RIESZ EXTREMAL MEASURES ON THE SPHERE FOR
AXIS-SUPPORTED EXTERNAL FIELDS
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ABSTRACT. We investigate the minimal Riesz s-energy problem for positive
measures on the d-dimensional unit sphere S¢ in the presence of an external
field induced by a point charge, and more generally by a line charge. The model
interaction is that of Riesz potentials |[x —y| ™ with d—2 < s < d. For a given
axis-supported external field, the support and the density of the corresponding
extremal measure on S% is determined. The special case s = d — 2 yields
interesting phenomena, which we investigate in detail. A weak* asymptotic
analysis is provided as s — (d — 2)F

1. INTRODUCTION AND RESULTS

1.1. Potential-theoretical preliminaries. Let S%:={x € R%*! : [x| = 1} be the
unit sphere in R4+, where || denotes the Euclidean norm, and let ¢ = o4 be the
unit Lebesgue surface measure on S?. Recall that, using cylindrical coordinates

(1.1) x = (V1 —u?X,u), —1<u<1,xe8S% !,

we can write the decomposition

(1.2) doa(x) = 2L (1 - u2)* ™ du dog 1 ().

wq

Here wy is the surface area of S¢, and the ratio of these areas can be evaluated as

(13 ./1@qu2gmv?NW% et [0/2)

wi1 S - T(d+1)/2) I(d)
Given a compact set £ C S¢, consider the class M(E) of unit positive Borel
measures supported on E. For 0 < s < d, the Riesz s-potential and Riesz s-energy
of a measure p € M(FE) are given, respectively, by

UL [y da) Z0= [ [ Rixy)dnt)duty),

where ks(x,y):=|x—y|® is the so-called Riesz kernel (for s = 0 we use the logarith-
mic kernel ko (x,y):=log(1/|x—y|) instead). The s-energyof E is Ws(E):=inf{Zs(p) :
w € M(E)} and if W,(FE) is finite, there is a unique measure ug s achieving this
minimal energy, which is called the s-extremal measure on E. The s-capacity of E
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is defined as cap,(E):=1/W,(E) for s > 0. (In the logarithmic case s = 0 we define
capy(E):=exp{—Wy(E)}, cf. (1.27).) A property is said to hold quasi-everywhere
(q.e.) if the exceptional set has s-capacity zero. For more details see [15, Chapter
II]. We remind the reader that the s-energy of S¢ is given by

I(d)T((d — 5)/2)

(1.4) W) = ST T 5/2)

0<s<d.

The weighted s-energy Zq (1) associated with a non-negative lower semi-continuous
external field Q : E — [0, 00] and its extremal value Vi are given by

Ton=T.(n) +2 [ Q) du(x).  Voimint {To(u) : u & M(E)}.

A measure pug € M(E) such that Zg(ug) = Vg is called an extremal (or positive
equilibrium) measure on E associated with Q(x). The measure uq is characterized
by the Gauss variational inequalities

(1.5) Uke(x) +Q(x) > Fo g.e. on E|
(1.6) Uke(x) +Q(x) < Fg everywhere on supp(uq),
where

%?%-/Q@dm@)

For simplicity, we suppressed in some of the above notation the dependency on s;
that is, Zg = Zg,s, po = 1Q,s, etc. We note that for suitable external fields (e.g.
continuous on E = S%), the inequality in (1.5) holds everywhere, which implies that
equality holds in (1.6).

The existence, uniqueness, and characterization-related questions concerning
equilibrium potentials with external fields in the most general setting can be found
in [24]-][26]. We remark that the logarithmic potential with external fields is treated
in depth in [22].

When @ = 0 and cap,(E) > 0, the extremal measure ug is the same as the
measure g = [LF,s-

In [5] Riesz external fields

(1.7) Qag(X):=Qaqs(x):=q|x —a| *on E=8% d—-2<s<d,

were considered, where ¢ > 0 and a is a fixed point on S?. ! The motivation for
that investigation was to obtain new separation results for minimal s-energy points
on the sphere. In the current work we extend that investigation to Riesz external
fields Qa,, with a ¢ S? and develop a technique for finding the extremal measure
associated with more general axis-supported external fields.

1.2. Signed Equilibrium. We note that for d = 2 and s = 1 it is a standard
electrostatic problem to find the charge density (signed measure) on a charged,
insulated, conducting sphere in the presence of a point charge g placed off the
sphere (see [10, Chapter 2]). This motivates us to give the following definition (see

[4])-

IThe case d = 1, s = 0, where a is a point on the unit circle was investigated in [16].



RIESZ EXTREMAL MEASURES ON THE SPHERE 3

Definition 1.1. Given a compact subset £ C R? (p > 3) and an external field
Q, we call a signed measure ng o = 7g,Q,s supported on E and of total charge
Ne,Q(E) = 1 a signed s-equilibrium on E associated with Q if its weighted Riesz
s-potential is constant on F, that is

(1.8) Ul (x)+ Q(x) = Fg g for all x € E.

The choice of the normalization ng g(E) = 1 is just for convenience in the
applications here. Lemma 2.1 below establishes that if a signed equilibrium ng g
exists, then it is unique.

In [7] Fabrikant et al give a derivation of certain signed Riesz equilibria on
suitably parametrized surfaces in R?, including spherical caps when Q(x) = 0. We
remark that the determination of signed equilibria is a substantially easier problem
than that of finding non-negative extremal measures, which is the goal of this paper.
However, the solution to the former problem is useful in solving the latter problem.

Our first result establishes existence of the signed s-equilibrium associated with
the Riesz external field Qa,q, a € S¢, defined in (1.7). We assume that a lies above
the North Pole p := (0, 1), that is a = (0, R) and R > 1 (the case R < 1 is handled
by inversion).

Throughout, oF; (a,cb; z) and oF; (a,cb; z) denote the Gauss hypergeometric

function and its regularized form ? with series expansions

(1.9) oF (a&b; z) = 2 7@22)(:)" ;—T, oF1 (a,cb; z) = 2 71(_‘62)71"55)5 Z—T;, || <1,

where (a),:=1 and (a),:=a(a +1)---(a + n — 1) for n > 1 is the Pochhammer
symbol. The incomplete Beta function and the Beta function are defined as

(110)  Blagi= [ o 1= T e, Blag)=BlLia,),
0

whereas the regularized incomplete Beta function is given by

(1.11) I(a:;a,b)::B(x;a,b)/B(a,b).

Theorem 1.2. Let 0 < s < d and R > 1. The signed s-equilibrium na = nsa g, , s
on S associated with the Riesz external field Qaq, a = Rp, is given by

d—s
qUf(a)  q(R*-1)
Ws(S%)  Wy(s) |x — a)**~*
Furthermore, UZ (a) = [ ks(a,y) do(y) has the following representation:

(112)  dna(x) = h(x)do(x), nA(x)=1+

(1.13) U(a) = (R+1)"° ,F, (S/Q,dd/?; AR/ (R + 1)2).

We remark that in the Coulomb case d = 2 and s = 1, the representation (1.12)
is well-known from elementary physics (cf. [10, p. 61]).

The next result explicitly shows the relationship between ¢ and R so that uq,
coincides with the signed equilibrium and has as support the entire sphere.

2which is well-defined even for ¢ a negative integer



4 J. S. BRAUCHART, P. D. DRAGNEV{, AND E. B. SAFF{

Corollary 1.3. Let 0 < s <d, R =|a| > 1. Then supp(uq, ,) =S¢ if and only if

(1.14) M@”>@+Ddslm@:§jLJW%ﬂwnn (“R)*

g ~ (R-1D* ¢ P (d)y, kU (R+1) T

In such a case, pg, , = Na-

Remark 1.4. Observe that the right-most part of (1.14) is a strictly decreasing
function of R for R > 1. Thus, for any fixed charge ¢ there is a critical R, given by
equality in (1.14), such that for R > R, the extremal support is the entire sphere.

1.3. The Newtonian case s = d — 1. The following example deals with the
classical case of a Newtonian potential (relative to the manifold dimension). The
example answers a question of A. A. Gonchar; namely, how far from the unit sphere
should a unit point charge be placed so that the support of the extremal measure
associated with the external field exerted by the charge be the entire sphere?

Example 1.5. Let d > 2, s=d—1,¢=1and a = (0, R). Then W,(S%) =1 (cf.

(1.4)) and from the mean-value property for harmonic functions we can write

S

o 1
U(a):W fOI'RZl
Thus (1.14) in this case is equivalent to the inequality
1> (R+DE-1) =R o 1> (p+2p 0= (p+ 1),

where p measures the distance between the unit charge and the surface of the
sphere. Equality holds if p is an algebraic number satisfying

P(d;p):=(p"—2—p) (p+ 1) +p? =0,
or on expanding the polynomial P(d;p),
d—1 d—1
d—1 d d—1
m+d m _ (.
b (o U o (R e

The monic polynomial® P(d; p) with integer coefficients has odd degree 2d — 1.
Furthermore, P(d;1) < 0 and hence P(d; p) has at least one positive root; but, by
Descartes’ Sign Rule, this is the only positive root. This simple root p4 must be in
the interval (1, 2], since P(d; p) > 0 for p > 2. Asymptotic analysis shows that

pr =14 (log3) /d+ O(1/d?) as d — oo.

Of particular interest is the case when d = 2. Then one easily computes that the
distance between the point charge and the surface of the sphere is given precisely
by the golden ratio p; = (1 + v/5)/2. We note that the fact that the inequality
R—12> py implies supp(pq, ) = S? follows from an elementary physics argument.

3Properties of these polynomials will be investigated in a future publication.
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1.4. The Mhaskar-Saff F;-functional and the extremal support. An impor-
tant tool in our analysis is the Riesz analog of the Mhaskar-Saff F-functional from
classical logarithmic potential in the plane (see [17] and [22, Chapter IV, p. 194]).

Definition 1.6. The F,-functional of a compact subset K C S% of positive s-
capacity is defined as

(1.15) Fs(K):=W,(K) —|—/Q(x) d pg (x),

where W (K) is the s-energy of K and pgx is the s-extremal measure (without
external field) on K.

