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Let A be a compact point set in the right half of the zy-plane and I'(A) the set in R? obtained by
rotating A about the y-axis. We investigate the support of the limit distribution of minimal energy
point charges on I'(A) that interact according to the Riesz potential 1/r°, 0 < s < 1, where r is
the Euclidean distance between points. Potential theory yields that this limit distribution coincides
with the equilibrium measure on I'(A) which is supported on the outer boundary of I'(A). We show
that there are sets of revolution I'(A) such that the support of the equilibrium measure on I'(A) is
not the complete outer boundary, in contrast to the Coulomb case s = 1. However, the support
of the limit distribution on the set of revolution I'(R + A) as R goes to infinity, is the full outer
boundary for certain sets A, in contrast to the logarithmic case (s = 0).
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I. INTRODUCTION

The discrete energy problem for Riesz kernels ks(x):=[x|7%, s > 0, on compact sets K in R3 is concerned with
finding N-point systems in K in the most-stable equilibrium; that is, that minimize the s-energy
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among all N-point sets Xy := {x1,...,xn} C K, where | - | denotes Euclidean distance. The existence of such

configurations follows from both the lower semi-continuity of the Riesz kernel ks, s > 0, and the compactness of K.
Even in the case that K is the unit sphere in R3, explicit examples of such point sets are known only for a few values
of N. For approximate physical models of configurations of minimal energy points for large IV on the sphere as well
as toroidal surfaces, see [5, 6.

The N-point system Xy defines a discrete measure u(Xn):=(1/N) >, < x, Ox, by placing the charge 1/N at every
point x € Xy. In this paper we investigate the support of the limit distribution (limit in the weak-star sense as
N — o) of a sequence of measures u(Xy%), N > 2, induced by minimal energy point configurations X3 on sets of
revolution I'(A) in R3 obtained by revolving a compact set A in H* about the y-axis, where Ht denotes the right
half of the zy-plane.

If 0 < s < dimT'(A) (the Hausdorff dimension of T'(A4)), classical potential theory for the Riesz kernel ks (cf. [12])
can be used to study this problem. In this case, the limit distribution (as N — o0) of optimal N-point configurations
is given by the equilibrium measure g4y that uniquely minimizes the continuous energy

L= [ [ kax = y) dutx) duty)

over the class M(I'(A)) of (Radon) probability measures p supported on I'(A4). (For example, when I'(A) is the unit
sphere S? in R? the equilibrium measure is the normalized surface area measure on S2.)
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The probability measure pi, r(4) is characterized by the following variational principle [12, Ch. II]: For I'(A) there
exists a constant Vy = V5(I'(A)) such that

Uisr™® >y, “approximately everywhere” on T'(A), (2)
U=t <y, everywhere on the support of 15 (4. (3)

Here UL*T™ denotes the equilibrium potential

ST (%)= / ks(x —y) dpara(y), xR

The constant V; is the infimum of the energies of (Radon) probability measures supported on I'(A), that is Vy =
Ts[ps,ray)- The reciprocal of V; is called the s-capacity of the set I'(4), it is denoted by cap,I'(A). The term
“approximately everywhere” means that the property holds everywhere with the possible exception of a set of s-
capacity zero. It follows from (2) and (3) that Ul=™™ = V, approximately everywhere on the support of Hs,T(A)>
which provides an integral equation for the equilibrium measure on its support. Knowing this support is therefore an
important step in the determination of ps p(a)-

We remark that Fabrikant et al. [9] provide a method for finding the density p of a signed charge distribution for a
prescribed k,-potential distribution on certain surfaces of revolution in R3. However, their methods do not apply, for
example, to the torus and, more importantly, the distribution they obtain need not be nonnegative. For the analysis
of charge distributions in the Coulomb case (s = 1) on circular or ellipsoidal “slender toroidal surfaces”, see Cade [7]
and Shail [15].

