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Determining singularities using rows of
Padé-orthogonal approximants!
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Abstract

Starting from the orthogonal polynomial expansion of a function F' correspon-
ding to a finite positive Borel measure with infinite compact support, we study
the asymptotic behavior of certain associated rational functions (Padé-orthogonal
approximants). We obtain both direct and inverse results relating the convergence
of the poles of the approximants and the singularities of F. Thereby, we obtain
analogues of theorems by E. Fabry, R. de Montessus de Ballore, V. I. Buslaev, and
S. P. Suetin.
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§1. Introduction

Let E be an infinite compact subset of the complex plane C such that C\ E is simply
connected. There exists a unique exterior conformal representation ® from C\ E onto
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C\ {w : |w| < 1} satisfying ®(c0) = 0o and ®'(cc) > 0. We assume that E is such that the inverse
function ¥ = ®~! can be extended continuously to C \ {w : |w| < 1} (the closure of a bounded
Jordan region and a finite interval satisfy the above conditions). Unless otherwise stated, E will be
as described above.

Let p be a finite positive Borel measure with infinite support supp(u) contained in E. We write
1€ M(E) and define the associated inner product,

(g, h)y = /g(C)mdu(C% g,h € La(p).

Let
Pn(2) = kp2" 4+, K, >0, n=0,1,...,

be the orthonormal polynomial of degree n with respect to p having positive leading coefficient; that
is, (Pns Pm )y = On,m. Denote by H(E) the space of all functions holomorphic in some neighborhood of
E.

Definition 1.1. Let F' € H(E), p € M(E) and a pair of nonnegative integers (n,m) be given. A
rational function [n/m]} := P¥, /Qh . is called an (n,m) Padé-orthogonal approzimant of F with

respect to p if P}, and QF ., are polifnomials satisfying
deg(Fy,,) <n, deg(Qf ) <m, Qf, #0, (1.1)
(Qh W F =Py, pj), =0, forj=0,1,....,n+m. (1.2)

Since Q¥ . # 0, we normalize it to have leading coefficient equal to 1.

n,m

When E = {z € C : |z] < 1} and du = df/27 on the boundary of E, then p,(z) = 2" and
the Padé-orthogonal approximants reduce to the classical Padé approximants. In this case, we write
Py, Qn.m and [n/m]p, respectively.

The study of the convergence properties of row sequences of Padé approximants (when m is fixed
and n — o0o) has a long history beginning with the classical results of J. Hadamard [11], R. de
Montessus de Ballore [12], and E. Fabry [5]. These results have attracted considerable attention
motivating different extensions and generalizations to other approximation schemes using rational
functions in which the degree of the denominator remains bounded as n — oo (see, for example,
[2,4,7,8,9, 10, 14, 18, 19, 20, 21, 22]). For the case of measures supported on the real line and the
unit circle, some results in this direction are contained in [2, 3, 18, 19]. However, up to the present
there are no results of this nature for measures supported on general compact subsets E of the complex
plane. The object of this paper is to fill this gap.
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The general theory covers direct and inverse type results. In direct results one starts with a
function for which the analytic properties and location of singularities in a certain domain is known,
and using this information one draws conclusions about the asymptotic behavior of the approximants
and their poles. In the inverse direction, the information is given in terms of the asymptotic behavior
of the poles of the approximating functions from which the analyticity and location of the singularities
of the function must be deduced. We give results in both directions.

For any p > 1, set

I, ={zeC:|®(2)| =p} and Yo i={w € C: |w| = p}.

Denote by D, the bounded connected component of the complement of ', and by B(a, p) the open
disk centered at a € C of radius p. We call T', and D, a level curve and a canonical domain (with
respect to F), respectively. We denote by po(F') the index p (> 1) of the largest canonical domain
D, to which F' can be extended as a holomorphic function, and by p,,(F') the index p of the largest
canonical domain D, to which F' can be extended as a meromorphic function with at most m poles
(counting multiplicities).
Let u € M(E) be such that
i [pa ()" = [9(2), (1.3)

uniformly inside C \ E. Such measures are called regular (cf. [17]). Here and in what follows, the
phrase “uniformly inside a domain” means “uniformly on each compact subset of the domain”. The
Fourier coefficient of F' with respect to p,, is given by

Fui= (Fpa)y = [ FEGdn(a)

As in the case of Taylor series (see, for example, [17, Theorem 6.6.1]), it is easy to show that

n—oo

—1
po(F) = <1imsup|Fn|1/”) :

Additionally, the series > | F,pn(z) converges to F(z) uniformly inside D, ) and diverges point-
wise for all z € C\ D, (r). Therefore, if (1.3) holds, then

o0

hm(DF(2) = Phn(z) = Y (Qh o Fopi)upi(z) (1.4)

k=n+m-+1
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for all z € D, (py and P¥, = > (Q4  F,pi), i is uniquely determined by Q¥ .

In contrast with classical Padé approximants, the rational function [n/m]% may not be unique as
the following example shows.

Example 1.2. Let £ =[-1,1], du = dz/v/1 — 22 and

37

4
Flz)=_—5+ > cpi(),
k=0

where the pj are normalized Chebyshev polynomials, and
co =37, c1:=6(=271/m +192V27), co:= —V/2 + 315y/7 — 222V/27,

c3 1= 3513/ — 2484V27, ¢4 := V2 + 10674+/7 — T548V/2T.
Using the program Mathematica it is easy to check that both Qf () := x and QY 5(x) = (x — 3)*
satisfy (Q) oF,px), = 0,k = 2,3. These denominators QY , give us

_ 4756+/m — 3363V2m — 36V 272 4 144z
B 4dy/Tx

[1/2) (=)

and
1404 — 28536+/7 + 1982721 — 864 + 90364+/7x — 63681V 271

L@ — 3) ’

[1/2)p()
respectively, which are clearly distinct.