Remark 1.7. We caution the reader that (1.15) is the negative of the F-functional
defined in [17] and [22].

Remark 1.8. When d — 2 < s < d, there is a remarkable relationship between the
signed s-equilibrium and the Fs-functional. Namely, if the signed s-equilibrium on
a compact set K associated with @ exists, then F,(K) = Fk ¢, where Fk ¢ is the
constant from (1.8). Indeed, if nx o exists, we integrate (1.8) with respect to ux
and interchange the order of integration to obtain the asserted equality.

The following optimization property is the main motivation for introducing the
Fs-functional.

Theorem 1.9. Let d — 2 < s < d with s > 0 and Q be an external field on S?.
Then the Fs-functional is minimized for Sg:=supp(pq)-

The next theorem provides sufficient conditions on a general external field @
that guarantee that the extremal support Sg is a spherical zone or a spherical cap.

Theorem 1.10. Let d—2 < s < d with s > 0 and the external field Q : S¢ — [0, 00]
be rotationally invariant about the polar axis; that is, Q(z) = f(&), where & is the
altitude of z = (\/1 — €2 7,€) (see (1.1)). Suppose that f is a convexr function on
[—1,1]. Then the support of the s-extremal measure pg on S¢ is a spherical zone;
namely, there are numbers —1 <t < to <1 such that

(1.16) supp(pg) = Xty 1, = {(V1 —u2XK,u) : t; <u<ty, €S}

Moreover, if additionally f is increasing, then t1 = —1 and the support of pg is a
spherical cap centered at the South Pole.

It is easy to see that the external field Qa 4(z) = q|1—2RE+R?| /2 is rotationally
invariant about the polar axis and is an increasing and convex function of the
altitude & of z. Therefore, from Theorem 1.10 we conclude that the support of
the extremal measure pg, , on S? is a spherical cap. In view of Theorem 1.9
we thus need only to minimize the F,-functional over the collection of spherical
caps centered at the South Pole in order to determine Sg. For this purpose, in
consideration of Remark 1.8, we first seek an explicit representation for the signed
equilibria for these spherical caps.

Denote by ¥; the spherical cap centered at the South Pole

(1.17) =1y,

(cf. (1.16)), and let n; be the signed s-equilibrium on ¥, associated with Qa 4. Using
M. Riesz’s approach to s-balayage as presented in [15, Chapter IV], we introduce
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the following s-balayage measures onto X;:
(1.18) € = €,5:=Bals(0a, X¢), v, = v :=Bals(0, %),

where J, is the unit Dirac-delta measure at a. Recall that given a measure v and a
compact set K (of the sphere S%), the balayage measure # := Bal,(v, K) preserves
the Riesz s-potential of v onto the set K and diminishes it elsewhere (on the sphere
S%). We remark that in what follows an important role is played by the function

(1.19) O, (1):=W.(SY) (L +qllell) /I, d—2<s<d.

The next assertion is an immediate consequence of the definition of the balayage
measures in (1.18). In Lemmas 3.1 and 3.2 below we present explicit formulas for
their densities. Their norms are calculated in Lemmas 3.7 and 3.6, respectively.
Below we combine these formulas to give an explicit form for the density of the
signed equilibrium. The only statements requiring further proof is the formula for
the weighted s-potential (1.22) when £ > ¢. We shall do this in Section 5.

Theorem 1.11. Letd — 2 < s < d. The signed s-equilibrium 1, on the spherical
cap Xy C S associated with Qa q is given by

(1.20) ne = [®s(t)/Ws(SH)] vt — qeu.
It is absolutely continuous in the sense that for x = (V1 — u?X,u) € %4,

dm(o0) = ()t (1= ) dud s ().
where (with R = |a| and r = VR2 — 2Rt + 1)
roy 1 r(d/2) [(1—t\Y? [t —u\E"92
10 = s (w) ()
= t—u
(1.21) x {(I)s(t) ) <1 7%8117/25)/2; ﬁ)

R F( a2 wmu)}
e A I = ey §

Furthermore, if z = (/1 — 2 %,£) € S%, the weighted s-potential is given by
Usﬂt (Z) + Qa,q(z) = (I)s(t)v Z € Xy,

1 R+1)2¢—t d—
U2(2) + Quaf) = 0u(0) + 1 (LS 22 0

(1.22) €t s s

— s .2 ° d
(I)S(t)l(lJr&’ 5 ,2), z € ST\ X,

where p = \/R? — 2R + 1 and I(x; a, b) is the reqularized incomplete Beta function.

The corresponding statement for the case s = d — 2 is given in Theorem 1.15.

Remark 1.12. According to Remark 1.8 we have from Theorem 1.11 that F,(3;) =
®,(t). Concerning the minimization of this function, we derive the following result.
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Theorem 1.13. Let d — 2 < s < d. For the external field Qaq(x), a = (0, R),
R > 1, the function ®4(t) has precisely one global minimum ty € (—1,1]. This
minimum is either the unique solution ty € (—1,1) of the equation

®y(t) = q(R+1)"" / (R2 = 2Rt +1)"*,
orto =1 when such a solution does not exist. Moreover, to = max{t:n > 0}. The
extremal measure pg, , on S% is given by ny, (see (1.20)), and supp(pq. ,) = St,-

Note that, in view of formulas (3.11) and (3.12) for ||¢]| and ||| given below,
then equation in Theorem 1.13 can be written in terms of hypergeometric functions.

Remark 1.14. The restriction on the parameter s arises in the process of applying
the balayage method and the principle of domination. It is a topic for further
investigation to extend the range of s for which the conclusion of Theorem 1.13
remains true.

Figure 1 gives an overview of the qualitative behavior of the weighted s-potential
of n; on S¢ associated with @ and its density with respect to o4|s, for s in the range
d—2 < s < d and the choices t < tg, t = tg and t > t3. We remark that the tangent
line to the graph of the weighted s-potential becomes vertical as £ — t1 for ¢ # ¢
and is horizontal for t = ¢y < 1 (cf. Remark 5.1).

1.5. The exceptional case s = d — 2. In this case M. Riesz’s approach [15,
Chapter IV] has to be modified. Somewhat surprisingly it turns out, as shown in
Lemmas 6.2 and 6.5, that the s-balayage measures from (1.18)

(123) € =€t 42 = Bald,2(5a, Et), V=V g2 = Bald,g(o, Zt)

exist and both have a component that is uniformly distributed on the boundary of
¥4. Moreover, unlike the case d — 2 < s < d, the density for g, ., where s = d — 2,
does not vanish on the boundary of its support. We introduce the measure

B (x):=6¢(u) - 04-1(X), x=(V1—-u?X,u).

Theorem 1.15. Let d > 3. The signed s-equilibrium 7, on the spherical cap ¥y
associated with Q, ,(x) = q|x —a|>~? is given by

M = [®a-o(t)/Wa-a(SN)] Tt — ger,  Pa—2(t):=Wa-2(S?) (1 +q[ell) / |17l
where Uy and € are given in (1.23). More explicitly, for x = (v/1 —u2X,u) € S

P = —L |3 B q(R2-1) o
(1.24) ) = Wa—2(89) Pa-a(t) (R? — 2Ru + 1)d/2+1 d d’zt( )
+¥ (1= )72 (3, (0) (R2q_ (;?Rﬂ:)l)dﬂ] d B:(x).

Furthermore, for any fixed t € (—1,1), the following weak™ convergence holds:
(1.25) Vs =7, €ts S, as s — (d—2)%.

The function ®4_5(t) has precisely one global minimum to € (—1,1]. This min-
imum is either the unique solution to € (—1,1) of the equation

By o(t) = q(R+ 1)/ (R? — 2Rt + 1)"?,

or to = 1 when such a solution does not exist. Moreover, to = max{t: 7, > 0}.
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175¢
-_— :
‘ SN— 174 ] Us+Q
-1 of b ,
B 173f t> to,
o : U (z) + Q(z) > Fo(S:) on S\ 5,
-10t 1'72; Ul (z) (z) = Fs(3t) on Xy,
171l e #£0 on .
-1 0
175
174}
173} t=to,
UM (z) + Q(z) > Fs(X¢) on SUZ\Et7
Lvzp UM (z) + Q(z) = Fs(Z¢) on Xy,
171l nt >0 on Y.
0 =t
1757
1741 ud+Q
173} t <to,
UM (z) z) # Fs(3:) on S\ %y,
-1 tt Lr2p Ul (z) + Q(Z) = fs(Zt) on X,
171l n, >0 on %
-1 0t t

FiGURE 1. The weighted s-potential of n; for ¢ > g, t = tg, and
t < to versus altitude { of z ford = 2,s =1/2,¢g=1,and R = 3/2,
cf. Theorems 1.11 and 1.13. Insets show the respective density 7;.

The extremal measure Ly, on S¢ with supp(u5 ) = X4, is given by
(1.26)
By (to) (R—1)* (R? — 2Rty +1)"”

110,00 = ) =y meh | (e om0

In Lemmas 6.2 and 6.5 we give the s-potentials of the balayage measures 7; and
€ from which the weighted s-potential of 7j, at every z € S¢ can be easily obtained.

Remark 1.16. As can be seen from (1.24), depending on the sign of the coefficient
of B, the signed equilibrium 7, has positive or negative charge on 93; unless ¢t = o,
in which case the charge on the boundary disappears (see Figure 2).
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Next, we describe the results when d = 2 and s = 0. The external field in this

case is Q(x) = Q, ,(x) = qlog(1/|x — a|). The balayage process for logarithmic
kernels preserves the mass of the measures, but changes the potentials by a constant.
Hence, ||[Ts 0| = ||é.0] = 1, and thus ®,4_5(t) = 1 + ¢. However, the Mhaskar-Saff
functional Fy(%;) from (1.15) is no longer equal to ®4_o(¢) (cf. Remark 1.12 and
Lemma 6.9). The logarithmic energy satisfies
(1.27) Wo(K) = lim, dW(K)/ds| _,
For K = S? we have Wy(S?) = 1/2 —log2 < 0. Since Theorem 1.10 can be
extended to s = 0 if d = 2, we deduce that Sg:= supp(ua) will be a spherical cap
3t,- Direct calculations show that the Mhaskar-Saff functional Fy for spherical caps
is still minimized for Sg. Figure 2 shows the qualitative behavior for the weighted
potential in the logarithmic case. (Note, that for ¢ # ¢, the tangent line to the
graph of the weighted logarithmic potential at & — ¢T is not vertical like in the
case d — 2 < s < d (cf. Figure 1), but it becomes horizontal if ¢t = ¢y < 1.)