Several important properties of the Riesz equilibrium measure ps ;¢ for a compact set K C R? of positive s-
capacity are summarized in the previously cited book of Landkof. Adopting the same notation, we let G, denote
the unbounded connected component of the complement of K. The boundary S of G, is called the outer boundary
of K (relative to R?). Furthermore, let K be “the set of all points of K each neighborhood of which intersects K in
a set of positive s-capacity” ([12, Ch. IL, no. 13]). In the case 1 < s < dim K, the First Maximum Principle yields
that supp ps,x D S. In particular, if s = 1, then supp s, K = S. For s < 1, it follows from the superharmonicity
of the kernel k4 that the equilibrium measure is concentrated on the outer boundary S of K. In [11] Hardin, Saff,
and Stahl proved a stronger result for the logarithmic case (limit as s — 07): For any compact set A in the interior
of the right half-plane HT, the limit distribution of minimal energy point charges on I'(A4) that interact through a
logarithmic potential log(1/|x — y|) is supported on its “outer-most” portion only. For example, the “outer-most”
part of the torus obtained by revolving the circle centered at (R,0) and radius r (0 < r < R) is the set obtained by
revolving the right semi-circle {(R + rcost,rsint) | —n/2 < t < 7/2} about the y-axis. Numerical experiments (cf.
[17] and Section VI) suggest that the support of the s-equilibrium measure on a torus is, for sufficiently small positive
s, likewise a proper subset of the torus.

In this paper we provide sufficient conditions under which the support of the equilibrium measure p4 () is a proper
subset of the outer boundary of I'(4). More specifically we show the following.

e Using rotational symmetry, we demonstrate how to reduce the problem of finding the support of the equilibrium
measure fis p(4) on I'(A) for the (singular) kernel k4(x) = 1/[x|* to the problem of finding the support of the
equilibrium measure A\; 4 on A for a related kernel Ky which is continuous when 0 < s < 1 and is singular
when s > 1. Lemma 1 summarizes properties of the kernel Ks. We further discuss the asymptotics of optimal
Ks-energy point configurations on A in both the continuous and singular cases.

e We show that there are infinite compact sets A for which the support of the equilibrium measure on T'(A4) is
all of T'(A) for every 0 < s < 1. For example, this holds for compact subsets A of a horizontal or a vertical
line-segment (see Corollary 1).

e We construct sets of revolution I'(A) such that the support of the equilibrium measure on I'(A) is a proper subset
of the outer boundary of I'(A), in contrast to the Coulomb case s = 1. We demonstrate this for 0 < s < 1/3.
(This follows from Theorem 2.) An example is the outer boundary of the “washer” T'(A), where A is the
rectangle with lower left corner 1/2—i/2 and upper right corner 1+i/2 (cf. Example 1). We conjecture that there
exists for every 0 < s <1 a compact set A for which supp i, p(a) s a proper subset of the outer boundary of I'(A).

e We show that for certain sets A the support of the limit distribution on sets of revolution I'(R + A), for the
translate R+ A ={R+a | a € A}, tends to the full outer boundary of I'(R 4+ A) as R — oo. For example, this



property holds if A is a compact subset of a circle in HT and 0 < s < 1 (cf. Lemma 6).

e We also show that the support of the equilibrium measure for the logarithmic case (s = 0) can differ significantly
from the case s > 0. For example, let A be a horizontal line-segment in H*. Then we show that supp Hs,T(A) =
I'(A) for all 0 < s < 1, while it is known that supp g r(a) is the circle generated by the “right-most” point of
A. (For further discussion, see end of this section.)

Outline of the paper. In Section II we reduce the equilibrium problem to a minimal energy problem in the plane
with respect to a new kernel g for which we find an explicit expression.

Section IIT is devoted to the study of supp As 4 for the kernel ;. A convexity argument (Theorem 1) yields that
compact subsets A of horizontal or vertical line-segments are examples with suppAs; 4 = A for every 0 < s < 1
(Corollary 1). In contrast, we prove the existence of compact sets A for which supp As 4 is not all of the outer
boundary (relative to the xy-plane) of A by using the variational inequalities for /Cs. The essential result here is the
3-point Theorem (Theorem 2) which provides a sufficient condition for a point on the outer boundary to not belong
to the support of the equilibrium measure corresponding to Cs.

In Section IV we study the Ks-equilibrium measure on sets obtained by translating a given set A C HT a distance
R units to the right. The asymptotic expansion of Ks(R+ 2z, R+w), z,w € A, as R becomes large, is given in Lemma
3 and it is sensitive to the order of the limit processes s — 07 and R — oo. The relation between the energy problem
for s on A and the energy problem for kg on the translate R + A is discussed.

