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Asymptotics of weighted best-packing on rectifiable sets

S.V. Borodachov, D. P. Hardin and E. B. Saff

Abstract. We investigate the asymptotic behaviour, as N grows, of the
largest minimal weighted pairwise distance between N points restricted to
a rectifiable compact set embedded in Euclidean space, and we find the
limit distribution of asymptotically optimal configurations.

Bibliography: 23 titles.

The classical best-packing problem is the problem of finding a configuration of
N points on a given compact set A with the largest possible separation (largest
minimal pairwise distance). Formulated for the Euclidean space R? this problem
becomes that of finding the largest density of a collection of non-overlapping equal
balls in R%. Some of the significant results and reviews of the literature on this
problem can be found in [1]-[6]. It is known, for example, that the solution to
this problem for certain sets A in the plane coincides with asymptotically optimal
nodes for cubature formulae (see, for example, [7]).

The best-packing problem is dual to the problem of e-complexity of a compact
set A which, for a given ¢ > 0, requires one to find the largest number of points
on A that are at a distance at least € from each other. The notion of e-complexity
was first introduced by Kolmogorov and Tikhomirov [8] and has, in particular,
applications to the study of complexity of the behaviour of orbits in dynamical
systems (see, for example, [9]).

The problems mentioned above have also been considered for different metric
spaces. In this paper we study a weighted analogue of the best-packing problem
which, in a sense, is similar to introducing a certain metric, or sequence of met-
rics. The solution to such problems can be applied to the construction of optimal
weighted cubature formulae (see [10] and references therein for more information
on such optimization problems) and computer aided geometric design when it is
required to place points on a surface according to a prescribed non-uniform dis-
tribution (for example, to place more points on regions of the surface with higher
curvature).
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8 1. Definitions, notation and known results

Let A C RP be an infinite set, where p is a positive integer. For a collection of

distinct points wy := {x1,...,2xy} C A and a function w: A x A — [0, o] let
0%(wn) = min (i, ;)]s — 2],

where | - | is the Euclidean distance in R?. We also denote the best weighted N -point
packing distance on A by

on (A) == sup{0“(wn) : wy C A, #wy =N}, (1)

where # X stands for the cardinality of the set X. We are interested in the asymp-
totics (as N — o0) of the quantities in (1) as well as the asymptotic behaviour of
the configurations that attain the supremum on the right-hand side of (1).

Without loss of generality we can assume that w is a symmetric function, since
for v(z,y) := min{w(z,y),w(y,x)} we have §"(wy) = §*(wy) for every configur-
ation wy.

In the non-weighted case (w = 1) we get the classical best-packing problem
(we shall omit the superscript w in definition (1) and elsewhere when w = 1). In
this case the (not necessarily unique) configurations wy that achieve the supremum
in (1) are called best-packing configurations on A. We remark that the exact solution
to the best-packing problem when A is the sphere S? in R3 has been obtained for
N =2,...,12 and N = 24 (see [4] or [5] for the list of references). The asymptotic
behaviour as N — oo of the best-packing distance on S? (up to the next order
term) was obtained by Habicht and van der Waerden in [11] and [12].

Kolmogorov and Tikhomirov [8] obtained the main term of the quantity (1) as
N — 0o when w = 1 and A is a compact set of positive Lebesgue measure in RP.
In [13] the present authors analysed the asymptotic behaviour of the best-packing
distance in the non-weighted case on d-rectifiable sets and their countable unions.

Throughout this paper, 77, with @ < p denotes a-dimensional Hausdorff mea-
sure in RP. When « is an integer d, then we choose a normalization so that an
isometric copy of the cube [0,1]¢ has J#j-measure 1. A set A C RP is d-rectifiable,
d < p, if it is the image of a bounded subset 7" of R? with respect to a Lipschitz
mapping, that is a mapping ¢ : T' — RP that satisfies for some constant A

lp(z) =) <Az —yl, z,yeTl. (2)

(See [14], [15].)