Theorem 1.17. Letd = 2 and s = 0. The signed s-equilibrium 1), o on the spherical
cap Xy associated with Q, ,(x) = qlog(1/|x — al) is given by

Mo = (1+q)Tto — qé 0,

where Ty o = Balg(02, %) and € 0 = Baly(6a, 3¢). For x = (V1 —u2?X,u) € S

2 2
_ q(R?—1) 1-t q(R+1)
d =11 — d — |1 - ——d .
Mt,0(x) +4q (R? — 2Ru+ 1) UZ‘Zt(X)WL 5 T4 oRi 1 Br(x)
Forz = (\/1—£2%,£) € S the weighted logarithmic potential of Ty satisfies
Uy (2) + Qaq(2) = Fo(Sh),  z€Xy,
7. — 1, 1+t g¢q, R?-2Rt+1 )
Vo) F Q) = Fol2e) T g los g T 5 o8 pr ey %S5\ %

where Fo(2:) is given below in Lemma 6.9.
The Mhaskar-Saff functional Fo is minimized for Xy,, where

SERNND FRC: 20V MY QRPN (Y 7 e €k
tomm{l’QR(l—l—q) 1} {1,1 2R(1+ ) }

Moreover, to = max{t : 7, o > 0}.
The logarithmic extremal measure pg,  on S? with supp(,ué ) =%y, is
a,q a,q
q (R2 — 1)2
(R? — 2Ru+1)°

(1L28)  dyg, (%)= dTy o(x) = [14q -

da’g‘zm (X)

Remark 1.18. In general, the density 7 (u) in (1.28) does not vanish on the
boundary of ¥;,. In fact, if ¢y € (—1,1), then

limy 7, () = [(1+ ) /q] [4qR — (R —1)°] / (R+1)* > 0.

u—to
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-0.70
t > to,
U (z) + Q(z) > Fo(Se) on ST\ %,
Up"“(2) + Q(z) = Fo(Se) on i,
ﬁ;o z 0 on Et.
t = to,
Ug™(2) + Q(2) > Fo(Se) on S\ Xy,
Ug™°(2) + Q(z) = Fo(Se) on %y,
Mo>0 onX:
t < to,
Uy (z) + Q(z) # Fo(Sr), on ST\ %y,
Uy"*(2) + Q(z) = Fo(e), on %y,
Mo>0, onX.

FIGURE 2. The weighted logarithmic potential of 7, , for ¢ > to,
t = tg, and t < tg versus altitude £ of z for d =2, s =0,¢ =1,
and R = 2, c¢f. Theorem 1.17. Insets show the respective density
ﬁ;o. The dot indicates the component on the boundary of ¥;.

1.6. Axis-supported external fields. It is well known that the balayage of a
measure can be represented as a superposition of balayages of Dirac-delta mea-
sures. Using this, we extend our results to external fields that are axis-supported
s-potentials.

Definition 1.19. We call an external field Q) positive-azxis supported, if
(1.29) Q(x) = / |x — Rp| *dA(R), xe8%
for some finite positive measure A supported on a compact subset of (0, 00).

Remark 1.20. Since Baly(6(1/r)p,S?) = R* Baly(6rp, S?), we can restrict ourselves
to measures A with support in [1, 00). It is possible to generalize the setting to fields
supported on both the negative and positive polar axis as well. This generalization
shall be reserved for a later occasion.
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We begin with a result, which generalizes Theorem 1.2 and Corollary 1.3 to
axis-supported external fields Q.

Theorem 1.21. Let 0 < s < d and Q be as in (1.29) with supp(\) C [1,00). Then

dix(x) = @ {fs(sd) - / (R? —1)""* (R® = 2Ru + 1)5/2dd)\(R)} do(x).

Moreover, supp(ug) =S¢ (that is ug = 7ix) if and only if
Fo(s) > /(R+ 1) (R—1)""dA(R).
The next assertion deals with the signed equilibrium measure 7; on spherical
caps X; C S? associated with the axis-supported external field Q.

Theorem 1.22. Let d —2 < s < d and Q be as in (1.29) with supp(A) C [1,00).
The signed s-equilibrium 1y on the spherical cap ¥y associated with Q) is given by

e = [Ps(t)/Wo(S) | ve — &, ®s(8):=W(ST) (1 +[|El]) / Il

where vy is defined in (1.18) and €:=Bals(\, %) = [Baly(dpp,X:) dA(R). For
x = (V1 —u?X,u) € Xy the signed s-equilibrium 7y can be written as

- - Wd— _ _
d i (x) = 7 (u, R) d 1(1—u2)d/2 Vdudog (%),

wd

where

e ) = WiS% r(l;(d/f/)m (11 - i)dﬂ (i‘—‘é)“‘d’”

X {‘i)s(t) oFy (1 _ 1((’1d125)/2; i_—Z)

(R+D)"™ 1,d/2 (R-1)° t—u
- F ’ ; dA(R) .
/(R2—2Rt+1)d/22 "\1-(d-s)/2 RZ 2Rt +11—u (R)
Furthermore, the function ®,(t) has precisely one global minimum in (—1,1]. This
minimum is either the unique solution ty € (—1,1) of the equation

“2AN(R),

() = / (R+1)* (R? — 2Rt + 1)
or tx = 1 when such a solution does not exist. Moreover, tx = max{t : 7y > 0},
pq =ity , and supp(ug) = St , where ug is the extremal measure on S?.

Theorem 1.22 can be also extended to the case s = d — 2 when d > 3 and also
to the logarithmic case s = 0 for d = 2. For details, we refer the reader to [2].

The remainder of this paper is structured as follows. In Section 2 we show the
uniqueness of the signed equilibrium and prove Theorem 1.2 and Corollary 1.3. In
Section 3 a suitable Kelvin transformation of points and measures is considered and
explicit formulas for the densities of the measures in (1.20) are found in Lemmas
3.1 and 3.2. Furthermore, the norms of these measures are computed. The proofs
of Theorems 1.9, 1.10, and 1.13 are given in Section 4. The weighted s-potential
of the signed equilibrium is given in Section 5. Section 6 considers the special case
s = d—2 and the proofs of Theorems 1.15 and 1.17 are provided. Finally, in Section
7 we prove the generalization of the results to axis-supported external fields.
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2. SIGNED EQUILIBRIUM ASSOCIATED WITH AN EXTERNAL FIELD

First, we consider some preliminaries on the Kelvin transformation (spherical
inversion) of points and measures. Inversion in a sphere is a basic technique in
electrostatics (method of electrical images, cf. Jackson [10]) and in general in
potential theory (cf. Kellog [11] and Landkof [15]). Kelvin transformation (of
a function) is linear, preserves harmonicity (in the classical case), and preserves
positivity. We shall make use of this method and of balayage to conveniently infer
representations of the signed equilibrium associated with an external field from
known results.

2.1. The Kelvin transformation. Let us denote by K the Kelvin transforma-
tion (stereographic projection) with center a = (0, R) and radius v R? — 1, that is
for any point x € R4*! the image x*:=Kg(x) lies on a ray stemming from a, and
passing through x such that

(2.1) |x —al| |x* —a|=R*—-1.

Thus, the transformation of the distance is given by the formula

* * |X_y| d
(2.2) Ix* —y*|=(R*-1) ————X—, x,y € S
W) ey —a
It is easy to see that Kr(S?) = S?% where Kr sends the spherical cap

Ap={(vV1—-u2X,u) : 1/R < u < 1,X € S* '} to Bri={(V1—u2X,u) : -1 <
u < 1/R,X € S%71} and vice versa, with the points on the boundary being fixed.
In particular, the North Pole p = (0, 1) goes to the South Pole q:=(0,—1). The

image of x = (V1 —u?X,u) is x* = (/1 — (u*)?X, u*), where

(R+1)°

23 ltur=—2t7 )
(2:3) T T R Rut1

(1—wu).
The last equation is derived from the similar triangles proportion
x*—al/la—al=|x—p|/[x—a]

and the formulas |x* —q|* =2(1+u*), |x —p|°=2(1 —u), |q—a] = R+ 1, and
Ix —a|> = R2 — 2Ru + 1. Finally, we point out that

(2.4) Ix* —a| Ydo(x*) = |x —a| “do(x),

which can be easily seen from the relation (x* —a) /[x* —a] = (x —a) / |x — al.
Next, we recall that given a measure A with no point mass at a, its Kelvin
transformation (associated with a fixed s) \* = K s()\) is a measure defined by

(2.5) AN (x*)i= (B2 = 1) |x —a] * dA(x).

The s-potentials of the two measures are related as follows (e.g. [5, Eq. (5.1)])

26 1oy = [SA L [l DY) Al g,
x* —y*| (-1 x—y|* (R2-1)°

Note that the Kelvin transformation has the duality property Kg s(A*(x*)) = A(x).
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2.2. Signed equilibrium. We first establish the uniqueness of the signed equilib-
rium, provided it exists.

Lemma 2.1. Let 0 < s < d. If a signed equilibrium ng,q exists, then it is unique.

Proof. The lemma follows from the positivity of the s-energy of signed measures.
Indeed, suppose 7; and 7y are two signed equilibria on E associated with ). Then

UNx)+Qx)=F, UPFXx) +Q(x)=F: for all x € E.

Subtracting the two equations and integrating with respect to n; — 12 we obtain

%%—m=/WM@4W&Mw—w@F&

and from [15, Theorem 1.15] we conclude that 11 = 72 (see also [8, Section 5]).
When d = 2 and s = 0 instead of [15, Theorem 1.15] we could use [23, Theorem 4.1]
to prove the assertion of the Lemma. When d > 2 and s = 0 we could use [20, p. 6].
Note that 77 — 72 is the difference of two signed measures with total charge 1. O

We are now in a position to find the signed equilibrium for the external field
Qa,q defined by a point charge ¢ at a (see (1.7)).

