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Abstract

We derive bounds and asymptotics for the maximum Riesz polarization quantity

n
. 1
M,f(A) = max min _
X1,X2,....X, EAXEA o | x — X; |P

(which is n times the Chebyshev constant) for quite general sets A C R with special focus on the unit
sphere and unit ball. We combine elementary averaging arguments with potential theoretic tools to formulate
and prove our results. We also give a discrete version of the recent result of Hardin, Kendall, and Saff which
solves the Riesz polarization problem for the case when A is the unit circle and p > 0, as well as provide
an independent proof of their result for p = 4 that exploits classical polynomial inequalities and yields new
estimates. Furthermore, we raise some challenging conjectures.

© 2013 Elsevier Inc. All rights reserved.
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1. Introduction

For n € N, let w, = {x1,Xp,...,X,} denote n (not necessarily distinct) points in m-
dimensional Euclidean space R"”. We define for p > 0 and a compact set A C R, the Riesz

* Corresponding author.
E-mail addresses: terdelyi@math.tamu.edu (T. Erdélyi), edward.b.saff @ vanderbilt.edu, ed.saff @vanderbilt.edu
(E.B. Saff).

0021-9045/$ - see front matter ©) 2013 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jat.2013.03.003



T. Erdélyi, E.B. Saff / Journal of Approximation Theory 171 (2013) 128-147 129

polarization quantities
1 1
MP(w,, A) = minZ—, MP(A) := max MP(w,, A). (1.1)
w, CA

Such max-min quantities for potentials were first introduced by M. Ohtsuka who explored
(for very general kernels) their relationship to various definitions of capacity that arise in
electrostatics (see [17]). In particular, he showed that for any compact set A C R™ the following
limit, called the Chebyshev constant of A, exists as an extended real number:

p
MP(A) = lim Mx (A). (1.2)
n n

— 00

Moreover, he showed that M?”(A) is not smaller than the Wiener constant W,(A) for A (see
Section 2). In this paper we primarily focus on results when the set A is the unit sphere or the
unit ball and consider both the cases when the limit (1.2) is finite and when it is infinite.

In his Ph.D. dissertation [1], G. Ambrus proved the following basic result for the case when
A C R? is the unit circle S! and p = 2.

Theorem 1.1. We have

n

M2ShH = —,
2 (S0) 2

n>1, (1.3)

and M*(w,,S") = n?/4, w, C S!, if and only if the n points of w, are distinct and equally
spaced on S'.

In [2], Ambrus’s rather technical proof along with a simpler proof based on Bernstein’s
inequality [3] for entire functions are presented. Bernstein’s inequality was also used in [2] to
provide an equally simple proof of the following estimates for the unit circle.

Theorem 1.2. For n > 2 we have

cpn?, p>1,
cinlogn, =1,
ZACOER R
, p €[0, 1),
l—p

for some constants c,, > 0 depending only on p > 1 and an absolute constant co > 0.

In Section 2 we use minimum energy methods and potential theory to obtain estimates for
MP (A) for a large class of sets A C R”. In Section 3 we apply the results of Section 2 to obtain
higher dimensional analogs of Theorem 1.2 for the unit sphere as well as for the unit ball.

In Section 4 we return to the case of the unit circle of the complex plane. For all p > 0,
it is conjectured in [2] that the maximum polarization on S! occurs for the n-th roots of unity
w! = {e!?™K/"  k =1,2,...,n); that is,

MP(SY = MP (o}, SY. (1.4)

This conjecture was recently proved by Hardin, Kendall, and Saff in [9]. Here, we provide some
additional consequences of their argument. Furthermore, by exploring connections to classical
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polynomial inequalities, we provide an independent proof of the conjecture for p = 4, namely
that
4 2
4y 1
M;S)=—+ —, 1.5
() =2t (1.5)
where the maximum is attained for n distinct equally spaced points on the unit circle. Although
our argument (obtained prior to the general result in [9]) is not brief, it does yield additional
inequalities for the discrete Riesz potential in this special case.
In Section 5, we provide the proofs of results stated in Sections 2 and 3.
We call the reader’s attention to two recent articles [15,16] that contain somewhat related
results for the extrema of sums of certain powered distances to finite point sets.