In Section V we study the kernel that arises as R — oo, namely

RIS GRSV
1—s /7I'(s/2)

We show that any compact subset A of a line-segment [z, 2”] C HT has the property that supp A\>°, = A for every
0 <'s <1, where A{%, defines the equilibrium measure for this kernel, and we find an explicit efqpression for the
equilibrium measure A3 on A = [/, 2"]. For the case when the outer boundary S of A is a subset of a circle C' we
get supp AJ°, = S for every 0 < s < 1; see Lemma 6. In particular, if S = C, the equilibrium measure on A for the
infinity kernel is simply the normalized arc-length measure on C.

In Section VI we discuss the discrete Riesz s-energy problem on I'(A) C R?® as well as the discrete K-energy

problem on A C HT for the kernels K = K,, K = ICgR), and K = ngoo). We consider the potential theoretical case
0 < s < dimT'(A) and the hypersingular case s > dimT'(A4). In the hypersingular case the discrete energy problem
becomes a weighted energy problem which allows us to use results from [4]. We find the limit distribution of minimal
K-energy N-point systems, consider the separation of such optimal point configurations, and give asymptotics for
the discrete minimal energy as N — oo. Also included are numerical experiments showing minimal energy point
configurations on Cassinian ovals, line-segments, and circles.

An appendix to the paper provides the computations showing convexity of the kernel g5 on a vertical line-segment.

K (z,w) =

, 0<s<l.

II. REDUCTION TO THE PLANE, THE KERNEL K,

First we fix some notation. The axis of revolution is identified with the y-axis in R? and we let H* denote the
‘right-half” of the xy-plane; that is, HM:={z + iy | = > 0,y € R}. We also identify H™ with the complex right
half-plane and, contrary to standard notation for R3, here we shall reserve the symbol z for complex numbers in HT.
Then the set of revolution generated by A C H™ is the set

IFA):={Ryz|z€ A, 0< ¢ <27}, (4)

where Ry is a counterclockwise rotation by angle ¢ about the y-axis. In particular, if A consists of a single point not
on the y-axis, then I'(A) is a circle with center on the y-axis.
A Borel measure fi € M(R?) is rotationally symmetric about the y-azis if

(RyB) = ji(B) ()
for all Borel sets B C R? and for all rotations Ry about the y-axis. (Here R,B denotes the pointwise rotated set
{Ryx | x € B}.)

If i € M(R3) is rotationally symmetric about the y-axis, then ji can be written as a product of two measures, the
normalized Lebesgue measure on the half-open interval [0,27) and a measure g on HT, that is

djp=o—dp,  p=jol e M(HT). (6)



Then the energy of the (compactly supported) measure fi can be expressed as
zii = [ hix-y) diGodaG)
R3 xR3
[ Kelew) dn) dutw)=. o)
H+ xH+

where the kernel K4(z,w) is given by the integral

K. >-—i/%%d¢ (®)
W= or o |Rgz—w|® 7

A. The energy problem for

Let 0 < s < 1. Let A C H" be a compact set such that cap,'(A) > 0. Then the uniqueness of the equilibrium
measure jis (4) on I'(A) and the symmetry of the revolved set I'(A) imply that ju, p(4) is rotationally symmetric about
the y-axis and so d ji, p(a) = [d ¢/(27)] d As 4, where Ay 4 = pis p(ay oI’ € M(HT). Furthermore, if v € M(HY), then
do:=[d¢/(27)] d v is rotationally symmetric about the y-axis and so we have

s)\s > inf s = inf ISAZIS s = s/\s .
Tl > _jpt )= _n L0512 L) = e

In the case 0 < s < 1 the equilibrium measure on I'(A) is concentrated on the outer boundary of I'(A) (cf. [12, Ch. II,
no. 13]).

Proposition 1. Let 0 < s < dimT'(A). Let A C HY be a compact set with cap,T'(A) > 0. Then As a4 = pisray ol
uniquely minimizes Js[v] over all measures v € M(A). Thus, As a is the equilibrium measure on A for the kernel
Ks. It is supported on the outer boundary of A.

