M) = 22 ()
et | 1<k<m [ =l Ha(T) T \2m/’

where the outer minimum is clearly attained for the equally spaced points ¢ on T. O

Proof of Proposition 3.2. Equation (12) is a consequence of (11) and the main theorem
proved in [12]. The asymptotic formulas in (13) follow from (12) and the asymptotics for
M;(S') given in [12]. O

The proofs of Propositions 3.3 and 3.4 are straightforward consequences of the main
theorems on polarization proved in [9], [4] and [5].
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