2. Polarization inequalities via energy methods

For a set w,, = {X1, X2, ..., X,} of n(>2) distinct points in R”, we define the Riesz p-energy
of w, by
Enon =) =2 Y
p a)n :: = 9
j#k |X] _Xklp 1<j<k<n | j _Xk|p

and we consider the minimum n-point Riesz p-energy of an infinite compact set A C R™ defined
by

Ep(Asn) =min{E,(w,) : 0, C A, |w,| =n}. (2.1)

*

We denote by w,, ,
Ey(w), ») = Ep(A; n). Further we denote by U,; »(X) the potential function associated with @
1.€e.,

= {x], X5, ..., X, } an n-point p-energy minimizing configuration on A; i.e.,
* .
n,p’

n
* o R ey
Uy ,(x) = > [x—x}|7".
j=1

It is well-known (and easy to show) that
(n = DEAin +1) = (n + DEy(An), (2.2)

from which it follows that
1
C*(A,n, p) = min{U:p(x) 'x €A} > 7 Ep(A;n); (2.3)
bl n —

indeed, we have
2C*(A,n, p) +Ep(Asn) = Ep(Asn+ 1),

and after multiplying this inequality by n — 1 and applying (2.2), we get (2.3). Thus lower
estimates for £,(A; n) yield lower estimates for M} (A).

We next mention some known asymptotic results for £,(A; n) as n — o00. The following
theorem appearing in [10,4] has been referred to as the Poppy-seed Bagel Theorem because of its
interpretation for distributing points on a torus.
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Theorem 2.1. Let d € N and A C R™ be an infinite compact d-rectifiable set. Then for p > d
we have

. 8p(A; n) Cp,d
lim = ,
n—oo pltpr/d Hd(A)P/d

2.4)

where Cp, g4 is a finite positive constant (independent of A and m) and Hy(-) denotes the d-
dimensional Hausdorff measure in R™ normalized so that an embedded d-dimensional unit cube
has measure 1.

By a d-rectifiable set we mean the Lipschitz image of a bounded set in R¥.

In [13, Theorem 3.1] it is shown that C), | can be expressed in terms of the classical Riemann
zeta function; namely Cp, 1 = 2¢(p). For d > 2 the precise value of C) 4 is not known. The
significance (and difficulty) of determining C, 4 is deeply rooted in its connection to densest
sphere packings in R¢. For d = 2 it is conjectured in [11] that Cpo = (v/3/2)P2¢1 (p), where
L denotes the planar hexagonal lattice of points m (1, 0) + n(1/2, V3 /2), m,n € Z, and ¢, is
the Epstein zeta function ¢z (p) = ZXeL’X#O | X|~P.

Concerning lower estimates for C, 4, it follows from [6, Proposition 4] that, for p > d > 2
and %( p — d) not an integer,

_ p/d
dmP/? F<1 - pTd)

C
pd = r(1+2)

(2.5)

For the case p = d, the minimum p-energy grows like n? logn. The following result is given
in [10].

Theorem 2.2. Let d € N and A be an infinite compact subset of a d-dimensional C'-manifold
embedded in R™. Then

B Ea(A;n) Ba
im = ,
n—oo n2logn  Hy(A)

where B is the volume of the d-dimensional unit ball.

For the case when 0 < p < d := dim(A), the Hausdorff dimension of A, a theorem from
classical potential theory (cf., e.g. [12]) asserts that

E,(A;
lim —p( n)

n— 00 n2

= W,(A), (2.6)

where W, (A) is the so-called Wiener constant defined by

) 1
Wy = int [[ = dnw )

the infimum being taken over all Borel probability measures © supported on A.
From the above results and observations we immediately obtain the following.

Theorem 2.3. If A C R™ is an infinite compact set, then

M”(A)>L5(A-n) n>?2 2.7)
! —n—1 P77 - '
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Let d € N. If A is d-rectifiable, then

MP (A C
liminf M2 A o Cpa
n—oo ppb/d ’Hd(A)P/d

p>d, (2.8)

where the constant C, g is given in Theorem 2.1.
If A is any infinite compact subset of a d-dimensional C'-manifold, then

Ma(A
tim ing Mn € )z Pa ,
n—oo nlogn Ha(A)

p=d. 2.9)

If A is any infinite compact subset of R"™, then

Mf(A)>W A 0 d = dim(A 2.10
22 Wy(d), 0< p <d =dim(A), (2.10)

MP(A) = lim

— 00

We remark that inequality (2.7) appears in [7,8]. Also, as previously mentioned, the inequality
(2.10) is proved in [17]. Moreover, it follows from [7, Theorem 11] that equality holds in
(2.10) whenever the maximum principle is satisfied on A for Riesz potentials having kernel
Kx,y)=x—yl".