The Ks-energy of a measure was defined in (7). The energy Vic, of A is given by
Vi (A)i=inf {Z3[V] | v € M(A)}. (9)
The following relations hold:
Vi, (A) = Ts[As,a] = Ls[ps,ra)] = Vs(T'(A)). (10)

For v € M(A), we define the Ks-potential W/ by
W:(z):/ Ks(z,w)dv(w), z € HT. (11)
A

Let € M(T'(A)) be rotationally symmetric with do = [d ¢/(27)]d v, where v = D o' € M(A). Then the potential
U? is constant on circles I'({z}), 2 € H". Abusing notation, there holds the following connecting formula

U(z) = z— 1 —i " z—Ryw v(w
vt = [ e =5 [ kG R dsdv )

:/AICS(z,w)du(w):WS”(z), z e HT.

MHs,T(A
Us r(A)

From the properties (2) and (3) of the equilibrium potential we infer the wvariational inequalities for Ky for

compact sets A in the interior of H*:

WSAS,A > Vi, (4) everywhere on A, (13)
Wit < Vie,(4)  onsuppXs . )

In this case we do no longer need an “approximately everywhere” exceptional set, since each point of A generates a
circle in R® with positive capacity.



B. Properties of the kernel K,
Let z:=x + iy, w:=u + iv, where z,y,u,v € R. Let w,:= — W = —u + iv denote the reflection of w in the imaginary
axis.
Lemma 1. Let s > 0. The kernel Ky : HT x Ht — R in (8) has the following properties:
1. Ks(z,w) is well defined for z # w for all s > 0.
2. Ks is symmetric: Kq(z,w) = Ks(w, z).
3. Ks is homogeneous: Ks(rz,rw) =r"*Ks(z,w) for all r > 0.

4. Ks is continuous at all points (z,w) € HT x HT with z # w. If 0 < s < 1, then K4 is continuous at (w,w) with
Re[w] > 0. Ks(z,w) is singular at z = w for s > 1.

5. If w is on the imaginary axis and s > 0, then Ks(z,w) = |z — w|™%, z # w. If Re[w] > 0, then, for s > 1, the
following limit holds:

CT(s-1/2) 1
VAT(s/2) Tw—w.]’

6. Ks(u+it,u+iv) decreases along vertical lines as |t —v| grows and Ks(u+iy, u+t+1iy) decreases along horizontal

lines as t > 0 grows".

|z — w|* ™' Ky(z, w)

as z — w. (15)

7. Let 0 < s < 1. For fized w with Re[w] > 0, the function Ks(z,w) has exactly one global mazimum at z = w in
H*. At (w,w) or (w«,w), the kernel Ky takes the value

Ko, 0) = Ko (ws, ) — T, (Sl; %) Rew| ™", (16)

where

1, (gl;%) L, D=9/ T-s)

2m VAT =5/2) 01— s/2)) i

8. The kernel K has the following representations in terms of hypergeometric functions [2] or in terms of a Legendre
function [1]

—s |Z_H)|2
Ks(z,w) = [z —wi| ~ 2F1 5/2’11/2; l-—— (18)
|2 — w.
2 * |z —ws| — |z — w|
= P 8/2,8/2; * (19)
|z — wi| + |2 — w] 1 |z — wi| + |2 — w]
el — w72 1y — | S/2 PO 1lz—wl | 1]z—w %0
|z — w,| |z — wl 5/2_1(2 |Z—w*|+2 ) (20)

(Observe that the Legendre function is evaluated at values > 1 if Rez > 0 or Rew > 0.) For s > 1 one can
factor out the singularity at z = w,

T 1 s/2,1/2.,_ lz—wl’®
Ics(Za’LU)—m2Fl 1 71_m s z;éw (21)
9. As s — 07 we recover the logarithmic kernel Ko studied in [11]:
s(z,w) —1 2
lim KeBW =1 . (22)
s—0F s |z — w| + |z — w.

I This follows from differentiating the integral (26) with respect to t.



10. As s — 17, Ks(z,w) — Ki(z,w), where

2 2 |z —w,| — |z —w|
Ki(z,w):=— K ) (23)
T |z — wi| + |z — w) |z — ws| + |z — w)

and K denotes the complete Elliptic integral of the first kind /1.

Remark 1. For the special case of the sphere the formula (19) reduces to the formula (4.14) in Dragnev and Saff [8].

The level sets of Ks(-,w), w € HT fixed, look like Cassinian ovals, cf. Figure 1. The asymptotical behavior of
Ks(R+ 2z, R4+ w) as R — oo is given in Lemma 3.

1.0

0.5

0.0

-0.5

FIG. 1: Level sets for Ks(z,1), s =1/2.