Proof of Theorem 1.2. We apply the Kelvin transformation (2.1) to the s-potential
d—s
dea R?*—1
Ut (z) = / @0 g (e — ) — do(x), o=oa
sa |2 — x| W(89) [x — al
From (2.2) and (2.4) (recall that Kg(S%) = S%) we obtain
1 1

do(x*) =

o W~ )

where we used that UZ(z*) = W,(S?) for all z* € S%. Hence, e, = ¢; (see (1.18)).
For 7, defined in (1.12), we therefore derive

UM (z) + Qaq(z) = Ws(S?) + qU? (a), for all z € 7.

Ut (2) = |z —a

|Z _a|83

In addition, one similarly finds

/ (R? - 1)d_s x —al* * do(x) = / |x* —al ® do(x*) = UZ(a),
Sé Sd

and consequently 7,(S?) = 1. Therefore, 7, is the required signed equilibrium.
Finally, to derive (1.13), using (1.2) and (1.3), we evaluate

W)= [ lx—al~ day(o) =

=(R+1)~° F1(5/2 d/2 4R/(R+1 )

1
(1—u?)* N (R2 = 2Ru+1)""% du

-1

In the last step we used the standard substitution 2v = 1 + u and the integral
representation of the hypergeometric function [1, Eq. 15.3.1]. d

The proof of Corollary 1.3 is an easy consequence of the uniqueness of the ex-
tremal measure associated with an external field.
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Proof of Corollary 1.3. The (strictly decreasing) density 7, (x) in (1.12) attains its
minimum value at the North Pole p. So, non-negativity there implies that 1, > 0
everywhere else on S?, in which case it coincides with the extremal measure on S¢.
On the other hand, if supp(uq, ,) =S¢, then the variational inequalities (1.5) and
(1.6) yield pq, , = 7a; and 7, (x) is again non-negative at p. What remains to show
is that the inequality in (1.14) is equivalent to 7, (x) > 0, which can be seen by
using |p — a| = R — 1. Finally, using the series expansion of (1.13) and

2)im i f1 2|\ (/2 (4R
(R+1)"/(R=1)" = {1- [4r/ (R+ 1]} _kZ:O K (R+1)*

we derive the second part of (1.14). O

3. THE s-BALAYAGE MEASURES vy AND ¢

In this section we show that for s in the range d—2 < s < d, the measures v; and
€; are absolutely continuous with respect to the normalized area surface measure
o4 (restricted to the spherical cap ¥;) and we find their densities.

3.1. The balayage measures. We now focus on the two balayage measures in
(1.18). The second one, v, has already been found in [5, Eq.s (3.19) and (4.6)]. *
It is absolutely continuous in the following sense:

(3.1) dyt(x):(HJt(x))“’Z*l(1fu2)d/2‘1dudod,1(§), x €Y,
d

where 3, is the spherical cap centered at the South Pole (see (1.17)) and

_sin(m(d—s)/2) (1— t)d—s/2 Lypd/2-1 (1 — ,U)(d—s)/Q
Ji(x):= - (t—u)(d_s)/Q/o —u_(1-1)0 do.

It is convenient to obtain a closed form for J;(x) in terms of (regularized) hyper-
geometric functions (cf. (1.9)). By [1, Eq. 15.3.1]

TR (=) (=) ()

The application of [1, Eq. 15.3.6] yields an expansion near u = t,

o=t (150) (28 ()

Substituting the last relation into (3.1) and simplifying we get the following lemma.

Lemma 3.1. Let d — 2 < s < d. The measure vy = Bals(o,%;) is given by

(3.2) du(x) = () 2= (1-u2)* M dudog 1 (®), xe,
wd

where the density v,(u) is given by
N2 g, N (s=d)/2 B
(d—s/2) \1—u 1—t 1—(d=8)/21—u

4Here7 we use normalized surface area measure.
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To determine the s-balayage €;, we recall the formulas for the Kelvin transfor-
mation of measures and the relation of the corresponding potentials (see (2.5) and
(2.6)). Let A* be the extremal measure on 3y := Kg(X;), normalized so that its
potential U2 (x*) = 1 on ¥f. Then, using (2.1) and (2.6) we derive just as in [5,
Section 3, Eq. (3.7)] that

(3.4) a(x) = (R*—1) " Kgrs(\*(x*)).

Since the image ¥} of ¥; is also a spherical cap, this time centered at the North
Pole, we can utilize a formula similar to (3.2) for its extremal measure. If 3; = {x :
—1 <u <t} then ZF = {x:1>u* >t*}, where u* and t* are related to u and ¢
by (2.3). If we set v;:=Bal(c, X}), then \* = v} /W (S%); hence we get

(3.5) A (x") = () (W) =— [1 = (u")?]

wd

—s/2

4271 g0t d oq-1(X"),

where the density is given by
0 (e ADWED (Lt N2 (ur e\ g ot
T Td-s/2) \I+ur 1+t 1= (d—-9)/2 11w )

(We remark that the last formula (up to a normalization constant) for the special
case d = 2 was first derived by Fabrikant et al [7].) From (2.3) we get

14+ u* R?—-2Rt+1 1-u

3.6 — .
(3.6) 1+ ¢* R?2 —2Ru+1 1-—t’
from which it follows that
_ RZ-1 ¢ d/2—1
. 1— x127d/2-1 * v -+ 1— 2
(3.7) [ (u)} du P oRu 1 ( u) du

Substituting (3.6) and (3.7) in (3.5) and using (3.4) and (2.5) we obtain:
Lemma 3.2. Let d — 2 < s < d. The measure e; = Bals(da, Xt) is given by

(3.8) de(x) = eff(u)M (1- u2)d/271 dudog-1(), x € Xy,
wd

and setting r>:=R% — 2Rt + 1, the density is given by
1 T(d/2) (R+1)" /1-t\"?
) 42wy (1)

B 1—u

Ws(S%) T'(d — s/2) rd
t—u\ D2 1,d)2 (R-1’t—u
x(l—t) 2F1(1(118)/2’ 2 1-u)

3.2. Positivity of the signed equilibrium of a spherical cap. The following
lemma establishes a condition for positivity of the signed equilibrium

Wd— d/2— —
dm(x) = UQ(U)% (1—u?) /2 1dudad,l(x).

(3.9)

Lemma 3.3. Let d — 2 < s < d. If for some v > 0 we have n,(u) > 0 for
u € (t—n,t), then

(3.10) O (t) > q(R+1)"° /rd, 12 =R? 2Rt +1,
and, consequently, ny(u) >0 for all -1 <u <t < 1.
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Proof. Using (1.21) and the non-negativity hypothesis for n;(u), we get
r(d/2) (1“2 o (1) - g (R+ 1)/}
W (SHT(d—s/2)T(1 — (d—5)/2)

In particular, the expression in braces is non-negative for d — 2 < s < d.
For R # 1 we have (R — 1)? < 72. Thus, the first hypergeometric function in

(1.21) is strictly larger than the second one for all -1 <wu < tand d—2 < s < d.
Hence, using ®4(t) > q(R+ 1) /r?, we have

o> e (1) (76

. 1,d/2 t—u (R+1)%*
: 2F1(1 RO ﬁ) {‘bs(“ - qf} =0

which shows that 7;(u) > 0 for all =1 < u < t. O

> 0.

lim [(¢ =)™ ()] =

u—t—

Remark 3.4. We note that in the limit R — 1 relation (3.10) becomes the same
as in [5, Eq. (5.9)]. It also follows from the proof of Lemma 3.3 that the sign of
the difference ®,(t) — q(R + 1)?7*/r¢ is determined by the sign of 1,(u) near the
boundary of the spherical cap ¥;, that is for u near ¢~, and vice versa.

Remark 3.5. Equality in relation (3.10) yields lim,,_,;- n;(u) = 0. This follows from
(1.21) and series expansion (1.9).

3.3. Norms of the measures in (1.20).

Lemma 3.6. Letd —2 < s <d. Then

2l-dr(d)  (R+1)*° /t (14 w)*/27H (1 — w)*3/2 7
1

G el = Fg sy re/2) waen (R2 —2Ru + 1)

du.

Proof. Substitution of (3.8) and (3.9) into ||e;| = 242 fil e(u) (1- uQ)d/Qildu

wd

and further simplifications (see [2, Appendix] for details) yield

ler]| = ata-»/2-1_L(d/2) T(d/2) wa—n (R+ 1)
¢ I'(d—s5/2)T(s/2) wq Ws(S%)rd

1 —d/2
_ _s/2— 1-—
x (1 —zy) A2 [ g/ (1 — zv)* /21 (g uv dwv,
0 L -y

(1= )% (141)*?

where x = (1+1)/2 and y = (R — 1)?/r?. Substituting
1_$y:(R+1)2g z(l—y) _ 4R 1+t
r? 2 1—ay (R+1)* 2
and (1.3) we get the Euler-type integral of an Appell function [6, Eq. 5.8(5)]
275/21(d) 1
Il = TG W

/2 —d/2
Vo 1t NN 4R 14t
X U 1——u l——s—Fu du.
0 2 (R+1)° 2

A change of variables 1 + v = (1 4 t)u yields (3.11). O

(R+1)° (1482
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Lemma 3.7. Letd — 2 < s <d. Then

1—-d t
312l = s/f)(fffs o [ T i
(3.13) =1-I(1—1t)/2:d—5s/2,5/2).

Proof. We proceed as in the proof of Lemma 3.6. In fact, the densities €, and v}
differ by a multiplicative factor (R + 1)~ /[W(S%)r? and a factor (R —1)2/r? in
the argument of the hypergeometric function. From (3.2) and (3.3)

Il = e t)sm [ (-5 T

A change of variable 1 + u = (1 + ¢)v yields (3.12).
A manipulation of the integral (extending the integral over the complete interval
[—1,1] and using the standard substitution 2v = 1 — u) yields (3.13). O

4. THE EXTREMAL SUPPORT AND MEASURE: PROOFS OF THEOREMS 1.9, 1.10,
AND 1.13.

Our first proof deals with the minimization property of Sg.