Regarding upper bounds for M} (A), standard arguments (see Section 5) yield the following.

Theorem 2.4. Let A C R™ be an infinite compact set. If Ha(A) > 0, then there exists a constant
cp > 0 depending only on p such that

M,f(A)sc—”dn”/d, p>d, n>1, @2.11)

and there exists an absolute constant ¢c; > 0 such that
M%(A) < cinlogn, p=d, n=>2. (2.12)

If there exists a probability measure |1 5 supported on A whose p-potential is bounded on A, say

1
/ Xy dpa(y) =wp, XE€A,

then

M,f(A) <nw,, p>0,n>1L (2.13)

The essential property used in the proof of Theorem 2.4 given in Section 5 is that A is upper
d-regular with respect to a Borel probability measure p supported on A; that is, there exists a
positive constant C such that for any open ball B” (x, r) C R™ with center x € A and radius
r > 0 there holds

w(B™(x,r) N A) < Cor?. (2.14)

This property is a consequence of Frostman’s Lemma (see [14, Chapter 8]).
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3. Polarization inequalities for the unit sphere and unit ball
Let
ST =(xeR™*!:|x|=1} and BY:={xeR?:|x| <1}

Utilizing the results of Section 2 together with the known facts (cf. [12]) that

1
W,(s?) = f / doa(x) dog(y)

Ix —y|P
d+1 d—p
— pd—p—1 FS?;)(ZE %2;), 0<p<d,

where o, denotes the normalized surface area on S9, and
d—
Tp) r(%+1)
d 9
r(s)

we shall prove the following two theorems.

r
W,(B?) = ( d—2<p<d, p>0,

Theorem 3.1. For the sphere S, d > 2, we have

d+1\ \ 7/?
r(4)

L MPSY)
lim inf > W )

n— 00 np/d -

Cpa p>d;

d+1

MP(S? 1 I’( 2 )
m —- =-—"
n—oo nlogn d/xT

(
i T )T (5)

lim , O0<p<d
n>oo  n JrI(d-1%) P
Furthermore, the following upper estimates hold for all n > 3.
p/d
( Az ) : p>d,
p—d
b d n[logn + log(logn) + log(Zde)] J
T, s =4,
Mn(S )S 1 1_(10gn)_1 p
() ()
n2d—r-1 ’ pz , 0<p<d.
JEI(d—1%)
Theorem 3.2. For the unit ball B¢, we have
p/d
. MP®BY r+1)
W 2 Crd \ T | P

133

3.1

(3.2)

(3.3)

(3.4)

(3.5)

(3.6)

3.7

(3.8)
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. MP B
Iim ——= =

1, p=d, (3.9
n—oco nlogn

mresy  T(%E)rG+)
lim —= = y , 0<d—-2<p<d, p>0; (3.10)
noeo r(s)
M7 (B¢
L)zl, O<p<d—-2,n=12,.... (3.11)
n

Furthermore, the following upper estimates hold for all n > 3:

p/d
( pn ) ’ p>d,
p—d
n[logn + log(logn) + dlog 2] _ 4
MY (B < ; 1— (logn)~! L PEe (3.12)
d_
nF<Tp)F(%+1) d—2 d 0
d —2<p<d, p>0.
(%)

Remark 1. It is easily seen that for p > d and n > 24 we have MF (IB%d) > 4~PpP/4 Indeed,
let {x1, X», ..., X;;} be a maximal §-net in B? with § := 4n~ 14, Then

mBa(8/2)* < Ba(1+8/2)¢,

SO
1+8/2\¢  [4\¢
m < <| - <n.
- 8/2 —“\s5) —
Also, for every x € BY, there is an X; € {X1, X2, ..., X} such that |[x — x¢| < §. Therefore,
m
le—le_p > X — x| 7P >8P =4"PpP/d,
j=1

Observe further that for the case 0 < p < d, we have MF (Bd) > n since we can take all the
points X; equal to 0, the center of the unit ball B9, and, moreover, such points are optimal in the
case when 0 < p < d — 2 (see the proof of (3.11) in Section 5).