It is easy to see, however, that the condition

(Fypng1)y (2Fpngi)n - (" Fpnga)y

Apm(Fop) = #0

<F7 pn+m>u <ZF, pn+m>u ce <zm_1F; pn+m>p

and the condition that every solution of (1.1)-(1.2) has deg Q) ,, = m are equivalent. In turn, they
imply the uniqueness of [n/m]%.

An outline of the paper is as follows. In Section 2, we state our main results and comment on
their connection with classical and recent developments of the theory. Theorem 2.1 is a direct result
whereas the rest of the theorems are of inverse type. Section 3 is devoted to the proof of Theorem
2.11, the rest is proved in Section 4.



Determining singularities using rows of Padé-orthogonal approximants 183

§2. Main results

We will make the following assumptions on the asymptotic behavior of the sequence of orthonormal
polynomials with respect to a given measure u € M(FE). We write u € R(E) when the corresponding
sequence of orthonormal polynomials has ratio asymptotics; that is,

pa(z) 1

im = . (2.1)
n—oo pry1(z)  P(z)
We say that Szegd or strong asymptotics takes place, and write u € S(F), if
lim _Pnlz) =S5(z) and lim S (2.2)
n—oo cn(I)"(z) n—00 Cp41

The first limit in (2.2) and the one in (2.1) are assumed to hold uniformly inside C \ E, the c,’s are
positive constants, and S(z) is some holomorphic and non-vanishing function on C \ E. Obviously,
(2.2) = (2.1) = (1.3).

Our first result is of direct type.

Theorem 2.1. Suppose F' € H(E) has poles of total multiplicity exactly m in D, (py at the (not
necessarily distinct) points M\1,..., Ay, and let p € R(E). Then [n/m]% is uniquely determined for all
sufficiently large n and the sequence converges uniformly to F inside D, (z)\{A1,..., Am} asn — o0,
Moreover, for any compact subset K of D, () \{ M1, Am},

n P : K
limsup || F — [n/m];}H}(/ < max{|®(z)|: z € }’

(2.3)

where || - ||k denotes the sup-norm on K and, if K C E, then max{|®(z)|: z € K} is replaced by 1.

Additionally,
max{|®(\;)|:7=1,...,m}

hmsup HQ% m anl/n < < 1) (24)
where || - || denotes (for example) the coefficient norm in the space of polynomials of degree m and

Qm(2) = [T51 (2 = M)

Remark 2.2. When K = E, the rate of convergence in (2.3) cannot be improved; that is,

n_ 1
l;«“”}z/ = hm_>supcrl/" = (2.5)

li F—
im sup [ £ — [n/m] s =
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where
Onm 1= irgf |[F—r|g,

and the infimum is taken over the class of all rational functions of type (n,m),

2™ + p_12" L+ ap

r(z) = by 2™ + by 12 L+ by

We refer the reader to [7, 13] for more information on the second equality in (2.5).

In the context of classical Padé approximation, Theorem 2.1 is known as the Montessus de Ballore
theorem (see [12]). In [18, Theorem 1], S. P. Suetin proves an analogous result for measures supported
on a bounded interval of the real line and states without proof that a similar theorem may be obtained
for measures supported on a continuum of the complex plane whose sequence of orthonormal polyno-
mials and their associated second type functions have strong asymptotic behavior. The assumptions
of our Theorem 2.1 are substantially weaker.

In the inverse direction we have the following.

Theorem 2.3. Let F € H(E) and p € S(E). If

. n
lim =T
n— o0 n+1

3

then W (7) is a singularity of F' and po(F) = |7|.

For expansions in Taylor series and classical Padé approximation, this result reduces to Fabry’s
theorem (see [5]).

If E =B, where B = B(0, 1), and the measure p supported on T, the unit circle, satisfies the Szegd
condition

2m
/ logw(#)df > —oco, (2.6)
0

(where du(0) = w(0)df/2m + dus(0) is the Radon-Nikodym decomposition of ), it is well known that
the orthonormal polynomials ¢, (z) = k2™ +--- with respect to u satisfy the Szegé asymptotics (2.2)
(with ¢, = 1). In particular, this allows us to use Theorem 2.3 to locate the first singularity of the
reciprocal of the interior Szeg6 function

1 21 0
Sint(2) := exp <E/o log w(6) Zie i— zdﬁ) , zZ€DB,
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in terms of the Verblunsky (or Schur) coefficients o, (o, := —®,(0)). It is well known that the Szegd
condition (2.6) also implies that

. 1 2w
nhﬁrréc) Kn = K := €xp {—E/O logw(ﬁ)dﬁ}

and )
1 1 L
Sint(z) e kXZ:O‘Pk(O)@k(z)

uniformly inside B (see [6, p. 19-20]). By Theorem 2.3, we immediately obtain the following.

Corollary 2.4. Let pu satisfy (2.6) and assume that 1/Si € H(B). Suppose that

. Qo
lim =\
n—oo O(n_;'_l

Then A is a singularity of 1/Sine and 1/Sing is holomorphic in B(0,|A|).

This result complements [1, Theorem 2] where, under stronger assumptions, it is shown that A is

a simple pole and 1/Siy has no other singularity in a neighborhood of B(0, |A]).
Using the definition of QZJ it is easy to verify that whenever F, 1 # 0, we have

<ZF7pn 1>
Z,l( )22_7}7 e
n+1

The next result enables one to locate the first singularity of F' using the zeros of szl.

Theorem 2.5. Let F' € H(E) and p € S(E). If

<ZF, pn>,u

n

lim =,
n—oo

then X is a singularity of F' and po(F) = |®(N)].
The proofs of Theorems 2.3 and 2.5 are reduced to Fabry’s theorem by using the following result.