Proof of Theorem 1.9. Let K be any compact subset of S¢ with positive s-capacity.
For the considered range of the parameter s, we have that the potential of the
extremal measure g = pk,s satisfies the following (in)equalities

(4.1) Uts (x) = Wo(K) qe. on K,  U!S(x) < W,(K) onS™

This follows trivially from the general theory (see [15, Chapter II]) for
d—1< s < d, with the inequality holding on the entire space R%t!. To derive
(4.1) for the extended range, we observe that for K = S? this is obvious (ux = 04).
If S?\ K is non-empty, there is a spherical cap ¥ that contains K. The s-potential of
ux equals Wy (X)) everywhere on X (see [5]), so the measure v:=[Ws(K)/W,(2)|ux
has a potential that equals W (K) on X. Since UFK (x) < W (K) on supp(px) (see
[15, p. 136(b)]), we could derive the inequality in (4.1) by comparing the potentials
of ux and v and applying the restricted version of the Principle of Domination as
given in [5, Lemma 5.1] (for s = d — 2 we adapt the argument in Lemma 5.1 using
[15, Theorem 1.27]). Since UK (x) > W,(K) q.e. on K (see [15, p. 136(a)]), we
conclude the equality in (4.1) as well.

Clearly, Fs(Sg) = Fg (see (1.5) and (1.6)). We now show that for any compact
set K C S% with positive s-capacity we have F(K) > Fs(Sq). Indeed, let us
integrate (1.5) with respect to pg. Since px has finite energy, the inequality holds
also pi-a.e. and, using the inequality in (4.1), we conclude that

W) 2 [ U2 6) g = [[U29 ) () 2 Fo — [ Q0 dpu (),
which proves our claim. O

Next, we prove sufficient conditions on ), that guarantee that the extremal
support is a spherical zone (cap).

Proof of Theorem 1.10. Convexity of f(¢) implies that Q(z) is continuous and the
existence and uniqueness of the extremal measure /¢ follows from standard potential-
theoretical arguments (see [24], [25]). The rotational invariance of Q(z) implies that
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the extremal support is also rotationally invariant. Hence, there is a compact set
A C [-1,1] and an integrable function g : A — R™, such that the extremal measure
and its support are given by

dug(x) = g(u)dudog—1(X), supp(ug) = {(\/ 1—u?Xu):ueAXE Sd_l} .

We show that A is connected. For this purpose we adapt the argument given in
[17]. Suppose A is not connected. Then there is an interval [, 3] C (—1,1), such
that [a, B] N A ={,B}. Let A=:=AN[-1,a] and AT:=AN|[B,1]. For

x=(V1—-u?X,u), we A" UAT, xe s,
z=(V1-£2%,¢), £€(a,p), 28,

we represent the weighted s-potential of pg as follows:

v+ Q@ = o ([ 22 duso)

A i1 |z—x
- / g(u)n(u,€) du + / g(u)r(u,€) dut f(©),
A— A+

where k(u, £) has been evaluated in [5, Section 4] for the case € > u (u € A7) to be

— [ deaa®
(4.2) n(u,g)._/Sdil o
(4.3) = (1 —uw) 147 5 (8/2’ 1 _d% —I2 i - Zi—lﬁ)
(4.4) | /2= =2 ()t (-9

k=0 (d/2)kk| (1 _ u)k+8/2 (1 + §)k+s/2
By symmetry we derive that when £ < u (u € AT)

S /20 -9/, 0 -0 (e
B T T (e

It is easy to verify that the functions
1=/ Q+O" 1+9' /-9 k=012,

are strictly convex for § € (—1,1). Hence, from (4.4) and (4.5) we derive that x(u, )
is a convex function in & on (a, 3) for any fixed u € A~ U AT. Therefore, using
the convexity of f(§) we deduce that the weighted s-potential is strictly convex on
[, B]. This clearly contradicts the inequalities (1.5) and (1.6), which proves (1.16).

Now suppose that, in addition, f(£) is also increasing. If t; > —1, for u € [t1, t2]
and £ € (—1,t1), the kernel is calculated using (4.5), in which case we easily obtain
that Ok(u, £)/0& > 0. This yields that the weighted s-potential is strictly increasing
on [—1,t;], which contradicts (1.5) and (1.6) similarly. O

Proof of Theorem 1.13. The external field is given by

Qaq(z) = q/ la—z” = ¢|R* - 2R¢ + 1\_5/2 =f(&), z=(/1-£2z¢es,

where f'(§) > 0 and f”(£) > 0 for £ € [-1,1]. By Theorem 1.10, supp(uq, ,) is a
spherical cap centered at the South Pole. So, by Theorem 1.9 we have to minimize
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the Fy-functional over all such caps. Recall that (see (1.19) and Remark 1.12)
Fo(SBe) = s(t) = Wo(SY) (1t qlecll) / ]l

Applying the Quotient Rule and using (3.11), (3.12), and the Fundamental Theorem
of Calculus, we get (note that ||¢|| > 0 for ¢t > —1 and |||’ > 0 for —1 <t < 1)

d@s / o 1 / / li
_ glled| flel 2( +¢I|i€t|\)|\1/t|\ _ el [(I)S(t)qWS(Sd)|et||/
dt lvel|* /Ws(S%) ] 7]
el g(R+1)"° vl
46) =- O Ay P (LA Y
[ rd [l

where r = r(t) = VR? — 2Rt + 1. Observe, that A(t) — oo as t — —1. Hence,
there is a largest tg € (—1,1] such that A(¢) > 0 on (—1,%). If tx = 1, then
D, (t) is strictly decreasing on (—1,1) and attains its minimum at ¢ = 1. (We note
that A(1) > 0 is equivalent to the condition in Corollary 1.3.) If ¢y < 1, then by
continuity A(tg) = 0. Clearly, ®,(t) < 0 on (—1,t9) and P’ (ts) = 0. Suppose,
@’ (1) = 0 for some 7 € (—1,1). Then A(7) = 0. Applying the product rule we get

_ Il dg@®@+ D" RE
Ml

& 2, el g py _ da(R+DT"R
d#2 (T) = - ||Vt|| (I)s(t) - T

Hence, any zero of @/, is a minimum of ®,. Since P, is twice continuously differen-
tiable on (—1,1) (see Lemmas 3.6 and 3.7), the latter observation implies that ®
has only one local minimum in (—1, 1), namely ¢, which has to be also a global
minimum. Observe, that ®.(t) < 0 for t € (—1,ty) and P.(¢) > 0 for t € (¢o,1).
From (4.6) we conclude that A(t) > 0 on (—1,t9) and A(t) < 0 on (t9,1). This
shows that ®,(¢) has precisely one global minimum in (—1, 1], which is either the
unique solution to € (—1,1) of the equation A(t) = 0 if it exists, or to = 1. More-
over, A(t) > 0 if and only if t < 3. By Lemma 3.3 and Remark 3.4 we have
to = max{t : n; > 0}. Clearly, Sg,, = X¢,, from the minimization property.
Since the signed equilibrium for 3, is a positive measure, by the uniqueness of the
extremal measure we derive that ug, , = 74,- O

5. THE WEIGHTED $-POTENTIAL OF 7); ON S \ X;: ALTERNATIVE PROOF OF
THEOREM 1.13

In this section we complete the proof of Theorem 1.11, namely formula (1.22)
on S\ 3. For z = (/1 — €2 %,&) with € > ¢ the s-potential of 7; is given by

: dn(x) wi—1 | d/2—-1
U ) = [ 2 = [ i) (1)

where k(u, ) is given in (4.3). Using appropriately chosen constants C' and ¢; the
densities of ¢; and v, in (1.20) both can be written as (cf. Lemmas 3.1 and 3.2)

i =c(=) (F) S e ()

Hence, it is sufficient to study the s-potential of dv; = v; doq4ls,.
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Using the series representation (4.4) of H(u, &) and integrating term-wise we get

Cuwi—1/wa & (/2)m —5)/2),(d/2), [1-¢
1+§S/2 mZOnZOm'd/Q n+1 (d—s)/2) {1+§

where Hyy,,,(t;u) is the integral (the second step follows from [18, Eq. 2.2.6(9)])

Ul(z) = ] cf" Hon,n (t; 1),

t n—(d—s)/2 m+d/2—1
o) — (1 4)4—5/2 (t—u) (1+u)
Hominfi0) = (1 =1) /_1 (1— u)m+n+1+5/2 du
_T(m+d/2)T(n+1—(d—s)/2) (1-— £)479/2 (1 4 gymnte/2
B Fm+n+1+s/2) (1= ¢)™ 72 (1 4 pyrHi-@=a)/2

Putting everything together, we arrive at

U (2) = 205 1Cwidlr(1(jl_/s2/)2) <1 ><ds>/2 GTT)S/Q m n
<303 LA B, (1 E ) ()

m=0n=0 m+n

The double sum in the last expression is, in fact, the series expansion of the gener-
alized F3-hypergeometric function (cf. [19 Eq. 7.2.4(3)))

b/
F3 (a,a'éb,b/;w,z) Z Z m'n(' ) L™ 2", |w], |z| < 1.

m=0 n=0

Moreover, the Fs-function in question is of the form [19, Eq. 7.2.4(76)]
Fs (a, c— aéb, c—b.qy, z) —(1- Z)a+b—c F, (a,cb; w2z — wz).
Let r = VR?—2Rt+1 and p = |z —a| = /R?—2R{+1. For¢, =1, C =

I'(d/2)/T(d — s/2), and using (1.3), we have
s/2
Usw (Z) = Ws(Sd)As,d (ﬂ) oFy (8/2’ 1- (d . S)/2 ﬂ)

1+¢ 1+s/2  T11¢
For ¢ = (R—1)?/r? and C = (1/W,(S%)) T'(d/2)/ T(d — 5/2)(R+1)%%/r? we get

v =y () (P A

The normalization constant A g is given by

.f I'(d/2) _ $/2,1—(d—s)/2
At = =/ DT A 1572 1/2F1< 14 5/2 ’1)'

(The last relation holds by [1, Eq. 15.1.20].) Note that the hypergeometric functions
above can be expressed in terms of (incomplete) beta functions (see (1.10)). Thus

1+t s d—s 1_p21+t s
- . UGt — _I - . _
1+§,27 2 )7 s(z) 0° (T21+ 97 9
which are valid for z € S¢ \ ;. Hence, using (1.20), we obtain
14+t s d— 1+t s d—
Ul (z) = (1)1 L;f’_s _ 9 p_i;f,_s i
14+¢27 2 ps \r2l1+4¢2 2
Application of the functional equation I(z;a,b) =1 —I(1 — z;b,a) gives (1.22).