Remark 2. For the case p > d the above theorems establish the asymptotically sharp order
(namely n”/?) but not the sharp coefficient for the unit sphere and unit ball. Note, however, from
the lower estimates in (2.5), (3.4) and (3.8) that, for A = B or A = S%, we have

. L My(A)
Iim (lminf ————— | = 0
p—d+ \ n—>o0 nP/d

This is clearly consistent with the upper bounds provided in Theorems 3.1 and 3.2 for the case
p>d.

We conclude this section with the following conjectures, which would be analogs of
Theorems 2.1 and 2.2.
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Conjecture 1. Let p > d and m > d, where p and m are integers. We conjecture that for every
infinite compact d-rectifiable set A in R™, there should hold

LOMEA)  opa

n—oo pbld _’Hd(A)p/d’ (3.13)

where 0, 4 is a positive and finite constant independent of A and m.

We further conjecture that if A is d-rectifiable with Hq(A) > 0, then any sequence {wy}7° ,
of p-polarization maximizing configurations on A is asymptotically uniformly distributed on A
with respect to H.

In particular, (1.4) implies that the constant o, | appearing in this conjecture would have to
equal 2(27 — 1)¢(p).

Conjecture 2. Let d € N and A be an infinite compact subset of a d-dimensional C'-manifold
embedded in R™. Then we conjecture that

y M7 (A) B
im = ,
n—o0 nlogn Ha(A)

(3.14)

where B is the volume of the d-dimensional unit ball.

The results of this section assert that (3.14) holds for spheres and balls.
4. Polarization on the unit circle

In this section we explore some connections between polynomial inequalities and the
polarization inequality recently proved in [9]. Let gbe a positive-valued even function defined
on R\ (277Z) that is periodic with period 2. We denote by 2, the collection of all sets

wp, =t <thh <---<t,} CI0,2m)
and put

o =1{t1 <th <--- <1} C[0,27)
with

=2 —Dn/n, j=12,...,n.

We introduce the notation
n n
Py, 1) = Zg(l —tj), Py, (1) = Zg(t —1j).
Jj=1 j=1

In [9] the following theorem is proved.

Theorem 4.1. Let g be a positive-valued even function defined on R \ (2rw7Z) that is periodic
with period 2m. If g is non-increasing and strictly convex on (0, ], then

max { min Pwn(t)} = Py, (m/n).

w82, tel—m,m)
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In fact, a closer look at the proof of the main result in [9] shows that the following Riesz
lemma type improvement also holds.

Theorem 4.2. Let g be a positive-valued even function defined on R \ (2n7Z) that is periodic
with period 2m. If g is non-increasing and strictly convex on (0, ], then there is a number
y € [0, 2) (depending on w,) such that

Py, () = P3,(t —y), te(y,y+2n/n),
for every w,, € (2,.
A consequence of Theorem 4.2 is the following discrete version of Theorem 4.1.

Theorem 4.3. Let g be a positive-valued even function defined on R \ (2n7Z) that is periodic
with period 2m. If g is non-increasing and strictly convex on (0, ], then

max {min P, (t)} = Py, (/(2n)),

wn €82, |tew,
and equality holds when w, = w, = {t] <t <--- < t;} with

T 2(j—Dm :
p= T 0
J 2n+ n J "

Proof. Let y be the number guaranteed by Theorem 4.2. Observe that @, has exactly two points
in the interval (y, y + 27 /n) (mod 27). Denote these points by « and 8 = « + 7/n. Due to the
fact that P, is non-increasing on (0, 7w /n) and

P, (1) = P5,Qn/n— 1), t € (0,21/n),
we have
min{ Pz, (@ —y), Py, (B — ¥)} < Py, (/(2n)),

which finishes the proof of the inequality of the theorem. The fact that equality holds in the case
described in the theorem is obvious. [

Associated with w,, :=={t; <th < --- < t,} C [0, 27) let

Qu, () = 1_[ sin (t _2tj> .

j=1

Let
1-n _: nt
T,() =03, =2 sin > )
Our next three theorems are consequences of Theorems 4.2 and 4.3.

Theorem 4.4. There is a number y € [0, 21) (depending on w,) such that

—(l0gQu, )™ (1) < —(log |T,)"™ (1), te€ (y,y +21/n),

for every w,, € (2, and for every even integer m > Q.
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Theorem 4.5. Let

E(wn) = 10,2m)\ | J (tj = w/n.tj + 7/n) (mod 27).
j=1

We have

max { min —<1og|an|><’"><r>} = —(log | T,,|)™ (7 /n)

wpel, [t€E(wn)

for every even integer m > Q.