In what follows we assume that A is a compact set with J7;(A) < co. In the first
part of the paper we shall consider the weighted best-packing problem for a fixed
weight on A x A satisfying certain conditions. A function w: A x A — [0, 00] is
said to be a CBD-weight function on A x A if

(a) w is continuous (as a function on A x A) at JZ;-almost every point of the

diagonal D(A) := {(z,z) : x € A},

(b) there is some neighbourhood G of D(A) (relative to A x A) such that

supg; w < 0o, and

(¢) infpw > 0 on any closed subset B C A x A such that BN D(A) = &.
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Here CBD stands for (almost) continuous and bounded on the diagonal. In
particular, conditions (a)—(c) hold if w is greater than some positive number on
A x A and continuous on the diagonal D(A) (where continuity at a diagonal point
(9, x0) is meant in the sense of limits taken on A x A).

Note that w(z,y)|x — y| is, in general, not a metric. However, if a metric p(x, y)
is continuous with respect to the Euclidean distance in R? and the limit

: p(z,y)
z):= lim ) z,y) € (Ax A)\ D(A), =zc A,
fz) (z.y)—(2,2) | — Y| (z,y) € ( )\ D(A)

exists and is continuous, then we obtain best-packing results for the metric p(z,y)
by setting

w(x = plx,y)/|x—y| ifx#uy,
(z,y) : {ﬂ@ et

For a review of results on packing in non-Euclidean spaces see, for example, [16], [17].

In this paper the asymptotic behaviour of the quantity (1) together with the
weak-star limit distribution of asymptotically optimal configurations is obtained
for compact d-rectifiable sets. We further extend these results in two ways: by
considering varying weights and by allowing weights with singularities. Large values
of the weight can significantly affect distances between optimal points, which leads
to certain technical difficulties when the weight has singularities.

We set

Cooq = lim dx([0,1]H)N/2,
N—o0

Let Ay denote the largest density of packing equal non-overlapping balls in R?
(see [3] for the precise definition) and let 34 be the Lebesgue measure of the unit
ball in R9. Tt follows from the definition that

1/d
Cra=2(51) 3)

The density Ay (and hence, constant Cy 4) has been obtained only for d = 2
(cf. [1]) and recently for d = 3 (cf. [6]). These results imply that

2
Coo = = Coo = \6/5
2 =4/ 7 3
(clearly, Coo 1 = 1).

The weighted best-packing problem represents the limiting case as s — oo of the
following weighted minimum energy problem

EY(A,N)= inf 3 3&%3%.

T1,..,NEA \<IZI<N |(EZ — le
This problem was considered by the present authors in [18] for a class of weights w
that includes the reciprocals of CBD-weight functions and more general weights
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with a finite number of zeros on the diagonal. It was shown that if A C RP is
a closed d-rectifiable set and s > d, then

£(A,N)

m —ra = Cs,d<A(w(m,x))‘d/s d%(x)) _S/d, (4)

N—o0
where Cj 4 is a positive constant independent of the set A. When w = 1, we obtain
the (non-weighted) minimal energy problem (see [19]-[23] and references therein).

The limit distribution of asymptotically optimal configurations is understood in
the following sense. If A C RP is compact and v and {vy }37_, are Borel probability
measures on A, then the sequence {vy }37_, is said to converge weak-star to v (and

. * . . .
we write vy — v as N — o00) if for any function f continuous on A, we have

lim /deN:/fdl/.

We say that a sequence of configurations {wn}¥_,, wn = {z1,N,..., 2NN} C A4,
N =23,..., has limit probability measure v if
| X
Vow)i= 2 Oy v N (5)

where §, is the atomic probability measure in R? centred at the point z € RP.
To prove that (5) holds it is sufficient to show that for every subset B C A whose
boundary relative to A has v-measure zero, we have

#wvNB)
NT = v(B). (6)

In [22] and [23] the uniformity of the limit distribution of minimal s-energy config-
urations on d-rectifiable manifolds in R? for s > d is established. In [18] the present
authors show that the density of the limit distribution of configurations asymptoti-
cally minimizing the weighted energy in (4) is proportional to (w(z,x))~%*, s > d.
Afraimovich and Glebsky [9] study the properties of the limit distribution with
respect to convergence along an ultrafilter of optimal e-complexity configurations
on compact sets in R? endowed with a varying metric.