(5.1) U (z) = Wu(SHI(
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Next, we provide an alternative proof of Theorem 1.13. The (series) expansion

I(z;a,b) = [T'(a+0b)/T(b)] 2* (1 — z)b 21 (1 a+—|—1b, Z)’

applied to (1.22) yields for £ > ¢ > —1

e _ r(d/2) (€—t (d=9)/2 /1 4 4\ 8/2
vre e =0+ i () (1)
(d/2),

E—t\" [q(R+1)"* [R2+2R+1]" o0t
— Ln+1+(d —S)/2)<1+§> rd [R2—2Rt+1} — () ¢

If q(R +1)47%/rd > ®4(t), then the above infinite series is a positive function for
1> ¢ >t. An immediate consequence in such a case is the inequality

Ul (z) + Q(z) > Ps(t), z €S\ %,

In particular, the last relation holds when ¢ = tq is a solution of (R + 1)4=%/r? =
®,(t). But then from Lemma 3.3 we have that the signed equilibrium is a positive
measure. Since it satisfies the Gauss variational (in)equalities (1.5) and (1.6), it is
the extremal measure ug on S¢. Easily, we derive that to = max{t : n; > 0}.

Remark 5.1. An interesting observation is that for ¢ = ¢, we could factor (§ —
t)/(1+€) (to get [(€ —t)/(1 + &)]*H(@=9)/2) and using product rule, it follows that

O{U™ (2) + Q(a)} /0| _,, =
It can be also shown that for (R + 1)?=%/r% £ ®,(t) one has
9 (rn B I'(d/2) s
5 (U@) + Q) = mr— oty Le B+ D" /] - 2.0}
< (1+1) D2 - IIET L o((e - 1)) as e ot

Thus, the partial derivative with respect to £ of the weighted s-potential of the
signed s-equilibrium 7, is singular at the boundary of 3; when approaching it from
the “outside” if ¢ is not a solution of the equilibrium condition. The sign of this
partial derivative is determined by the difference in curly braces, see Figure 1.

6. THE EXCEPTIONAL CASE s = d — 2: PROOF OF THEOREMS 1.15 AND 1.17

The proof of Theorem 1.15 will be split into several Lemmas. We first find the
s-balayage of a point charge y = (V1 —v2y,v) € S?\ ¥; onto ;. Set

€y = €y t,d—2= Bald_g(éy, Et).

To determine e, we proceed as in [5, Section 3] (see also [15, Chapter IV]). We
apply an inversion (stereographical projection) with center y and radius V2. The
image of S? is a hyperplane passing through the origin. The image of ¥; is a
hyperdisc of radius 7 = v/1 —t2/(v —t). The (d — 2)-extremal measure on this
d-dimensional hyperdisc is the normalized (unit) uniform surface measure on its
boundary d \*(x*) = 79" dog_1((x* — b*)/7), where b* is the center of this hy-
perdisc. The potential of A* is found to be

x dog 1 ((x* —b*)/7) .
Uialx') =7 — =7 Wa—2(S =T
a0 /S s~ bY) /7= (x* = br) /7 4-2(877)
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Using the Kelvin transformation of this measure as given in Section 2.1 (cf. (2.5)
and (2.6) with R? — 1 = 2), we compute that

d/2—1 Ix

dey(x) =2(v—1t) (1-t%) —y| 4 dog_1(x), x € 0%.

The corresponding balayage for d — 2 < s < d was found in [5, Eq. (3.12)]:

deyy(x) = 2sin(w(d —s)/2) (v —1 (d—s)/2 (1 - u2)d/271 w
B " b x—yl|

The following lemma establishes the relationship between €y s and ey .

i d—3s)/2
Lemma 6.1. Let d > 3. Let d’yS::M du, —1 <u<t. Then |vs|| —
7(t — u)(d=s)/2

1 and s = &, as s — (d — 2)t. Consequently, €y,s 5 €y, as s — (d—2)*.

5 XEEt.

Proof. We compute

sl = /t sin(r(d —9)/2) ,, _ sin(r{d = (d = 5)/2)) (14 ¢)!—@=)/2

_q w(t —u)d=9)/2 v (1l —(d—s)/2)

Clearly, ||vs|| <2 and ||7s]| — 1 as s — (d — 2)*. Let f be a continuous function
n [—1,¢]. Then what we have to prove is that

lim b sin(r(d — s)/2)
s—(d—2)+ J_q 7(t —u)(d=s)/2

Fluydu = f(t).

By [|vs]l — 1 as s — (d — 2)™, this is equivalent to

) b sin(r(d — 5)/2)
[ SR 1w - F)du =

Suppose now that f(x), where x = (v/1 — u?X,u), is a continuous function on
S?%. Then as s — (d — 2)T we have

t —
lim/E fdeys = 11111/71 (/Sdl f(x)M) 2 (v — t)(dfs)/2 (1 _ U2)d/2_1dfys(u)

d
x -yl
d/2—1 dog_1(X
=2w—t)(1-12)" / f(x)il(d) = | fdey,
gd—1 |x — y] u—t o
which completes the proof of the lemma. (I

Next, we determine the balayage measures in (1.23). We shall use that §;, which
is the unit charge uniformly distributed on the boundary of 3, has (d— 2)-potential

< 1-d/2 1-d/2 .
(6.1) U§12(z):/s M{(l—t) Y2014 e U2 ey,

st z—x|T2 )T — T i<,

where z = (/1 — £€2%,u) € S%. This follows from (4.4) and (4.5).

Lemma 6.2. Let d > 3. The measure Uy = Balg_2(04, 3t) is given by
1-—t
2

(6.2) d7(x) = dad’Et (x) + Wa_o(S%) (1- 252)cl/271 d46,(u) d o1 (%),
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The (d — 2)-potential of Ty is given by
(6.3) UY ,(z) = Wy_a(S%), z ey,
(6.4) U7 y(z) = Wy oS 1+ )11+ < Wy_o(8%), zeS?\ X

Remark 6.3. It is interesting that the (d —2)-potential of 7; can be expressed using
the potential of 3, (cf. (6.1))

v d/2— 3
Ubty(z) = Wao(8Y) (1 - 2)* 7 U L(2),  zes?\ ..

Remark 6.4. In the proof of Lemma 6.2 and Lemma 6.5 below we shall obtain
the balayage measures constructively. Alternatively, one could get this from the
potential (in)equalities (6.3), (6.4) and (6.7), (6.8).

Proof of Lemma 6.2. 1t is well-known that
(6.5) Balg—2(0a, %) = oaly, + Ba1d,2(od}sd\zt, ).

By the principle of superposition we have for x € 9%,

Baly—2(0alguy, - 5e) = /S oy, 0 d00)
t

_ gWd-1 (1 - tg)d/Qfl </t1 (1 _ 02)01/2*1 (v — t)/S Mdv) oq-1(X).

-1 Jx -yl

The inner integral can be computed using (4.5) with s =d

(6.6) / x —y|~ dod 1(y) = 1/ [ v—1t)(1+ v)d/z—l (1- t)d/%l} '
Sd—l

Hence,

1
w - p—
Baly2(0alga, 5, 20) = Zdl 1+ (/ (1—v)¥? 1dv> 4-1(%)
t
_ 2wi—1

= S 0T -0 0 (R = oaa(R), x € 0%

Using Wy—2(S?%) = (4/d)(wa—1/wa) and (6.5) we derive (6.2).
Relation (6.3) holds because of the balayage properties. Using (6.1) we have

Uity(2) = [ |z —x"""dou(x) + 4, U} 5(2)
P
1+t (1+t)%2! pl—t (1442t
= Wy_2(S%) — + Wa—2(S%) —
from which follows (6.4) O

Lemma 6.5. Let d > 3. The measure € = Baly_2(0a, Xt) is given by
de(x) =€ (u dad’E X) + ¢¢, d 0 (u) dog-1(X),
where the density €,(u) and the constant ¢z, are given by

R2 —1)% /Wy_y(SH 1- 1)? _
Eg(u);z( )" /Wa 5(2 1) qgt:_tLer ) (1—)*
(R? — 2Ru + 1)¥/?* 2 r
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The (d — 2)-potential of € is given by
(6.7)  Uiy(e)=lz—a"=Up,(2), ze%y,
(6.8) US,(z)=r> 11+ 1+ <UR,(z), zeS\%.
Proof. As in the proof of Theorem 1.2 we evaluate
€a:=DBaly_2(da, S, deéa(x) = e (u) dog(x).
Using balayage in steps and (6.5) we get

Baly_2(0a, %) = Ea‘zt + Baly_» ).

(Ea‘gd\zta

By the principle of superposition we have for x € 9%,

Bal-a(ealgu s, 50) = | g, B () Ay

2 /2
2wy (R°—1) d/2—1 (1—-1) _ B
~ 4 7‘/‘/ 1+t OJ_1(X) = 510— X’
¢ wa H(Sd)( ) (R? — 2Rt +1)7% " * %) = e 0a-1(X)

where we applied (6.6) and used the change of variable w = (R —1)?/(1 —v) + 2R.
Similar computations with the substitution w = (R +1)?/(1+u) — 2R (see also
(6.1)) lead to (6.8). That is, for z € S\ ¥; one has

Ut o(2) = / GWdoalx) | yo gy = 2¥am1 (R- D> (+n??
d—2 s, |Z_X|d—2 9eeVq—2 d wqg Wa_o(Sh)rd (1+§)d/2—1
L1-t(R+ D2+t 1 ap!
2 rd (1 Jrg)cl/271 T opd=2 (1 ng)d/g,l-
As in the proof of Lemma 6.2 the balayage properties imply equation (6.7). (I

The weak™ convergence in (1.25) is shown next.
Lemma 6.6. Lett € (—1,1) be fized. Then
Vts =7, €15 &, as s — (d—2)*.