Theorem 4.6. We have

max {min —(log |an|><’"><t>} = —(log | T,,))"™ (r/(2n)),

wp €82, |tewa,
or every even integer m > 0, and equality holds when w,, = 0! = {t] < t¥ < --- < t*} with
ry g q n 1 2 n

T 2=br

=1,2,...,n.
J 2n n J

Proof of Theorem 4.4. For the sake of brevity let Q := Q,, (¢). Lett € w, (mod 27). We have

MoN g/ _i ln I —1 __ln 2 (1
(log | Q1) (t)—(Q)(t)—dt (2 .:1C0t< 5 ))— 4;csc (—2 ),

J

and hence

1 <& n
—(log| Q)™ 1) =2 ) f" P —1)) =) gmlt —1)),
Jj=1 =1

J

where f(t) = csc2(t /2) and g, (¢) = % f (m=2)(£). Tt is well known and elementary to check
that

o

tant =Y ajt!, te(-m/2,7/2),

j=1
witheacha; >0, j =1,2,.... Hence, if h(t) = tan(z/2), then
W@ >0, 1e,m), k=0,1,....

Now observe that

f(t) = csc? (%) = sec? (nT—t) =2h'(r — 1),

and hence,
(=D PO @) =20 Dz —1) >0, 1€ (0,7n).

This implies that if m > 0 is an even integer, g,,(t) = }T Fm=2) (1) is a positive, decreasing,
strictly convex function on (0, 7). It is also clear that if m is even, then g, is even since f is
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even. Now we can apply Theorem 4.2 to deduce that there is a number y € [0, 27r) (depending
on w; ) such that

—(10g|Qu, )™ (1) = " gm(t — ;) < —(log |T,N"™ (1), t €ly,y +27/n),
j=1

and the proof is finished. [J
Proof of Theorem 4.5. The theorem follows from Theorem 4.4 immediately. [

Proof of Theorem 4.6. We use the notation and the observations in the proof of Theorem 4.4.
However, at the end of the proof we use Theorem 4.3 to deduce that

min Q,, () < T,(/(2n)),

tewyy,

and equality holds when Q,, = 7,,. U

We conclude this section by giving an independent proof of the unit circle polarization
conjecture in [2] for the case p = 4, where we show that, for z1,z2,...,2, € S!, a “good
polarization point” zg € S! can be chosen so that

n n
1_[|ZO_Zj|:maX1_[|Z_Zj|- 4.1)
i—1 ZESI i—1
j= j=
Theorem 4.7. If 21,25, ....2, € S!, then
R 1 n*  n?
min T2 =% , n>1,
zeS! = |z — zj] 48 24

and equality holds when the points zj are distinct and equally spaced on S': that is, (1.5) holds.

Moreover, if z1,22,...,2n € St and Z0 € Sl is chosen so that (4.1) holds, then
z”: 1 - n* N n? -
—_— < —+—, n=>1.
= lzo—z;|* — 48 24

This result naturally suggests the following open question.

Problem. For what values of p € (0, 00) is it true that

n

1
) BELESV
= o —zil?
whenever 71, z2, ..., 2, € Sy and zg € S; satisfies (4.1)?

In addition to the value p = 4, a closer look at the main result in [2] shows that p = 2 is also
such a value.

Proof of Theorem 4.7. Write z; = el tj €10,2m), j=1,2,...,n,and set

0,() = 1_[ sin (t _ztj) .

j=1
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Then H, defined by H, (t) == Q,(2¢) is a real trigonometric polynomial of degree n. We have
the following identities:

0.1 1L (t—tj)
= — cot ,
0] 2; 2
(%) <”‘"ZCS° (5" )?i > (57).