Our first goal is to establish a weighted analogue of the following theorem in [13].

lim

N—o0

Theorem 1.1. Let d < p, where d, p are integers, and A C RP an infinite closed
d-rectifiable set. Then

Aa

1/d p
1
ﬁ) (A4, (1)

Jim Sn(AYNYE = Oy g rt(A)Y = 2(

If A5(A) > 0, then for every sequence {wn }%_y of best-packing configurations on A
such that #wony = N, N =2,3,..., we have

V(EN)%W, N — oc.

Relation (7) for d = p is the result of Kolomogorov and Tikhomirov obtained
in [8].
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§ 2. Main results
Let 22" and h}j be the Borel measures supported on A such that

AP (B) = /B w(a, )t dA()

and
-2

for every Borel set B C A. A sequence of point configurations in A, {wn}F_,,
H#wy =N, N =23,...,is called asymptotically w-best-packing on A if

0 (wn) =0 (A)(1 4 0o(1)), N — 0.

Theorem 2.1. Let d < p, where d, p are integers. Suppose that A C RP is an
infinite closed d-rectifiable set and w is a CBD-weight function on A x A. Then

1/d
JM15%UQNUd:C@d(/1M%xW¢%ﬁxO , (8)
— 00 A

where Coo g 15 as in (3).
Furthermore, if 73(A) > 0, then any asymptotically w-best-packing sequence of

configurations Oy = {xlV, ... 2N}, N =2,3,..., on A satisfies
| X
NZ@%ng N — . (9)
k=1

Example 2.2. Let D denote the open unit disc in the complex plane C and suppose
that A is an infinite closed 1-rectifiable set in D) (such as a rectifiable arc or curve)
with positive length (that is, H1(A) > 0). Let wy, = {2} v, - ., 2§ v} maximize the
minimum pseudohyperbolic metric distance d(z,¢) = |(z — ¢)/(1 — z¢)| among all
N-point subsets of A. Then from Theorem 2.1 with the weight w(z, ) = 1/]1—2(],
z,¢ € D, it follows that the points w}; are asymptotically uniformly distributed with
respect to the infinitesimal Bergman (Poincaré) metric |dz|/(1 — |2]?).

Similarly, if A C D is a closed set with positive area (that is, H2(A) > 0), then
with the same weight as above, w-best-packing configurations have asymptotic
density 1/(1 — |z|?)? with respect to area measure (that is, H>).

Theorem 2.1 considers weights bounded on D(A). Below, we study the case
when the weight is allowed to have singularities on D(A). Let B(a,r) be the open
ball in R? centred at the point a with radius r > 0. For ¢t > 0 we say that a function
w: Ax A — [0,00] has a singularity at (a,a) € D(A) of order at most t if there are
positive constants C' and § such that

C

P AN B(a,d).
|I’*a|t7 NTIS (a7 )

w(z,y) <

If w has a singularity (a,a) € D(A) whose order is too large, then it may act as
an attracting ‘sink’ for optimal configurations, yielding d}(A) = co. For example,
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let A be a closed ball in R? centred at the origin and w(z,y) = (|| + |y|)~%,

x,y € A, t > 1. If wy = {x1,...,zn} is a configuration of N distinct points
in A, then 6% (ywy) = ¥ 7t¥(wy) for any 0 < v < 1. Taking v — 0 shows that
I (A) = cc.

A closed set A C RP is called a-regular at a € A if there are positive constants
Cp and g such that

Cytr™ < (AN B(x,r)) < Cor® (10)

for all z € AN B(a,dp) and 0 < r < dy.

Theorem 2.3. Let A C RP be an infinite closed d-rectifiable set, where d < p.
Suppose that A is a;-reqular with a; < d at a;, i =1,...,n, for a finite collection
of points ay,...,a, € A and that w: A x A — [0,00] is a« CBD-weight function on
K x K for any compact set K C A\ {a1,...,a,}. If w has singularity of order at
most t < 1 at each (a;,a;), then the conclusions of Theorem 2.1 hold.