Theorem 2.6. Let F' € H(E) and p € S(E). Define f(w) := F(V(w)) and denote the Laurent series
of f about 0 by 77 frwk. Then, the following limits are equivalent:
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(a) limy, o0 F/Fry1 =7,
(b) limy,—yo0 (2F, pp)yp/Fn = A,
(¢) imy oo fr/frne1 =T,
where 7 and X\ are finite and related by the formula ®(\) = 7.
Theorem 2.5 admits the following extension to general row sequences.

Theorem 2.7. Let F € H(E) and p € S(E). If for all n sufficiently large, [n/m] has precisely m
finite poles A 1,..., Ap,m and

nlinéoA”7j:Aj’ 7=12,....m

(A1, ...y Am are not necessarily distinct), then

(1) F is holomorphic in D where Pmin 1= Minj<j<m [P(A;)];

Pmin ?
(@) pm-1(F) = maxi<j<m [P(N))];

(ii1) A1,..., A are singularities of I'; those lying in D, () are poles (counting multiplicities), and
F has no other poles in D, _ (-

For classical Padé approximants, this theorem was proved by S. P. Suetin in [21] (see also [20]).
In [2, Theorem 1], V. I. Buslaev provides an analogue for measures supported on a bounded interval
of the real line. Buslaev reduces the proof of his result to Suetin’s statement through an extension of
Poincaré’s theorem on difference equations (see Lemmas 4.1-4.2 below). We will follow this approach
by proving the next result.

Theorem 2.8. Let F' € H(E) and pp € S(E). Define f(w) := F(V(w)) and denote the Laurent series
of f about 0 by >_7- __ frw" and the regular part of f by f(w) =Y o, frw®. For each fized m > 1,
the following conditions are equivalent:

(a) The poles of [n/m]; have finite limits 71, ..., Tm, as n — oo.
(b) The poles of [n/m] have finite limits A1, ..., Apm, as n — 00.
Under appropriate enumeration of the sub-indices, the values \j and 7;, j = 1,...,m, are related by

the formula ®(N\;) =1 for all j =1,...,m.
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83. Proof of Theorem 2.1

The second type functions s,,(z) defined by
p'n. —~
sue)i= [ 228 au(0), = € T\supplo),
play a major role in the proofs that follow.
Lemma 3.1. If u € R(E), then

nhnolopn( ) n(z) = %a

uniformly inside C \ E. Consequently, for any compact set K C C\ E, there erists ng such that
sn(2) #0 for all z € K and n > ny.

Proof. From orthogonality, we get

)= [ 2L 400, = ¢ supno

Since py is of norm 1 in Ly(x), the sequence ([ |pn(¢)*/(z — ¢)d, (C))n>0 forms a normal family in

C\ E. Consequently, the limit stated follows from pointwise convergence in a neighborhood of infinity.
Now, for all z sufficiently large, since u € R(E), from [15, Theorem 1.8] it follows that!

oo

1 1 dw
2 : k 2 : k
nh—{lgo P /C [pn(QF du(0) = Flan Zﬁ/qj(w) wi

_ L L ¥ )
- zﬂi/ﬂrw(Z—‘I’(w))d 2m'/m><1><<><z—od< ()

Since the function on the right-hand side never vanishes in C\ E, the rest of the statements follow at
once. n

i [ P2 OF

n—00 z—C

Proof of Theorem 2.1. For [ =0,1,..., from (2.1) it follows that
pn(2) 1

lim = ,

n—00 ppy1(2) (I)(Z)l

'We note that in [15, Theorem 1.8] it is assumed that E is a compact set bounded by a Jordan curve. However, as
pointed out to us by the author, the result remains valid if F verifies the conditions imposed in this paper.

1=0,1,..., (3.1)
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uniformly inside C \ E and by (3.1) and Lemma 3.1

lim Snt1(?) — lim Pn(2) Poti(2)sn+i1(2) 1 52)

noo sp(2) oo pagi(z)  pal2)se(z) ()"

uniformly inside C \ E. From (3.1) and (3.2) we obtain

lim |p,(2)]*" = |®(2)] and lim |s,(z)Y/™ = L (3.3)

n— 00 n— 00 |(I)(z)| ’

uniformly inside C\ E.
By the definition of Padé-orthogonal approximant and the first relation in (3.3), we have (see (1.4))

oo

En(D)F(2) = Pl(2) = Y akapr(2), 2 € Dyy(). (3.4)
k=n+m-+1

Using Cauchy’s integral formula and Fubini’s theorem, we obtain, for k > n + 1,

ohn = Qo= [ 5 [ G OF) by et a2 (35)

—om [ @aor [ PlE) gy = L [ Qr L WF@sdt,
Tpy

2mi t—=z 2me T,

where 1 < p1 < po(F). Let {a1,...,a,} be the set of distinct poles of F' in D, (ry and my. the
multiplicity of ay so that

m Y
Hz— :Hz—ak me m:zg mi.

k=1

Multiplying (3.4) by @ and expanding QQ4 . F' — QP},, € H(D, (ry) in terms of the orthonormal
system {p, }72, for z € D, (r) we obtain

oo

k=n+m-+1
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where
o

bl/,n = Z ak,n<kavpu>;u v = 0715""

k=n+m-+1
First of all, we will estimate |ag, | in terms of |7y |, where

1

Tk ‘= 2_ Qn m( ) ( )Sk(t)dta pm—l(F) <p2 < pm(F)a k= 07 1.... (37)
e Fp

Since po > p1 the integral in (3.7) allows a better upper bound than the last integral in (3.5). For
each k > 0, the function Qf , F's), is meromorphic on D,, \ D, = {z € C: p; < |®(2)| < p2} and has

poles at a1, ...,y with multiplicities at most my, ..., m, respectively. Applying Cauchy’s residue
theorem we obtain

2m/ Qnm (D F () dt——/ Qi (O F (t)sk(t)dt (3.8)

211

™

res(Q), ,, F'sk, aj),
1

J
for k£ > 0. The limit formula for the residue gives

lim ((z — ;)™ Qh () F(2)s1(2)) ™.