Proof. The result follows easily from the following representation

Bl (1, 2000 = ply, 0+ [ cvaldny), e M

and the weak* convergence e, s — €y as s — (d — 2)7. O
g Y, y

The norms ||7;]| and ||&]| are obtained from Lemmas 3.6 and 3.7 by taking the
limit s — (d — 2)", which is justified by weak* convergence shown in Lemma 6.1.

Lemma 6.7. Letd > 3. Then

_9 t (1 dj2-=2 (1 _  yd/2
= 2w [ U0,
4 -1 (R2—2Ru+1)

d—2 ! -
7l = == Wd,g(sd)/ 1+ w1 -uw)?du.
-1
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Completion of the proof of Theorem 1.15. Proceeding as in the proof of Theorem

1.13, but using now (r = r(t) = VR2 — 2Rt + 1)
—y _ o= B _
©y5(t) = — 7]/ |72 {‘I’dﬂ(f) —q(R+ 1) /rt | == |7 / |7l ACt),

it follows that the global minimum of ®4_5 is either the unique solution tq € (—1,1)
of the equation A(t) =0, or tg = 1. In particular, A(¢) > 0 if and only if ¢ < ¢.
The explicit form (1.24) follows from Lemmas 6.2 and 6.5. If 7j, > 0 then
A(t) > 0, s0t < ty. On the other hand, it is easy to see that if ¢ = ¢o, then 7,
given in (1.26) is > 0 because of (R—1)? < R*—2Rty+1 < R*—2Ru-+1. Therefore,
we have that to = max{t:7, > 0}, pg_ = Mo and supp(ug_ q) = X¢p- O

The proof of Theorem 1.17 is also split into several lemmas. We must check that
Theorem 1.10 also holds in the case d = 2 and s = 0. Then we can make use of the
fact that the support Sz of the extremal measure on S? is a spherical cap.

a,q

Adaption of the proof of Theorem 1.10 for d =2 and s = 0. The kernel

1 11t log(2—2ué—2vT—u2/1-€r
no(u,f)::él log Py— dgl(i):75;11 ( — ) .
(6.9)

(1-u) &>u,

—%1og(1+§)— og (1 —
log(1+u) &<u,

—3log(1—-¢) -

replaces k(u, &) in (4.2). (For the computation we used [22, Lemma 1.15].) It is
easy to verify that the kernel ko(u,§) is strictly convex for £ € (—1,1) for any
fixed u € (—1,1). Hence, we may use the arguments of the proof of Theorem 1.10
appropriately adapted for d =2 and s = 0. (I

=—%10g(1—U§+|§—UI)={

1
2
1
2

It should be emphasized that in the logarithmic case balayage preserves mass,
and that the logarithmic potentials of a measure and its logarithmic balayage onto
a compact set K differ by a constant on K.

Lemma 6.8. Let d =2 and s = 0. The measure Uy o = Baly(o2, ;) is given by
1—1t
(6.10) d7r0(x) = doa|y, (%) + 5 déi(u)do(X)

and ||T,0(x)|| = 1. The logarithmic potential of Ty is given by

(6.11) Uy () G lg () =Wo(D),  zeX,
- 1+t log2 1
Uot’o(z):%—%—ilog(lef), z e84\ %,

The measure Uy o is the logarithmic extremal measure on ;.

Proof. Using (6.9) we show that (6.10) satisfies the balayage properties. For z € ¥,

1-1¢

7, - 2]z o1y 14+t log2 1
Uy (2) = Ug*(a) Uy (a) b U= () = == =5
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For z € S\ &,

t
Tio w1 1 1-— t/ 1 ’ _
' = — 1 d d lo d
UO (Z) Wo [1 </Sl 0g ——~ |Z — | 01( )) U+ 2 0g T—— |Z —X| — Jl(x)

1+t log2 1 1, 1+t
:—7i——10g(1+§):W0(2t)+510g1+§ ().

Since it can be easily verified that ||, o] = 1, it follows that v, is a probability
measure on Y; with constant logarithmic potential on ;. By uniqueness of the
logarithmic extremal measure ps;, on X; one has us, = 4. O

Lemma 6.9. Let d = 2 and s = 0. Then the Mhaskar-Saff functional Fqy for
spherical caps ¥ is given by

1+t (R—1)log(R?—2Rt+1) 1

) = (1 — —log(1+t
6.12) FoEe) = (1+4q) ——+q SR 5 log (1 +1)
_log2  (R+1)’log(R+1)*
g 1 S8R

It has precisely one global minimum tg € (—1,1]. This minimum is given by
to =min {1, (R* = 2Rq+1) /2R (1 +q)]} .

Proof. By Lemma 6.8 and |x — a|? = R? — 2Ru + 1 we obtain (with us, o = 7:)

— 1 1-—t¢ 1
d = log ——d — 1
/Qa,q ,U/Zt,O q/Et Og |X - a| 02(X) + q 2 /Sl Og |X o a|

1+t (R+1)%log(R+1)? N (R—1)%log (R> — 2Rt +1)
I 8R I 8R ‘
Substitution of the last expression and Wy(X;) from (6.11) into

dO‘l(i)

u=t

Fo(t):=Fo(X:) = Wo(Ze) + /@a,qdﬂzt,o,
yields (6.12). Observe, that Fy(t) — oo as t — —1. Furthermore,

(R+1)°
2R(1+q)

R(+q)(1-1)

L4t
S0 (R —2Ri+1) |

Fy(t) =

If —1 <t < 1, then the sign of F{(t) is given by the sign of the linear function in
the brackets, which is negative at t = —1. If (R + 1)? > 4R(1 + q), then Fj(t) < 0
everywhere on (—1,1), and Fy(%;) is strictly monotonically decreasing on (—1,1)
and has a global minimum at ¢ = 1. Otherwise, if (R+1)? < 4R(1+ ¢q), then F}(t)
has exactly one zero to:=(R? —2Rq+ 1)/[2R(1 + ¢)] on (—1,1), and is negative on
(—1,tp) and positive on (tg,1). Clearly, Fo(t) achieves global minimum on (—1, 1]
at tg. This completes the proof. O

Lemma 6.10. Let d =2 and s = 0. The measure €9 = Balg(da, X¢) s given by

(R~ 1)°
(R? —2Ru+1)°

1—t (R+1)°

d_ =
ét.0(x) 2 RZ—2Ri+1

dag‘zt (x)+ d o (u) doq (X)
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and |[€.0]| = 1. The logarithmic potential of €. is given by
. 1. R*-2Rt+1 (R+1) (R+1)
€t,0 1
’ =U,® -1 1 by
Uo™(2) = Up*(2) + 5 loe =57 SR °RE _2mip1 S
- 1. R2-2R¢+1 (R+1) (R+1)
€t,0 1 d
’ =U,® -1 1 S\ 2.
Ud—Q(Z) UO (Z) + 9 0og 9 (1 ¥ é—) SR 0og R2 — 2Rt + 17 VS \ t

Proof. Let z € ¥;. We write

U (2) = (/ /) R22Ru)+1) (/ 1Og|zi><|dgl(§))du
1

L1t (R+1)? /1
2 RZ_2Rt+1 /)y B

Using relation (6.9) we arrive at

€t,0 1
Uy’ (z) = —5log (R —2R¢+1) + C(R; 1),

where
R2—2Rt+1+(R+1)210 (R+1)
2(1+1) SR ®R_2Rt+1

1
3 log

Let z € S? \ &;. Then

. ' R2—1)°
U™ (z) = &/ ( ) 3 (/ log L dal(i)) du
w2 J1 (R?—2Ru+1)° \Js1 |z —x]

1—t (R+1)°
1
T3 R2—2Rt+1/ ©

Using relation (6.9) and evaluating the integral one gets after some simplifications
(R+1) g B+ 1)°

S8R °RZ_2Rt+1’
which yields the representation outside of ¥;. For z € S?\
R? —2RE+11+¢
R?—-2Rt+11+¢

since the logarithmic term is negative for & > ¢. Hence, €; o has the properties of a
logarithmic balayage measure. Finally, it can be easily verified that ||€. o] = 1 (for
details cf. [2]). This completes the proof. O

C(R,t):=

do; (i)
u=t

Ut () = —3 log[2(1+6)] +

€0 1
Uy (2) = Ug™(2) + C(R, 1) + 5 log <Ug™(2) + C(R,1),

Proof of Theorem 1.17. Lemmas 6.8 and 6.10 imply that 7, o = (1 + ¢)V+0 — ¢et0

is, indeed, the logarithmic signed equilibrium on ¥; associated with @M as can

be seen from its weighted logarithmic potential given in the Theorem. Using r =

VR2 —2Rt+1 and p = vVR? — 2Ru + 1, we can write

q (R2 — 1)2
o

(R+1)

1—
A7 0(x) = |1+q— dUZ‘Et(X)ﬁLT 14+¢-12 d 3i(x),

where x € ¥;. If 7, o > 0, then 14+g—¢q(R+1)?/(R*—2Rt+1) > 0,50t < to. On the
other hand, it is easy to see that if ¢ = t, then 7, o given in (1.28) is > 0 because
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p < pand (R—1)* < R*—2Ru+1. Therefore, we have that to = max{t : 7, o > 0},
by, = T4y.00 and supp(,uéa’q) = %4,- O
7. AXIS-SUPPORTED RIESZ EXTERNAL FIELDS

In this section we shall prove Theorems 1.21 and 1.22.

Proof of Theorem 1.21. Direct calculation shows that

iniy = T o (R2— 1) dou(x)
AT /</s |zx|5|xa|2“>dA(R)

Fa(s? d / dA(R) d
= Wi (S%) — | — === = FL(S?) — Q(=),
8 - [ o = A Q)
where we used the Kelvin transformation for points (cf. proof of Theorem 1.2).