(§) 0- 1o

Q;Z " 1 n o t—1t; 3 o t— 1t
(o) =3 (= (57) 2 (57))

SO

3 n . 4 t_t] L Q_:,l 11 B Q_;l /

o (50)=-(3) - ()
On the other hand,

o\ _ o . .0 /,<Q;:Q%—2QnQ,;Q;) ( 1 )

_ = -3 -3 +

(Qn) On Cn Q2 Cn oy O On
and

(5)-5-(3)
On On On/

Hence

F N\ “) 7 2 AN 1
(%) =" (to)—3<gn) (ty) and (%) (to) = %(m)

at every point #p such that Q) (o) = 0. Soif zg = e e S! is chosen so that

|On(to)| = max |Q, ()],
te[—m,m]

n 1 7N 2 “4) Vi
62}———Z=3(%Q-—” 21 1)
j=1 |zo — Zj| On Oy Qn
(3 (HY_LHY 1H (1
—\16 \ H, 16 H, 4 H, 2 )

Without loss of generality we may assume that 7p = 0 and zg9 = 1.
Set

then

1 1
—HW——%)m)

F(Hy) = (- (H]) —
e T T
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and let A, be the set of all real trigonometric polynomials H, of degree at most n such that

H,(0) = max |H,()| =1.
te[—m,m]

A simple compactness argument shows that there is a H, € A, such that

F(Hy) = sup F(Hy).
H,cA,

Let
~ 1 ~ ~
Un(t) = E(Hn([) + Hy(—1)).

Then ﬁn € A, is even and F(ﬁn) = F(ﬁn). Since 17,, € A, is even, it is of the form
ﬁn(t) = lgn(cos t)

fora P, € P, satisfying
Py = max [P (0] =1,

X

where P,, denotes the set of all real algebraic polynomials of degree at most 7.
Observe that U,, € A, is even if and only if it is of the form

U,(t) =: P,(cost)
fora P, € P, satisfying
P,(1) = max |P,(x)|=1.
xe[—1,1]

A simple calculation shows that

U, (0) = P, (1), U, (0) = —P, (1), U®0) =3P/ (1) + P.(1).

Let
. 3 11\2 1 “) 1 "
G(Py) = F(Up) = (1 W = .U = U ) ©
3
= (P = P/ + P)(D).
We have

G(Py) = F(Uy) < F(Hy) = F(Up) = G(Py)
for every P, € P, such that
Py(1) = (dax |Pa(x)] = 1.
Next we show by a simple variational method that ﬁn € P, equioscillates between —1 and 1
at least n times on [—1, 1]. That is, there are
=y <y1<--<y=1
such that
P.yj)=(=1" j=1,2,...,n
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To show this, first we observe that 13,;(1) > 0 since_ F,;(l) > 0, and Markov’s inequality for the
second derivative (see p. 249 of [5]) together with P, (1) = 0 would imply that

~ 3 9~ ~, -3~
G(Pa) = 1 (P)? = B + PD(1) = £ =P(1)
3 3 n?(n?—1)

<—T”1 —
_16n() 16 3

where T}, is the Chebyshev polynomial of degree n defined by T, (cos?) = cos(nt), and this
contradicts the extremal property of P,. Now let

E:={yec[-1,1]:|P(y)| =1}

14 2y _
< 16(2n +4n°) = G(T,),

We list the elements of E as
E={l=y;1>y»>"-->yu},
where
PaGi) = PaGige) = -+ = PyQjpy-1), J=0.1,...,m—1,
and
Puv)) = —Pu(yi—1) = (=14, j=1,2,....m—1,
for some
l=ko<ki < <ky=pu+1.
Now we pick
aj € (ykj,ykj_l), j=12,....m—1.

Assume that m < n — 1. For the polynomial R, € P, defined by

m—1
Ry(x) = (x =1 [](x — )
4

J

we have
R.(Y)P,(y) >0, yeE\{l},
R,()=R,(1)=0 and R/(1)> 0.

These properties together with F,:(l) > 0 imply that for a sufficiently small value of ¢ > 0O the
polynomial

satisfies

Sp(1) = max [§,(x)| =1
e[—1,1]

and G(S,) > G(;PV,,), s0 S, € P, contradicts the extremal property of ﬁn This finishes the proof

of the fact that P, € ‘P, equioscillates between —1 and 1 at least n times on [—1, 1], as we

claimed.
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As a consequence, the Intermediate Value Theorem implies that ﬁn has at least n — 1 zeros in
(=1, 1), say

(=1 <)xp1 < xpp < ---<x1(< 1).