I‘eb( FSk;OéJ) (mj — 1)| Parey n,m

Since s,,(2) # 0 for all sufficiently large n and z € C\ E (see Lemma 3.1), Leibniz’ formula allows us
to write

si(z)\ "D
(2 — )™ Qo (2)F(2)s5(2)) ") = ((z—an QU () F(2)sn(2) L >)

Sn(2)

) (™) e - @@ F sl (24 "

=0 p sn(2)

Forj=1,...,yand p=0,...,m; — 1, set

nGip) 1= s (™71 ) i (2~ )™ Qb (2) () (),
) p

(mj — 1 ! 2o
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(notice that the 8, (j,p) do not depend on k). So, we can rewrite (3.8) as
mj;—1 (p)
CLkaTk’n—Z Zﬂn]p< ) (aj)], m>mno and k=0,1,.... (3.9)
j=1 p=0
Since ag, =0, for k=n+1,n+2,...,n+m, it follows from (3.9) that
m;—1 sk (p)
Z Bn(y <5_> (o) =Tpn, k=n+1,...,n+m. (3.10)
J=1 p=0 n

We view (3.10) as a system of m equations on the m unknowns 3, (j, p). If we show that

o L e K e Y

e | (B2) ) (22 (52) |,

() ) (22) 0 o (22)" )

(this expression represents the determinant of order m in which the indicated group of columns is
written out successively for j = 1,...,7), then we can express /3,(j, p) in terms of (si/s,)® (a;) and
Thm, for k=n+1,...n+m. In fact,

R(a;) R'(aj) - RO (a;)
lim, oo A, = A == RQ(.O“J') (RQ)./(Oéj) (RQ)(mjl—l)(aj)
Rm.(aj) (Rm)./(aj) (Rm)(m;_l)(ay‘) J=1,ey
= [z (my — DU ()50 20(0) S T (3 — w)

where R(z) = 1/®(z) and n!l = 0!1!---n! (use, for example, [16, Theorem 1] for the last equality).
Hence, A # 0 and, for all sufficiently large n, |A,| > ¢1 > 0, where the number ¢; does not depend
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on n (from now on, we will denote some constants that do not depend on n by ¢, s, ... and we will
consider only n large enough so that |A,| > ¢; > 0).
Applying Cramer’s rule to (3.10), we have

A . 1 m

77.

where A,, (4, p) is the determinant obtained from A,, by replacing the column with index ¢ = ( {:_01 my)+
p + 1 (where mg := 0) with the column [7,415 .. Tnimn]? and Cy(s,q) is the determinant of the
(5,9)t" cofactor matrix of A, (4,p). Substituting 3,(j,p) in (3.9) with the expression in (3.11), we
obtain

1 v m (p)
%nZTk,n—A—ZZZ . nsq( ) (aj), k>n+m+1. (3.12)

n =1 p

Let 6 > 0 and € > 0 be sufficiently small so that po(F) — 26 > 1,
{zeC:lz—aj| =€} C{z€C:|D(2)| > po(F) — 5}

For k=0,1...and p=0,...,m; — 1, we have

C_:)(p) )= 35 /_ Sn(z)(jflj)mdz, (313)

Applying (3.2) and (3.13), we can easily check that for p = 0,...,m; — 1,7 = 1,...,v, and

k=n+1,...,n+m,
(p)
Sk
(Sn) ()

< ¢, (3.14)

forn>ny,andif k >n-+m+1,

C3

GRS (319)

for n > ng. The inequality (3.14) implies that

|Cn(s,q)] < (m— D)t =cy, s,q=1,...,m, (3.16)
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for n > ng. Combining (3.12), (3.14), (3.15), (3.16) and |A,| > ¢1 > 0, we see that for n > ny

m

mceycs 1
|CLk7n| S |Tk7n| + 1 (pO(F) o 25)k—71 Z |Tn+s7n| (317)

s=1

m
Cs
< |7kl + Z|Tn+s7n|a k>n+m+1
s=1

(po(F) — 20)k=—n &

Now, we estimate |b, | in terms of |73 ,,|. By the Cauchy-Schwarz inequality and the orthonormality
of p,, for k,v =0,1,... we have

|<kaapu>u|2 < <ka7 ka>u<pu,pu>u < rzneaEX |Q(Z)|2 = Cg- (318)

By (3.17), (3.18) and the fact that >,° . (po(F)—26)""* < oo, we obtain, for n sufficiently large
and for all v > 0,

0o 00
[bun| < Z |ak,n|[(QPr: pu)| < Ves Z |ag,nl (3.19)
k=n+m-+1 k=n+m-+1
oo oo 1 m oo
< > it 3 oS ) sa 3 il
k=n+m-+1 k=n+m-+1 Po s=1 k=n-+1

Let K be a compact subset of D, (r) and o > 1 be such that K C D, C D, (). Choose § > 0
sufficiently small so that

]
p2 = pra(F) — 6> pms(F), po(F)—25>1 and ;” <1 (3.20)
y —
We write (3.6) in the form
n—+m oo
Q()Qh n(2)F (2) = QP () < D bl + Y [buallpu (2)]. (3.21)
v=0 v=n+m-+1