Finally, we determine under suitable assumptions the asymptotic behaviour of
weighted best-packing when the weight varies with N. Given a sequence {vy}37_,
of non-negative weight functions defined on A x A, we say that a sequence of config-
urations {wy }¥_, on the set A, where #wy = N, N =2,3,...,is asymptotically
optimal for this sequence of weights if

5N (wn) = SR (A) 1 +0(1)), N — oo,

Theorem 2.4. Let d < p be integers and let A C RP be an arbitrary infinite closed
d-rectifiable set. Suppose that either w is a CBD-weight function on A x A or that
the set A and weight w satisfy the assumptions of Theorem 2.3. Let {un}¥_, be
a sequence of non-negative functions on A X A such that

(1 —eny)w(z,y) <on(z,y) < (1 +eny)w(x,y), (z,y) € AX A, (11)

where {en}¥_o C (0,1) is some sequence converging to zero. Then

1/d
Nlim SN (ANYE =y </ w(z, x)? d%(m)) .

Moreover, if #;(A) >0, then for any sequence of configurations wy:={x¥ ... 2},
N =2.3,..., that is asymptotically optimal for the sequence of weights {vn}33_o
we have
| X
*
N 2(5ka — hy, N — . (12)
k=1

§ 3. Auxiliary statements
In the following, we find it convenient to define §}(A) for finite sets to be 0 when
N > #A. Given positive integers d < p, let

g (A) = liminf 63 ()N, gif (A) = limsup o (A) N1/

- N—oo
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and
gy (4) = Jim (AN (13)

if this limit exists. When w = 1 we shall denote the above limits by g,(A), ga(A)
and g4(A), respectively. To prove Theorems 2.1 and 2.3 we first establish the
following analogues of Lemmas 1 and 2 from [18].

Lemma 3.1. Let B and D be two bounded sets in RP and suppose that

w: (BUD) x (BUD) — [0, 0]
is an arbitrary weight function. Then

g4 (BU D) < gi (B)! + g (D)". (14)
Furthermore, if g (B), gy (D) < co and at least one of these quantities is positive,

then ( ) (B)!
lim = 1
NN o0 N gy (B)? + gy (D)? (15)

holds for every sequence {On}nev of N-point configurations in B U D such that

. w ([~ 1/d — (7w d _w dy1/d
i OM(@N)N (94 (B)* + g4 (D)) """, (16)

where A is some infinite subset of N.

Proof. If BU D is finite, then the result of the lemma holds trivially. Let .4 C N
be an infinite subset and let {wy}ne s; be a sequence of N-point configurations
in BU D such that the limit

L #(wn N DB)
a:= lm ——=
N15N—o0 N

exists. We shall show that

limsup &% (wn )N < (g4 (B)! + g4 (D))", (17)
N13N—o00
Let Ng = #(wy N B) and Np = #(wny \ B), N € A1. Then
5 = mi , -
(wy) = min w(z,y)lz -yl
< min{§”(wy N B), §“(wy \ B)} < min{éy_(B), 6§, (D)}
If 0 < a < 1, then we get
limsup 6% (wy)NY®
N19ON —o0
N 1/d N 1/d
< min{ limsup 6% (B Nl/d(> . limsup 6% (D Nl/d<> }
{MBN—& Ny (B)Ng Ng JV19N—>I<)X> ~p (D)Np Np
1/d

<min{gy (B)a™%, g§(D)(1 — )7/} < (g (B)" + g (D))
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If @« =0, then

limsup 6% (wy)N/4
NN —o0

N\
< limsup 6%(wy \ B)NY? < limsup N, (D)Nll)/d<)
Hi3N—00 Hi3N—00 Np

—w —w —w 1/d
< g4(D) < (g4 (B)* +g§(D)*) .
The case o = 1 is handled analogously, which completes the justification of (17).
Now let {@n }37_, be a sequence of N-point configurations on B U D such that
for N sufficiently large

0 (Wy) > on(BUD) — if oy(BUD) < o0

1
N2/d’
and

§¥(@y) > N, i 6Y(BUD) = oo.

Since {#(wy N B)/N}%_, is a bounded sequence, there exists an infinite subset
N5 C N such that
gY(BUD)= lim ¢“(wy)NY4,

N33 N —o0
and the limit
im  F@NOB)
N33 N—00 N
exists. Then, by (17) we have
@(BUD) = lim §"@n)NY! < (g5(B)" + 35 (D))",

N2 N —oo

which establishes (14).
Now let {&n}nes be any sequence of N-point configurations in B U D such
that (16) holds. Choose any subsequence .45 C .4 such that the limit

. #(wn N B)
= 1 _
ﬁ ,%Bll{fnﬂoo N

exists. Assume that both gy (B) and gy (D) are positive. Then, using the above
argument and (16), we have