Observe that the polynomial P, € P, has an odd number of zeros (by counting multiplicities) in
each of the intervals (y;+1, y;) for j = 1,2, ..., n — 1; hence x; is the only (simple) zero of P,
in (yj41,yj) foreach j =1,2,...,n— 1. Therefore P, has only real zeros and it is of the form

_ o
Pox)=c[Jtx—xp)
=1

J

with either 4 = n — 1 or u = n, and in the case © = n we have x,, € R\ [y,, 1].
Note that

and

~ 3 ((P)?-P/P, P 3 (¢ 1 Lo
G(P,) = 16 ( (ﬁ)Z +?n) (1) = 16 (Z—(l—xj)z +z;—(l—xj))'

J=l1 j=

If u =n—1, then ﬁn equioscillates between —1 and 1 on [—1, 1] the maximum number of
times, so P, = T,_1, where T,,_1 is the Chebyshev polynomial of degree n — 1 defined by
T,_1(cost) = cos((n — 1)t). Hence

G(F = - XM: Loy !
16 (1 —x;)2 =1

j=1
3 (@) =T Ty T,
- E ( Tn2—1 * Tn—l (1)
3 s m=DX(n—-1)2-1) 5
_E((n_n_ ) +<n—1>)

1 1
— g(n —D*+ il 2.
If w = n we must have x, € (—o0, y,) U (1, 00). However, 1 < x,, would imply that
n—1
Ya(x) = —c(x — 2 —x) [ [(x — x))
j=l1
satisfies

Y,(1)= max |Y,(x)|=1 and G(¥,) = G(P,),
xe[—1,1]

and hence Y,, € P, also shares the gxtremal property of Fn while it has all its zeros in (—o0, 1).
Hence x,, < y, < x,—1. But then P, is just the Chebyshev polynomial 7,, transformed linearly
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from the interval [—1, 1] to [, 1] for some n < —1. This implies that

o= (3!
T Z(l—xj)2+21—x,-

j=1 j=1

3 2 2(Tn/)2—Tn”Tn+ 2 T "
16 \\1—yp T2 1—nT,

n

3/, nP@*-1) L\ 1, 1,
< — e —— = — — .
= 16(" 3 1" g T3"

Now we conclude that

~ 1, 1,
G(Pn)SG(Tn)=§n +

and hence

> > Lo, 1,
F(Hn)=G(Pn)SG(Tn)=§n + n”.

4

Therefore
62;1: b F(H,) < F(H,) < G(T,) = L Lp
izl B B 8 4

and this completes the proof. []

We conclude this section by mentioning two formulas that may be useful for future
investigation of the polarization problem for the unit circle. Let

n

1
Ap(t) = 2 m p >0,
]:

where z; = e'' € S!, j =1,2,...,n. Then a straightforward calculation yields the following:
" (¢ 2 _ t ¢ n f— 1
Ax(ry = En?) Q"g)Q”() with 0, (1) = Hsin( f),
(Qn(1)) &
and
P2

1
A H=——[A7+=—A,0)), 0.
p+2(1) p2+p<p()+4 p()) p>

5. Proofs of Theorems 2.4, 3.1 and 3.2

Proof of Theorem 2.4. We proceed with an argument similar to that in [11]. Let w, = {X; }’}:]
C A. Setting
rm=@nCo)~"",  Dj=A\B"(Xj.ra), D:=0_ Dj
we have from (2.14) that
n
1
wD) = 1= uB"xj,r)NA) = 1 —nCoryl = .

j=1 2
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Thus, for
fu®) =) Ix—x;]77,
j=1
we obtain
AWYMMA)S;R%S/;ﬁxmduﬁ)<2§:]ﬂIX—XA Pdp(x). 5.1)

Next, we bound the integrals over D; utilizing (2.14):

o0

/ X —x;| " Pdux) = / u{xe D : |x —x;|77 > t}dt

D; 0
—-p

n

< 1+f w(B™(xj,t7V/Py N A)dt
1

-P

n 1
<1+C ——dt,
<1+ o/i “dlp

where we assume that n is sufficiently large so that r,, ” > 1. Thus from (5.1) it follows that

r—P
no ]
MP(w,, A) <2n (1 + CO./l Wdt) : (5.2)
Consequently, for p > d we get
MP P d-p Cp_p/d
(wp, A) <2n 1+Cop_d[rn —1] Smn (5.3)

and for p = d we obtain
M%(w,, A) < 2n[1 4+ Colog(r,¥)] = 2n[1 4 Colog(2nCy)] < cinlogn. (5.4)

This completes the proof of parts (2.11) and (2.12) of Theorem 2.4, while (2.13) follows
immediately upon integration of f,(x) with respecttodu 4. U