Define

ZZ:ZJTL |b,,’n||p,,(z)| and A2 (2) = EiinerJrl |bv,n||pl/(z)|

A = ) QRGN

n
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and let Qh | (2) := H;n:"l(z — Anj)- Then (3.21) implies

for all z € Dy := Dy \ (U o{ A1+ > A FU{AL -5 A }).
Let us bound A}, (z) from above. We will first estimate |75, /Q% ,(2)| for z € Dy and for k > n+1.
By definition of 7,

_hn —,/ sk(t)F(t)#’i()dt, k>n+1. (3.22)
Qnm(z)  2mi Tpy n.m(2)
For n sufficiently large,
cs
s (t , k>n—+1.
5] € 5
Define
ﬁﬂn,pg (t) = H (t - )\n;])
An,i€Dp,
It is easy to see that
t—¢ .
Z—C =~ C9,

for allt € T,,,2 € D, and ¢ € C\ D, (according to (3.20), p2 > o). Then,

ﬁ m(t) Qﬁ m,p2 (t) C10 -
———| <™ — < , z€D,, tel,.
Qhm(2) Qnmaps (2)| ~ 1Q0mps (2)] P
By (3.22), we obtain
Tk,n C11 ~
: < , eD,, k> 1, > ns,
T L T s T LA nEhon=m
which implies
bl/n C12 A~
: < , 2 € Dy, > ne. 3.23
) I To e o) T T "= (3.23)
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Applying (3.3) and the maximum modulus principle, we have
Ipy(2)| < c13(0 +8), z€D,, v=>0. (3.24)

Using (3.23) and (3.24), we obtain

n+m
b, n| |pl, (n+m+ 1)ciaciz(o + 5)" ™ .
A1 | g , z€D,.
Z Qn,m(2) 1Q(2)@0,m.p2(2)(p2 — 0)"
Choose 6 > 0 such that (64 6)/(p2 —d) < 6 < 1. Then, for n sufficiently large,
Al(z) < c146 zeD,. (3.25)

|Q(2)Q%m. s (2)”
Next, we bound A?(z). Since deg(QPF,,) < n+m, by a computation similar to (3.5), we obtain

1
bun = (QQUF Pl = 5 [ QUIQLLOF D0t v>ntm+1. (326)
Loy
As before, from (3.3) and (3.26), we have
[b.n] < s z€ Dy, v>n+m+1, (3.27)

1Q(2)Qn.m(2)] ~ 1Q(2)Q%.m.p, (2)[(p2 — 0)*
for n > n7. Using (3.24) and (3.27), for n sufficiently large, we obtain

c16(o 4+ 6)" 176" R
D,. ,
QR @01 =0~ [REQkmp (A~ (3.28)

Combining (3.25) and (3.28), for n sufficiently large, we have

An(z) <

P#,m (Z) 0189n -

E B S 100 2P

Let T5,(2) := Q(2)Q@n,m,p,(2). Then, T, (2) is a monic polynomial of degree at most 2m. Let ¢ > 0.
Clearly,

‘F(z) -

Pl (2)
- Qﬁm(z) =

e} c {z € Dy |Q(2)Qnmp(2)] < 01859”} = B,.
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The logarithmic capacity is a monotonic set function and satisfies
cap{z € C: 2" +a,_ 12" ' +...+ag| <p"t=p, p>0.

Hence, we find that for n sufficiently large
1 1/ deg Ty 1/2m
cape, <capE, < <—0139”> < (—0189") < cr90"/%m,
€ €

This means that cap {z € D, : |F(z) - P#m(z)/ng(z” > e} =cape, — 0, as n — co. This proves
that [n/m]% converges in capacity to F' on each compact subset of D, (r), as n — oco. On the other
hand, the number of poles of [n/m]% in D, (py does not exceed m. Applying [7, Lemma 1] it follows
that [n/m]} converges to F uniformly inside D, (g)\{A1,...,Am}, as n — co. In addition, it follows
that each pole of F' in D, () attracts as many zeros of @}, , as its order. Therefore, deg @}, ,, =m
for all sufficiently large n which in turn implies that [n/m]% is uniquely determined for such n. We
have obtained (2.3) and (2.4) except for the rate of convergence exhibited in those relations.

To prove (2.3), let K be a compact subset of D, () \ {A1,...An}. Take o to be the smallest
positive number > 1 such that K ¢ D, C D, (r), and choose an arbitrarily small number ¢ > 0 such
that po satisfies (3.20). Note that what we proved above implies that

N < ea0.
L Q1 m (2)| < cao

From (3.3), for n > ng,

1
by n| = _‘/ QO ()F(D)sy(dt] < —Z U >ngm+1,
’ 2mi Jr,, ’ (p2 — 0)¥
o] = i/ QO (FWse)dt] < —2— k>nt1 (3.29)
k,n i r,, n,m k =~ (p2 — (5)]67 = . .
Then, by (3.19) and (3.29), for n > ng,
- co3
bonl <ec E Ten| < ———, 0<v<n+m.
| 5 | 7 |k: | (p2_5)n

k=n-+1
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Using (3.24), we can prove that for z € K and for n > njq,

Q@ (2)F () - |<Z|bm||p,, N<en ((Z52)+5) . Ga)

Consequently, for n > niy we have

Fs) - il

Fn)| = QG ((Zt(is) +5)n= ze K.