1/d _ lim (Sw((:;]v>N1/d

(B d a? (D d
(94 (B) + g4 (D)) Py
< F(B) :=min{g{ (B)s~"", g (D)(1 - B)~/*}. (18)
The function F(8) attains its maximum on [0, 1] only at the point

o gy (B)?
gy (B)d 4+ gy (D)4

and F(a*) = (g4y(B)* + g}f(D)d)l/d. Then, in view of (18), we necessarily have
8 =ar.
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Now suppose that gy (B) = 0, but gy (D) > 0. If 8 > 0, we can write
gu (D) =(gy (B)* + gy (D))"= lim  §*(@N) N/
94 (D) =(94 (B)" + g4 (D)") ol 0%(@n)

g li w (™ B Nl/d g % (B —1/d —
ol 0%(wy N B) 94 (B)B 0,

which contradicts the fact that gy (D) must be positive. Hence, § = 0 = o*. If
gy (D) =0, we will get =1 = a*. Thus, we always have 8 = a*. In view of the
arbitrariness of the subsequence .45, we obtain (15).

Lemma 3.2. Let B and D be two sets in RP such that dist(B, D) > 0. Suppose
that for some h > 0, w(x,y) > h for (z,y) € B x D. Then

g4 (BUD) > g¥(B)" + g% (D)".

i (B
Proof. We can assume that 0 < g7 (B), gy (D) < oo, since otherwise Lemma 3.2
holds trivially. Let

9:(B)*
94 (B)* + g (D)*
and a := dist(B, D). Let {w&}F_, and {wR}%_, be sequences of N-point config-
urations in B and D, respectively, such that

gi (B) = lim inf S (WRYNYE g¥(D) = liminf 6 (WR)N/4

N—o0

* o

(these sequences can be chosen in the same way as the sequence {wy} in the proof
of Lemma 3.1). For every N € N, let N := |a.N| and Np := N — |, N|, where
[t] denotes the floor function of a number ¢. Then,

§¥(BUD) > §"(wy, Uwk,) = min{6“(wy,), 6“(wy,), ha}.
Hence,

g (BUD) =liminf 63 (B U D)N'/4

> min{lim inf §% (wﬁB)Nl/d7 liminf §* (w]j\ij)Nl/d, lim haNl/d}

N —o00 N—o00 N—o0
1/d 1/d
w val N w 1af N
= mm{l}\r[riglofé (wNB)NB (NB> l}wglofé (wND)ND <ND> }

> min{g} (B)(a*) /%, g§(D)(1 - au) "/} = (g4 (B)" + g (D))",

which completes the proof of Lemma 3.2.

8§ 4. The case of a weight bounded on the diagonal
Theorem 2.1 is a consequence of the following result.

Lemma 4.1. Suppose that A C RP is a compact set with s;(A) < oo, and that
w: Ax A — [0,00] is a CBD-weight function on A x A. Furthermore, suppose
that for any compact set K C A the limit g4(K) exists and is given by

9a(K) = Cog aHty(K)'. (19)
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Then,
(a) g7 (A) exists and is given by
94 (A) = Coca " (M1, (20)
and
(b) if a sequence {ON}¥_y, where wn = {xd, ..., xN}, is asymptotically w-best-

packing on the set A and 7;(A) > 0, then
L
N2y R N oo (21)
k=1

Proof. To prove the first part of the lemma (that is, relation (20)), we break A
into disjoint ‘pieces’ of small diameter and estimate the w-best-packing radius of A
by replacing w with its supremum or infimum on each of the ‘pieces’ and applying
Lemmas 3.1 and 3.2.