The second part follows from the uniqueness of the s-extremal measure on S%
associated with @@ and the fact that the density is minimal at the North Pole. O

Proof of Theorem 1.22. By construction 7; is of total charge one. From

U () = [UP e dr(R) =[x Rpl AR = Q). x €%

and UY (z) = W,(S%) on %, we get Ut (z) = ®,(t) = Fo(X;) on ¥; (Remark 1.8).
By definition of v, €, and Bals(drp, X¢) = €¢,r We can write

() 1 , . B d.(t) 1
=gy e - feanarn - |

T Yt — €L,R
W (S9) [[Al
where subscript R indicates the dependence on the parameter R. Thus

dijy(x) = { / i (u, R) dA(R>] wi;l(l — w2 N dudos 1 (X),  x€,

where, when using Lemmas 3.1 and 3.2 and letting y = (¢ — u)/(1 — u), we have

~ 1 1 T(d/2) [1—t\"?/t—u\E"D/2
e (. B) = Ws(Sd)Wr(d—s/2)<1_u) <1_t)

o 1.d/2 A (R +1)4 1.dj2 | (R—1)?
X {‘I’s(t)2F1(1 - (dzs)/Q;y) BT R (1 ~(d 18)/2’Ty>}‘

We claim that the density (the integral in square brackets) is either positive for
all u € [—1,¢], or is positive on some interval [—1,t.) and negative on (¢, t]. It
suffices to consider the function h(u) obtained by integrating the above expression
in braces against d A(R). Using series expansions we get

(d/2), " - MR+ 1D (R—1\*
Fk+1—k—s)/2) {/l@s(t) rd ( r >

The coefﬁments in braces form an increasing sequence with positive limit as k — oo.
Hence, either all coefficients are positive, or the first n are negative and then all
others are positive. So, for y € A;:=[0, (1 + ¢)/2] we obtain

dA(R)}.

Z?k , ar <0 for k <n and a > 0 for k > n.
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We have that ¢(™(y) > 0 on A, so g~ Y(y) is strictly increasing on A;. Since
g™ D(0) = a,_1 < 0, there is a y,_1 in A; such that ¢("~Y(y) is negative on
[0, vn—1) and positive on (y,—1, (14t)/2]. Indeed, if such a y,_; does not exist, we
get a contradiction, because g("~)(y) will be negative on A;, which would imply
that g("~2)(y) is decreasing and negative on A;, and so on. This argument yields
g(y) < 0 on Ay, which is impossible because the total charge of 7}; is one.

By iteration one can show a sequence vy > v; > --- > 7yp—1 such that g(m)(y)
is negative on [0,7,,) and positive on (v, (1 +t)/2] for every m =0,1,...,n — 1.
This establishes our claim (t. = ).

We now can complete the proof of the theorem as follows. If 7; is not a positive
measure, then there is a ¢; such that the density of 7; is positive on [—1,¢1) and
negative on (t1,1]. Then the signed equilibrium for 3, is given by

Mt =1 — Bals (77, %4,) — (|70 || = [|Bals (77, 26.)|]) ver / 17 1]

If it is still not a positive measure, then there exists a to such that 7, has positive
density on [—1,2) and negative one on (t2,t1]. Continuing the argument we derive
a decreasing sequence {t;} with the property that 7, is positive on [—1,¢54+1)
and negative on (tg4+1,tx]. The limit of this sequence is the number ¢, defined in
Theorem 1.22. Thus, ¢ty = max{t: 7 > 0}, pg = T, , and supp(pg) = X4, -

The Mhaskar-Saff functional F is minimized for ¥, . Since Fy(3;) = ®4(t) (cf.
Remark 1.8 and beginning of this proof), we will show similar as in the proof of
Theorem 1.13 above that ¢y is, in fact, the unique solution in (—1, 1] of the relation

(7.1) A(t):=d (1) —/(R+ 1) (R* — 2Rt + 1)_‘7”2

dA(R) =0,
or tx = 1 when such a solution does not exist.
Using Quotient Rule and ||&|" = d||&]|/ dt = [ |ler,r]|' d A(R), we obtain

(1) = — el /llvell Ae).

Observe that A(t) — oo as t — —11. Hence, by the above relation, ®,(t) is strictly
monotonically decreasing on (—1,¢') for some maximal ¢’ € (—1,1] (cf. (3.12)). If
t' =1, then ty = 1. Otherwise, ' < 1 and ®,(t') = 0 meaning that #' is a solution
of (7.1). Arguing as in the proof of Theorem 1.13 we have that every solution
to € (=1,1) of (7.1) is actually a local minimum of ®,(t) because of ®”(tg) > 0.

We conclude that ®4(¢) can have at most one minimum in (—1,1). Consequently
tyx =t'. We also infer that A(t) > 0 on (—1,¢)) and A(t) < 0 on (¢, 1]. O

Acknowledgement. The authors are grateful to Robert Scherrer for pointing out
connections with elementary electromagnetic theory.

An important part of this research was done at the Mathematisches Forschungsin-
stitut Oberwolfach during the first author’s stay within the Oberwolfach Leibniz
Fellows Programme (OWLF) from September 28 — December 18, 2008. The first
author is in particular grateful that the OWLF and the Leibniz-Gemeinschaft sup-
porting this program made it possible to invite his collaborators to visit MFO. We
would like to thank the MFO for the excellent working conditions.

REFERENCES

[1] M. Abramowitz and I. A. Stegun, Handbook of mathematical functions with formulas, graphs,
and mathematical tables, Dover, 1970.



30

2

3

4
5

6
[7

(8

9
[10
[11
[12
[13
[14
[15
[16
[17
[18
[19
[20
21
[22
[23
[24
25

26

OF

J. S. BRAUCHART, P. D. DRAGNEV{, AND E. B. SAFF{

| J. S. Brauchart, P. D. Dragnev, E. B. Saff, Minimal Riesz energy on the sphere for awis-
supported external fields, arXiv:?

| P. D. Dragnev, On the separation of logarithmic points on the sphere, Approximation theory
X: Abstract and Classical Analysis (C. K. Chui, L. L. Schumaker, and J. Stockler, eds.),
(2002), 137-144.

] P. D. Dragnev, J. S. Brauchart, and E. B. Saff, On an energy problem with Riesz external
field, Oberwolfach reports, Volume 4, Issue 2, 2007, 1042—-1044.

| P. D. Dragnev and E. B. Saff, Riesz spherical potentials with external fields and minimal

energy points separation , Potential Anal. 26 (2007), 139-162. .

A. Erdélyi et al, Higher transcendental functions, Vol. 1, McGraw-Hill, New York, 1953.

V. 1. Fabrikant et al, On the generalized potential problem for a surface of revolution, Proc.

Amer. Math. Soc. 90, no. 1 (1984), 47-56.

| M. Goetz, On the Riesz Energy of Measures, J. Approx. Theory 122, no. 1 (2003), 62-78

| E. R. Hansen, A table of series and products, Prentice-Hall, Inc., Englewood Cliffs, 1975.

| J. D. Jackson, Classical Electrodynamics, 3rd ed.,Wiley, New York, 1999.

] O. D. Kellogg, Foundations of potential theory, Reprint from the first edition of 1929. Die
Grundlehren der Mathematischen Wissenschaften, Band 31, Springer-Verlag, Berlin, 1967.

| A. B. J. Kuijlaars and E. B. Saff, Distributing many points on a sphere, Math. Intelligencer
19, no. 1 (1997), 5-11.

| A. B. J. Kuijlaars and E. B. Saff, Asymptotics for minimal discrete energy on the sphere,
Trans. Amer. Math. Soc. 350, no. 2 (1998), 523-538.

] A. B. J. Kuijlaars, E. B. Saff, and X. Sun On a separation of minimal Riesz energy points
on spheres in Euclidean spaces, J. Comput. Appl. Math. 199, no.1 (2007), 172-180.

| N. S. Landkof, Foundations of Modern Potential Theory, Grundlehren der mathematischen
Wissenschaften, Springer-Verlag, Berlin, 1972.

| M. Lachance, E. B. Saff, and R. S. Varga, Inequalities for polynomials with a prescribed zero,
Math. Z. 168, no. 2 (1979), 105-116.

] H. N. Mhaskar and E. B. Saff, Where does the sup norm of a weighted polynomial live? A
Generalization of Incomplete Polynomials., Constr. Approx. 1, no. 1, (1985), 71-91.

| A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev, Integrals and series, vol. 1, Gordon
& Breach Science Publishers, New York, 1988.

| A. P. Prudnikov, Yu. A. Brychkov, and O. I. Marichev, Integrals and series. More special
functions, vol. 3, Gordon & Breach Science Publishers, New York, 1988.

| M. Riesz, Intégrales de Riemann-Liouville et potentiels., Acta Litt. Sci. Szeged 9 (1938),
1-42.

| M. Riesz, Rectification au travail ”"Intégrales de Riemann-Liouville et potentiels”., Acta Litt.
Sci. Szeged 9 (1939), 116-118.

| E. B. Saff and V. Totik, Logarithmic Potentials with External Fields, Springer-Verlag, New
York, 1997.

| P. Simeonov, A weighted energy problem for a class of admissible weights, Houston J. of
Math. 31, no. 4 (2005), 1245-1260.

] N. V. Zorii, Equilibrium potentials with external fields, Ukr. Math. Zh. 55, no. 9 (2003),
1423-1444.

| N. V. Zorii, Equilibrium problems for potentials with external fields, Ukr. Math. Zh. 55, no.
10 (2003), 1588-1618.

| N. V. Zorii, Theory of potential with respect to consistent kernels: theorem on completeness
and sequences of potentials, Ukr. Math. Zh. 56, no. 11 (2004), 1796-1812.

J. S. BRAUCHART AND E. B. SAFF: CENTER FOR CONSTRUCTIVE APPROXIMATION, DEPARTMENT
MATHEMATICS, VANDERBILT UNIVERSITY, NASHVILLE, TN 37240, USA

E-mail address: Johann.Brauchart@Vanderbilt.Edu

E-mail address: Edward.B.Saff@Vanderbilt.Edu

P. D. DRAGNEV: DEPARTMENT OF MATHEMATICAL SCIENCES, INDIANA-PURDUE UNIVERSITY,

ForT WAYNE, IN 46805, USA

E-mail address: dragnevp@ipfw.edu