Proof of Theorem 3.1. Inequality (3.4) is an immediate consequence of (2.8), while Eq. (3.6)
follows from (3.2), (2.10), and the last assertion in Theorem 2.4, since

ﬁbw%mw=m@xxwéww (5.5)

To prove Eq. (3.5), we first note that from (2.9) we have

ompesh 1 D (%)
e ogn = Hysh dyzr(d)
2
Hence, if we establish the upper estimate in (3.7) for p = d, then (3.5) will follow. For this
purpose, we refine the argument used in the proof of Theorem 2.4. With u = oy, the following

estimates are known for x € S¢(cf. [11]):

o4(BT(x, r) N S?) < 7419, (5.6)
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and
1—-r2/2 J
/ X —y| ¢ dog(y) = drdZ_d/Z/ A-—0'A+n2""ar
Sd\Bd'H(X,r) _1

< drylog(2/r),

for 0 < r < 2. Utilizing these estimates and using (5.1) with r,, = (tgnlog n)~4d, D; =
S\ B*(x;, ry), and n > 3, we obtain

M (w,, A)

[A

1 1 d nd
—_— —x;[™d < "0 o2
1— anr,‘f ;—/Dj X = x| 0a(X) = 1— nrdr,‘f talog(2/rn)

= — 7T 0 _I_ — log(tnloen
n[logn + log(log n) + log(2%7,)]

1 — (logn)~!
This completes the proof of (3.5) as well as the upper bound in (3.7) for the case p = d.

It remains to establish (3.7) for the cases p < d and p > d. But, as observed above, the
former is a consequence of (2.13) and (5.5). So hereafter we assume p > d. From the estimate

1-r2/2
fgd d+1 X —y|™” dog(y) = drdZ_P/Z/ (A= 5+410 4 it ar
\B4T(x,r) .

pyd
< drs272%2 1/
-1

1-r2/2
1 —n~5+ilq

d
= ld[r_pﬂl —2 Pty 2D,
p—
and inequality (5.5), we deduce (as above) that
d
MP(wp, A) < —— ) popd, (5.7)
1 —ntgrd \p—d

In this case, an optimal choice for r is

o p—d 1/d
n ]’lp‘L'd ’

which when substituted in (5.7) yields the estimate stated in inequality (3.7) for the case
p>d. U

Proof of Theorem 3.2. Assertion (3.8) is immediate from (2.8). Also the upper bounds in (3.12)
for the cases p > d and p = d, can be established in the same way as in the proof of
Theorem 3.1, with the measure o, replaced by normalized d-dimensional Lebesgue measure
(volume measure). We leave the details for the reader. Furthermore, (3.9) follows from (3.12)
together with Theorem 2.2.

Forthecased — 2 < p < d, p > 0, the upper estimate in (3.12) follows from (3.3), (2.13),
and the fact that

1 d d
[ s ) = WoE, xe B,
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where 1), is the p-equilibrium probability measure on B9 (cf. [12]). Together with (2.10), we
also deduce (3.10). (Alternatively, one can apply the result of [7, Theorem 11] mentioned in
Section 2 to deduce (3.10).)

It remains to establish (3.11). For this purpose observe that for the range 0 < p < d — 2,

the kernel K (x,y) = |x — y|~ 7 is superharmonic, so that the minimum principle applies. Let
wp, = {X1, X2, ..., X,} be alist of n points (not necessarily distinct) in B? and set
“ 1
Ux) = —_—.
,; X — Xg|P

We claim that

MP (w,, BY) = min{U (x) : x € BY} <n, (5.8)
from which (3.11) will follow, since on taking all points X to be at zero, we get that M} (B¢) > n.
To establish (5.8), let 07— denote normalized surface area measure on the boundary S4-1 of B9,
By the minimum principle we have

MP(w,, BY) = min{U(x) : x € S9!} < f U(x) dog_1(X). (5.9)

Again applying the minimum principle, it follows that

1
V(y) = / e
it K=y

satisfies 1 = V(0) > min{V (y) : |y| = r} foreachO < r < 1. Butas is easily seen, V is constant
on each sphere |y| = r, from which we deduce that 1 > V(y) forally € B<. Therefore, from
(5.9) we obtain

n
M? (@, BY) <Y V(x) <n,
k=1

which establishes the claim and completes the proof. [
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