For § > 0 suppose that &% is a partition of A such that diam P < § and
H5(P) = #)(P) for P € &, where B denotes the closure of a set B. For each
P € P choose a closed subset Qp C P so that 25 := {Qp : P € P} satisfies

S Ha(@Qr) > HafA) - 6. (22)

Pe Py

An example of such systems & and Z; can be constructed as follows. Let G t]
be the hyperplane in R? consisting of all points whose jth coordinate equals ¢. If
(—a,a)P is a cube containing A, then for i = (i1,...,ip) € {1,...,m}? let

Ri=[t} _y,t;) x - x[t? _ ),

7 ip—1 Yiy

where m and partitions —a = t% < t{ <.+ <t =a,j=1,...,p, are chosen so
that the diameter of any Ry, i € {1,...,m}?, is less than § and (G, [t]] N A) = 0
for all 4 and j. (Since J%;(A) < oo, there are at most countably many values of ¢
such that 25(G;[t] N A) > 0.) Then, we may choose

Py = {RinA:ie{l,....m}")
and v € (0, 1) sufficiently close to 1 such that (22) holds for

ng{Qi:ie{l,...,m}P},

where Q; = (Y(R; — ¢;) + ¢;) N A and ¢; denotes the centre of R;.
For B C A, let
wp = sup w(z,y), wg = inf w(x,y)
z,yeB z,yeB

and define the simple functions

ws(z) == Y wpxp(r),  ws(x):= Y wpxp(z),

PePs PeZs
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where . denotes the characteristic function of a set K. Since the distance between
any two sets from Zs is strictly positive, applying Lemma 3.2 and relation (19) we

obtain J
gs”(A>d>g$f( U Q) > > whg,(Q)*

Qegé QEQ(;
>0l Y wha(Q) > ol / ws(@) dAa(z).  (23)
Qc s Ugea, @

Here we assumed that d%(Q) =0 if #Q =0 or 1.
On the other hand, by Lemma 3.1, Theorem 1.1 and properties of the partition
5 we have

d
g;”<A>d=g;”( U P) < @@i< Y whauP)

PeZs PeZs PeZs

=CLa > wpHta(P)=CL, > WpHta(P)

Pe Py Pe Py
—ct, / T (2) dA(2). (24)
A

Since w is a CBD-weight function on A x A, there is some neighbourhood G of
D(A) such that 7 := sups w < co. For ¢ > 0 sufficiently small, we have P x P C G
for all P € &%, and hence ws(x) < w(z,z) < ws(z) < 7 for x € A. Furthermore, w
is continuous at (x,z) € D(A) for #g-almost all z € A and thus, for any such =,
it follows that ws(z) and wg(x) converge to w(x,z) as 6 — 0. Therefore, by the
Lebesgue Dominated Convergence Theorem, the integrals

/ ws () At (), / () dA ()
Uge2,@ A
both converge to .#"(A) as 6 — 0. Hence, using (23) and (24), we obtain (20).

We next prove relation (21). Let 5#4(A) > 0andlet wy := {zlV,..., 2V}, N € N,
be an asymptotically w-best-packing sequence of configurations on A. Choose any
set B C A whose boundary relative to the set A (denote it by 04 B) has J#;-measure
zero. We shall show that

lim 7#<&N nB)

N—o00

= hg (B). (25)

Note that B and A \ B are compact sets with finite #-measure and the restriction
of w on each of them is still a CBD-weight function. Every compact subset of these
sets is a compact subset of A and hence, these two sets satisfy the assumptions of
Lemma 4.1. Moreover, " (0aB) = #;°(04A\ B) = 0. Thus,

94(B) = Cocai"(B)? and  gif (A\ B) = Coo,at" (A\ B)'/?,

and taking into account relation (20) we obtain that

Jim 5@ )NV = Tim S5 (AN = g (A) = Coe a5 (A) /2

(9 (B)! + g (A\ B)")

1/d _ 1/d

= Coo.a(3"(B) + #;"(A\ B))



12 S. V. Borodachov, D. P. Hardin and E. B. Saff

By relation (16) of Lemma 3.1, we have

o TFENNB) g¥(B)¢ e
J\/l—mxn N gZiU(E)d + g;](m)d hd (B) hd (B) (26)

Since relation (26) holds for any closed subset of A whose boundary relative to A
has .7;-measure zero, it follows that

. #@~nN(B\B)) . #(wnNOoaB)
- N R R

= hy(04B) = 0.

Consequently, (25) holds for all sets B C A whose boundary relative to the set A
has J#;-measure zero. As mentioned in Section 1, this implies relation (21), which
completes the proof.

Proof of Theorem 2.1. Since A is a compact d-rectifiable set, it follows that
H(A) < oo and any closed subset K of A is also a compact d-rectifiable set. By
Theorem 1.1, relation (19) holds for K. Then Theorem 2.1 follows from Lemma 4.1.