Since for n sufficiently large, the zeros of @ ,,(2) are distant from K it follows that

limsup | F — [n/m]/s| 4" < (“+5>+5.
n—o00 P2—5

Letting § — 07 and pa — p,, (F'), we obtain (2.3).
Finally, we prove (2.4). We first need to show that for k =1,...,~

: ; O(ar)| .
lim sup [(Q~ ., @) (e 1/”§|7, 7=0,...,mp — 1. 3.31
msup (%) ()| /7 < DI (3:31)

Let £ > 0 be sufficiently small so that B(ay,e) C D, (p forall k =1,...,v and the disks B(ax,e),
k=1,...,7, are pairwise disjoint. As a consequence of (3.30), we have

g, o
_ mi _ miy 1/n <|| B(akas)
i sup (2 = )™ F @i = 2 = )™ Pl < =, 75

so by Cauchy’s integral formula for the derivative, we obtain

1/n < ||(I>||]B;(ak7€)
Blawe) — pm(F)
for all 7 > 0. Since € > 0 can be taken arbitrarily small, this implies that

1n _ @)
| Sfhn(F)’

where Ly, :=lim,_,q, (2 — ag)™* F(z) # 0 (because F has a pole of order my, at ay). Therefore,

lim sup H K)"FQL — (2 —ag)™ P, ] (J) H (3.32)

n—r oo

hm 1 SUp | Lk Qb (k)

: 1n _ |®(ar)]
limsup |Q% ,, (ak) <.



Determining singularities using rows of Padé-orthogonal approximants 197

Proceeding by induction, let » < my — 1 and assume that

in |®
‘ Bl (3.33)

= pm(F)’

Let us show that the above inequality also holds for j = r. Using (3.32), since r < my, we obtain

lim sup |(Q% )7 ()
n—oo

‘Un < [2la)l (3.34)

timsup (= — a0) " F QU (ow)] < =S

n—oo
By the Leibniz formula, we have
mi - r mi T—
= ™ Q] 7 () = 3 (7)1 = ™ 10 00) @) e
1=0

Therefore, by (3.33), (3.34), and the fact that Lj # 0, it follows that

, @)
hmsup‘ Q" )" (ay, ‘ < ——=
mSup | (Qn )™ (k) o (F)

which completes the induction and the proof of (3.31).
Let {qkys}kzlwm s=0,...,ms—1 D€ a system of polynomials such that deg gy s < m—1 for all £, s and

(o) = 0;ubis, 1<j<v, 0<i<m;—1.

It is not difficult to check that gi s exists (using for example [16, Theorem 1]). Then,

mkl

= o) (), (2) + Qm(2).

k=1 s

Il
o

This formula combined with (3.31) implies

hmbupHQnm _ Qmul/n man_;,,,.(,}‘L‘b(ak”
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84. Proofs of inverse type results

We begin stating two lemmas due to V. I. Buslaev (see [2, Theorems 5-6]). These results constitute
the basic tools for proving our inverse type results. We make use of the following notation. Let
f(w) =372 few” be a Laurent series. We denote the regular part of f(w) by f(w) := > pe frw".
If f (w) is holomorphic at 0, we denote by R, ( f ) the radius of the largest disk centered at the origin to
which f(w) can be extended as a meromorphic function with at most m poles (counting multiplicities).
Define the annulus
Tsm(f) == {w € C: e Ro(f) < |w| < e’ Rp1(f)},

where m € Nand 0 > 0. We will use [-],, to denote the coefficient of w™ in the Laurent series expansion
around 0 of the function in the square brackets. Set

U:=C\B.

Lemma 4.1 (Buslaev [2]). Let m € N,6 > 0 and let f(w) => 0" fow™ be a Laurent series such
that
0 < Ro(f) < Rm—1(f) <00 and  Tim [f-u|'/" < Ro(f).

Assume further that

lim [fanmn lnRE_1(f)e =0, j=0,....,m—1, (4.1)

n—oo

where the functions an,n j € H(Ts.m(f)) have the limits

a(w) = lim an(w) 0, n;(w) = lm nos(w) = P(w), j=0,...,m—1,
uniformly in Ts.m(f), n(w) is a univalent function in Ts.(f) and a(w) has at most m zeros in the
annulus Ty ., (f). Then the function a(w) has precisely m zeros 11, . .., Tm in To m(f) andlim, oo 7 ; =
Tj, where the 7, j, 7 = 1,...,m, are poles of the classical approrimants [n/m]f(w) Moreover, for any
functions Kp 1, ..., KnmsLn,-.. s Lym € H(Tym(f)), v >0, that converge to K1, ..., Ky, L1,..., Ly
uniformly on T, m(f),

det([fKn,iLn,j]n)i,jzl,...,m _ det(Kr(Ts))s,rzl,...,m det(Lr(Ts))s,rzl,...,m
n—0o0 det(fn—i—j)i,j:()....,m—l WQ(Tla cee aTm)

where W (71,...,Tm) = det (777 1)s r=1..m is the Vandermonde determinant of the numbers 11, ..., Tm
(for multiple zeros, the right-hand side of (4.2) is defined by continuity). In particular, for any
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kiyoo s km,q1, - qm € Z, the limits

im det(fnfkiqu)ﬁj:lw.,m _ det(Tskr)sm 1,..., mdet(Tq )sr 1,
n—oo det(frn—i—j)i,j=0,...,m—1 W2(11,...,Tm)

exist.