8 5. The case of the weight with singularities on the diagonal

Asymptotic behaviour of 63 (A). The hypotheses of Theorem 2.3 imply that
#i(4) = [ wia,z) dti(o)
A

is finite and positive (see the proof below) and hence the same is true for g3 (A).
The essential ingredient in the proof of Theorem 2.3 is the following lemma which
assumes lower regularity. Consistent with the definition in (10), we say that a set
K C RP is lower a-regular at a € K, if there are positive constants Cy and 7y such
that

Cytr® < H(K N B(x,r)), x € KN B(a,m9), 0<r<ry.

Lemma 5.1. Suppose that o > 0 and let K C RP be a compact set that is lower
a-regular at a pointa € K. Letw: K x K — [0, 00| be a weight function with a sin-
gularity at a of order at most t < 1. Then there is a constant C, = Cy(w, K, t,«)
such that for any A sufficiently small

1

AB(a,2)) |T — alt™

1/
(K N B(a, \)) < Cy ( / d%(m)) . (27)
K
Proof. Let rg and Cy be as in the definition of lower a-regularity of the set K at a,
and let C' and J be as in the definition of a being a singularity of w of order at most
t<1.

Choose any 0 < A < min{rg,d}. Let wy = {x1,...,2x} be an arbitrary con-
figuration of N distinct points in K N B(a,A). Fori =1,... N, let p; = |z; — al,
r; = min;.jz; |x; — ;| and let y; be a point in wy such that |z; — y;| = 7.

Since K N B(a, ) is bounded, there are at most L — 1 points z; € wy (for
example, one could take L = 3P + 1) such that 7; > . Reorder the points in wx so
that py < pj,i=1,...,N—1,andr; < A\, i=1,...,N — L. Then,

0" (wn) = minw(w;, z;)le; — ] < minw(@s, vl — il
i#£] i= JN—L
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For every i =1,...,N — L, since z;,y; € K N B(a,\) C K N B(a,d), we have

w(fi,yi)imfav.
Hence,
, _ N-L o\ 1/a
L xc—ralt :i—lfr.l.iffv_LCp? s C<N1—L z; ;m> '
Fori=1,...,N—1,
r_angllf'xj_x" |$’_a‘+f;§1|@—%\ < pi+pn < 2p;

For every « € B(x;,1;/2),i=1,...,N — 1, we also have
r
‘x_a‘<|$—$i|+|$i—a|<§z+l)i<2pi.

Taking into account the lower a-regularity of the set K at a, it is not difficult to
see that

& 1
TTZ 2(XCO% (KQB(.CU“ T)>m
Pi 2))pi

7

1
<2aco/ d%( )<2a<t+1>00/ ———— A ().
KNB(w:,r:/2) P KNB(x;,r;/2) |JJ - a|,a

Consequently,

/ N—-L 1 1/a
5% (wy) < 2OV O(N — I —Ua( / S d%(@) .
0 ) ; KﬂB(mi,Ti/Q) |x - a|t0£

Since wy is an arbitrary N-point collection in K N B(a,\) and B(x;,7r;/2) N
B(l“jarj/Q) =g, 1 # j, we can write

1

AB(a2)) [T — alt®

1/«
SR 0 Bla) < 2y oW - ny e ([ @)
K

Hence,

3% (K N B(a,\)) = limsup 6% (K N B(a, \))(N — L)Y/«

N—oc0

1 1/«
<Gy (/ [Ty d%(@) )
KnB(az2)) T —al™

where ] = 2”103/“0, which completes the proof of Lemma 5.1.
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Proof of Theorem 2.3. If K is a-regular, 0 < a < d, as opposed to only lower
a-regular at a, then the integral

1
/K —ape (@)

is finite (cf. [15], p.109) and by absolute continuity of the Lebesgue integral we
have .
A=0 JknB(a2n) |2 — al
By Lemma 5.1 we then have limy_,o g¥(K N B(a,A)) = 0 for any 0 < « < d. Hence
limy_ % (K N B(a, \)) = 0.
The «;-regularity of A at a; and the fact that w has a singularity of order at
most t <1 at a;, i =1,...,n, imply that