The assumptions Ry,—1( f) < oo and (4.1) in Lemma 2 can be replaced by the following: the
functions ay,(w) and w77, ;(w) are holomorphic in the set C \ B(0,e °Ro(f)), and

[faniniln=0, j=0,....m—1, n>ny.
Hence, we also have:

Lemma 4.2 (Buslaev [2]). Let m € N, 0 > 1 and f(w) = >_0_ __ faw™ be a holomorphic function
in the annulus {1 < |w| < o}. Assume further that

[fannn,j]n:07 j:07"'7m_17 nZnOa
hold, where a,,(w) and w=In, ;j(w) are holomorphic functions in U, the limits

a(w) == lim a,(w) 0, n;(w) = lim 7, j(w) =79 (w), j=0,...,m—1,

n—r oo n—r oo

exist uniformly inside U \ {0}, the function a(w) has at most m zeros in U \ {oo} and n(w) is a
unwalent function in U such that n(co) = co. Then, only one of the following assertions takes place:

(i) f(w) is a rational function with at most m — 1 poles;

(17) aw) has precisely m zeros, Ti,...,Tm in U\ {c0}, these zeros are singularities of f(w), with an
appropriate ordering, |71| = Ro(f) | Tm| = Ro— 1(f), and the limits lim, o 7 ; = 7 exist,
where the 7, j,7 = 1,...,m, are the poles of the classical Padé approzimants [n/m]s(w).

Define

B (W) := cpw™ s, (T (w)) T (w).

Lemma 4.3. Let F € H(E). Define f(w) := F(¥(w)). The functions h,(w) are holomorphic in U,
Fn = [fhuln/cn and (zF,pp), = [V fhuln/cn. If p € S(E), then the sequence h,,(w) converges to some
non-vanishing function h(w) uniformly inside U.
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Proof. Clearly, h,(w) is holomorphic in U. Let € > 0 be a small number so that I'1 ;. is in the domain
of holomorphy of F(z). By Fubini’s theorem and Cauchy’s integral formula, we have

F, = / F(2)pn(2)du(z) = / <2im /P %dg) Pu(2)dp(z)

. v, T %du(z)dé - L F©
1 11 hn, 1
- % ‘/V1+e f(w)sn(\ll(w))\lll(w)dw - a% »/VHE %dw - a[fhn]"

The other formula is obtained similarly.
If w € S(E) then p € R(E) and using Lemma 3.1, we have

h(w) := lim h,(w) = lim c,w™ s, (¥ (w))¥ (w)

— 0 (w) lim — im0 (w))sn (T (w)) = ———
=00 Py (U(w)) noo™" " S(¥(w))’
uniformly inside U. u

Proof of Theorem 2.6. Using Lemma 4.2 for m = 1, we will prove that (a) or (b) imply (c¢). Let

Tn — F"’L I} )\n = 7<ZFJPTL>M
Fn+1 Fn

For w € U, we define n,, o(w) = 1,

a“71(w) = c—nw — hn(w), Oén,g(’w) = h”Jrl(w)()\nJrl - \IJ(U}))

Cn+1 w w

The functions o, 1(w) and o, 2(w) are holomorphic in U. By Lemma 4.3, for ¢ > 0 sufficiently small
so that f(w) is holomorphic in a neighborhood of 71 4¢,

[fan,l]n = C—nT_n de _ i/ de

: n—+2 ; n+1
Cn1 270 )y w 21 w
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cn F, _
— Cn+1 Fn+1 [fhn+1]n+1 - [fhn]n — 0

and

by [ @)y, L[ M@ (),

[famaln = 2mi wnt2 2mi wnt2

Cn zF, py,
= Gt (Pl g [ s = 0.
Cn+1 F77,+1

If (a) holds, then

ar(w) == lim oy 1(w) = h(w) (1 - 1) , uniformly inside U,
n—o0 w
and if (b) holds, then
az(w) == lim ay,2(w) = M, uniformly inside U.
n—00 w

Since h(w) is never zero on U, each function a;(w), j = 1,2, has at most one zero in U (which is
7). By Lemma 4.3, aj(00) = —h(o0) # 0 and az(00) = —cap(E)h(oo) # 0. Moreover, if f, = 0 for
n > ng, then F,, = [fhy]n, = 0 (recall that h, (w) is analytic at co). Therefore, by (ii) in Lemma 4.2,
|T| > 1 and 1iInn—>oo fn/fn+1 =T.

Now, using Lemma 4.1 for m = 1, we prove that (c¢) implies claims (a) and (b). Assume that
limy, o0 fr/fnt1 = 7. Set np o(w) = 1,

Ty = I and  a,(w) = Tn _ 1, zeUl.

B fn+1 w

Therefore,
[fan]n = Tnfnr1 — fn =0,

afw) = nh_}n(io ap (w) = % — 1, uniformly inside U,

a(oo) = —1, and a(w) has at most one zero in U. Applying (4.2) in Lemma 4.1, if we select K, 1 (w) =
hp(w) and L, 1(w) = 1, we have

lim [F Rl

n—oo  fp

= h(7),
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and, if we select K, 1(w) = ¥(w)h,(w) and L, 1(w) = 1, we have

(WS hn]n

Since h(w) vanishes nowhere in the domain U,

hm Fn _ hm Cn+1 [fhn]n _ hIIl Cn+1 [fhn]n fn fn+1 _
n—0o0 Fn+1 n—oo  Cp [fhn+1]n+1 n—oo  Cp fn fn+1 [fh’l’b+1]’l’b+1

and
. (2F, pn>u Cn [V fhn]n Vfhnln  fn
lim ———F = lim ———=—= = lim ———— =T(7) = A
niee  F, w00 en Uhnln oo fn Uhaln (7)
The proof is complete. u

Proof of Theorem 2.8. First of all, we prove that (b) implies (a) using Lemma 4.2. We assume that
the zeros of Q#  (2) have limits A1,..., A\, as n — oco. For w € U, we define

n,m

an(w) = w™"h(w)Qy (¥ (w)),
G W s (P ()W (w)
nn,j(w) = h(;r)) , 7=0,....m—1.

The functions o, (w) and w™In, j(w) = hptm—j(w)/h(w), j = 1,...,m — 1, are holomorphic in U
and

n;j(w) := lim T]mj(w):wj, j=0,1,....,m—1,

n—r oo

uniformly inside U \ {oo}. Since h(w) is never zero in U, a(w) has at most m zeros in U \ {occ}. By
Cauchy’s integral formula, Fubini’s theorem and the definition of @, ,,, we have, for € > 0 sufficiently
small so that F'(z) is analytic on Dq4. and for j =0,...,m — 1,

C’IL

[fannn,j]n / F(¥(w)) lﬂm(@(w))snﬂn—j (\Il(w))\lll(w)dw

= omi

=5 [ POt =5 [ F O [P g
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/ omi /Fl+ nm(t)dtmdu(z) =, / F(2)QY o (2)Dnim—y (2)dp(z) = 0.

Therefore, the assumptions of Lemma 4.2 are satisfied. If the regular part of f(w) is a rational function
with at most m — 1 poles, then F(z) is a rational function with at most m — 1 poles which implies that
Ay (F, p) =0 for n sufficiently large. This is impossible, because deg( h.m) = m, for n sufficiently
large. Therefore, by Lemma 4.2, a(w) has precisely m zeros 7, ..., Ty, in U \ {oo} and the limits of
the poles of the classical Padé approximants [n/m];(w) are 71,..., 7, as n — oo.

Now, we prove that (a) implies (b) using Lemma 4.1. Assume that the poles of [n/m] ;(w) have
limits 71, ..., 7m, as n — co. We assume further that @, ,,(w) is monic.

Define, for w € U,

dn(w) = w_an,m(w)a

Mno(w) =w”, v=0,...,m—1
Then,
()= Jim Gaz) = w7 [J (w0 =)

M(w)=w", v=0,...,m—1,

uniformly inside U \ {occo}. By the definition of @y, . (2), it follows that, for ¢ > 0 sufficiently small so
that f(w) is holomorphic on 7414, and for n sufficiently large,

27TZ wm—u+n+1

[f&nﬁn7u]n [fannn y]n L/ de = 0, V= 0,...,m_ 1.
Yite

We can easily check the rest of the conditions required in Lemma 4.1 for &, (w) and 7, ,(w), so we
can apply the equality (4.2) in Lemma 4.1.

Next, set
CTL+1<F5 pn+1>u Cn+1<ZFa pn+1>,u T cn+1<sz, pn+1>u
Qnm(2) = : : T 1 : (4.3)
Cn+m <Fa pn+m>u Cn+m<zFa pn+m>u 0 Cntm <ZmFa pn+m>u
1 z e Z”n

Note that the polynomials Qnm(z) satisfy

<Qn,mF;pl/>;L:0, v=n+1,...,n+m,
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and if we show that A, ,,(F, ) # 0 (the coefficient of Q. (2)/ [TZ, cn+j), which will be verified at
the end of this proof, then Q¥ (z) is unique and

n,m

C~21’L,m (Z)
An,m (F, .U) H;n:1 Cn+j

Using Cauchy’s integral formula and Fubini’s theorem, for ¢ > 0 sufficiently small so that F(z) is
holomorphic on D4, for j=1,....m+1and v =1,...,m, we have

, 1 i —
Cn+l/<zj_1F;pn+l/>,u - CTL-‘,—V/%/; Cfiodcpn+u(z)d:u(z)

nom(2) =

~gee [ o [ = 2 [ Qe O

2mi -z ori
= %/ \Ijj_l(w)f(w)SnJru(\IJ(w))\I//(w)dw = [f(w)w_”thrV(w)\I,j—l(w)]n.

Computing the determinant in (4.3) by expanding along the last row and applying the previous
formula, we obtain

C?n,m (Z) = Z(_1)7n+kzk det([fKn,th,r]n)tzl,...,m, r=1,....k,k+2,....m+1, (44)
k=0

where
Kn(w) i=w thy(w), t=1,...,m,

Ln,r(w) = \Ilr_l(’LU), r=1,...,m+ 1.

Moreover, all the functions K, ;(w) and L,, ,(w) are holomorphic in U \ {co} and

Ki(w) := lim K, (w) =w ‘h(w), t=1,...,m,

n—oo
Ly(w) :=9""Yw), r=1,...,m+1,
uniformly inside U \ {oco}. By Lemma 4.1 and (4.4), we have 71,...,7, € U and

m

Nnm d t K’IL L’ILT’ n = m, r= m
Q , (Z) — lim Z(—l)m+kzk € ([f RER ] )t 1,....m, r=1,....k,k+2,....m+1
n—00 det(fr—i—j)i,j=0,1,...m—1

lim
n—oo det(fr—i—j)i,j=0,1,...,m—1

k=0
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_ i(—l)m+k2’k det(Kr(Tt))t,rzl,...,m det(Lr(Tt))tzl,...,m, r=1,...k,k+2,....m+1
k=0

W2(7-177—27 e 7Tm)
1 \11(7'1) \Ijm(Tl)
N det(K(7t))rt=12,..m | : : :
W2(r,79,...,Tm) |1 V(1) - U™(1,)
1 2 Zm

= (—1)m)(m-1)/2 12 h(m) 11 (‘I’(Tj) - ‘I’(Tz‘)> oy
Hi:l 7—1?77« 1<i<j<m Tj — T
where W (1, 72,...,Tm) = det(TtT_l)t,T:L___,m is the Vandermonde determinant of the numbers 7, .. .,

Tm- Since the degree of the polynomial in the last expression is m, the degree of Qnm(z) is m for all
n sufficiently large. Thus A,, ,,,(F, ) # 0 and

Qn,m(2)
Qﬁ,m(z) = A r i m .
mm( ,,u) Hj:1 Cn+j
Moreover, the zeros of the polynomial in the second last equality are A1,..., A, so the zeros of
Qnm(z) (and Qf . (2)) converge to A1, ..., A, as n — oo. [
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