/ w(z,z)? dAy(x) < oco.
A

Suppose that € > 0. By Lemmas 5.1 and 3.1 we can find § > 0 such that By :=
Ui, AN B(a;, d) satisfies g4 (Bs) < ¢ and for As := A\ Bg,

A (4s) = [ wla,a)! ddi(o) > (1 - ) 7(4),
As

Since w is a CBD-weight function on As x As, it follows from Theorem 2.1 that

g% (As) exists and is given by g¥(As) = Coo a7 (As)Y . By Lemma 3.1 we then

get

Y (A) < (3%(As)" + 5% (Bs)")

< (CL o (Ag) + 28

< (CL o3 (A) + e

(28)
We also have
95 (A) = g (As) = Coo a3 (As)/ > Coo (1 — )G (A4 (29)

Taking ¢ — 0 in (28) and (29) shows that g4 (A) exists and that (8) also holds
under the assumptions of Theorem 2.3.

We next show that (9) holds for the case of a weight with singularities. Let
B C A be any set such that .#3(04B) = 0. For every § > 0 such that

Hy(ANOgeBlai, 6)) =0, i=1,...,n

(there are at most countably many 4’s for which this does not hold) consider sets
By =BU (U, AN B(a;,0)) and A\ By. Note that

A (aBr) = A (94A\ By) = 0.

Both sets are d-rectifiable. Since A \ By is also a compact subset of A\ {a1,...,a,},
w is a CBD-weight function on A\ By x A\ B;. Then, by Theorem 2.1,

94 (A\ B1) = Coca 2" (A\ B1)V/.
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The set B; is compact and, for § > 0 sufficiently small, is a;-regular at a;, i =
1,...,n. Restriction of w on By x By will be a weight with singularities of order
at most t < 1 at aq,...,a,. Then, by (8), we have

95 (B1) = Coo.a 3" (B1) .
Let {@n}R_y, #Wn = N, be any asymptotically w-best-packing sequence. Then

Jim 8" @N )N = g (4) = Coo a3 (A)

= Cooa (A (By) + A7 (AN\ B) Y = (g4 (Br)® + g (AN By)®) /.

Since #;”(A) > 0, one of the quantities ;" (B) or #;"(A \ B1) has to be positive.
Using relation (15) from Lemma 3.1, we have

wyNDB onNB Y(B,)4
lim sup #@v 0 B) < lim #(@ N B1) = — 94 (B1) = hy(B1)
N—oo N N—oo N g¥(B1)t+ gy (A\ By)?
Since lims_.g hY (B1) = hYj(B), we get that
wnNDB
limsup 2N B) he(B). (30)
N—oc0 N

Repeating the same argument for the set By = (A \ B) U (U;_; AN B(a;,0)), we

deduce that B A\ B
oy @ 0 (A\ B))
N —oo N

< h¥(A\ B).

Hence,
lim inf 7#(MN nb)

> hY .
N —oo N - hd (B)

Combining this relation with (30) yields

lim 7#(EN nB)

N—o0 N - hd (B),

which implies that (9) also holds under the assumptions of Theorem 2.3.

Proof of Theorem 2.4. From relation (11), for any configuration

wy ={z1,...,any} C A
we have
0N (wy) = II;}DUN(MJJ‘H% — x|
i#j
z(1- EN)HQDW(%%N% —xj| = (1 —en)0"(wn). (31)
i#]
Analogously,

6" (wn) < (1 +en)0"(wn). (32)
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Hence,
(1 —en)oR(A) < 63 (A) < (1+en)iy(A),

and using Theorem 2.1 or 2.3, we get that

Jim 6y (ANYE = Tim 6% (AN = Cup (A (A))Y4. (33)

N—oc0

Now let {wn}F¥_, be an asymptotically optimal sequence of configurations for the
sequence of weights {vn }%_,. Then, taking into account (33), we get

0"V (wn) = 03N (A) (1 +o(1)) = dx(A)(1 + o(1)), N — oc.
Relations (31) and (32) also imply that
0N (wn) = 6% (wn)(1 4 o(1)), N — .

Then
0 (wn) =0 (A)(1+ o(1)), N — oo,

that is, the sequence {wn}%_, is asymptotically w-best-packing on the set A.
Applying again Theorem 2.1 or Theorem 2.3, we get (12).
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