Proof of Lemma 1. Let z,w € H" with 2 = 2 + iy and w = u + iv. The relation
Rgz — w|®> = 22 + u? — 2zucos ¢ + (y — v)*
gives 1/|Ryz — w|® = (E — Fcos $)~%/? for the integrand in (8), where we define
E:=2®+u® + (y—v)°, F:=2zu. (24)

By (24) the kernel K,(z,w) is symmetric in z,w. The substitution ¢ = ¢ + 7 yields

Ks(z,w):zi/ﬂ (E+Fcos1/))_s/2d¢:%/0ﬂ (E + Fcos¢) *?d¢. (25)

T™J-7m

Applying the half angle formula and substituting ¢ = ¢/2 we obtain

/2 —s/2
ics(z,w)z(E+F)—S/23/0 (1— E2fF sin21p> d. (26)

™

The integral in (26) resembles that of a complete elliptic integral. Indeed, for s = 1 this integral is the complete
Elliptic integral of the first kind K(k?) with elliptic modulus k? = 2F/(E + F). (See for example [1, 17.2.19,17.3.1].)
The transformation ¢ = ¢ — 7 in (25) gives

1 (" F —s/2
ICs(z,w)zE_s/Q;/O (1—Ecos¢> d. (27)

The integral in (27) is a generalization of Epstein and Hubbells elliptic integral. We refer to [16] for a discussion of
these elliptic-type integrals.
A change of variables t = sin?%) in (26) yields

Ko(z w)—(E+F)—S/21/1151/2—1(1—15)1/2—1 L 2E N, (28)
R 7 Jo E+F ’



Recall, that the Gauss hypergeometric series [1, 15.1.1]

i(a)k(b)k z& = Fa—|—k (b+k) =

prrt k k:O (c+ k) k!

represents the Gauss hypergeometric function o2Fq (a,cb; z) for all complex z within the circle of convergence, the unit

circle |z| = 1. The analytic continuation in the z-plane cut along the segment [1, o], [1, 15.3.1],
1
NOICED) / (1= 1= 2t)"*dt, Rec>Reb>0,
—0)Jo

can be used to derive a hypergeometric function representation of the kernel ICS(Z, w),

s —(E+ F *5/2 8/2 1/2 2
Kulea) = (B 4+ F) 7 om (/312 20 (29)
Let w,:= —wW = —u + iv denote the reflection of w in the imaginary axis. Then
E—F=(x—u?’+ —v2:z—w2,
(0= + (=)’ = |z~ ul )

E+F=(+uw’ +y—v)°=|—wl,
and we get the relations

2F |z — w.|? — |z — w|? dau n
OSE—l-F: 5 = 5 5 <1, z,w € HT.
|2 — w.| (z+u)"+(y—v)

Substitution of (30) into (29) yields (18).
The hypergeometric function in (18) is of the form gFl(

5 C) The quadratic transformation [1, 15.3.17] yields a

more symmetrical representation (19).
In the argument of the hypergeometric function in (19) appears the expression

|z —wi| — |z —w| |z —wy|? = |z — w]? B 4Rez Rew

r—wd+lz—wl  (p—wd+z—w)? (2w + ] —w])?

&=

It satisfies €2 < 1 and equality holds for z = w or z = w, only. Therefore we may use the series expansion of the
hypergeometric function to get

’Cs(z’w):(|z—w*|2+|z—w|)si((52!2)%[)2’ 3 1 . (31)

£=0

If 0 < s < 1, this series converges even for z = w, w,. For z = w, w, the argument of the hypergeometric function in
(18), (19) is 1. From [1, 15.1.20]

T RSN V(R
T —s2p e =2 R ra sy R

(The first two relations follow from (19), the last one from (18).) Note, the leading coefficient at the right-most is
the energy Zs(S*; d ¢/(27)), where S! is the unit circle and d ¢/(27) the uniform measure on S'. This shows (16) and
(17).

Those hypergeometric functions that allow a quadratic transformation are connected with Legendre functions. From
(18) and relation [1, 15.4.7] we get (20).

From (18) and relation [1, 15.3.3] we get (21). From (21) follows (15). If Re[w] = 0, then w = w,. Hence, by (18),
Ks(z,w) =]z —w| ™%, z # w, for s > 0.

The complete Elliptic integral of the first kind K(k?) [1, 17.3.1] can be represented through a hypergeometric function
[1, 17.3.9],

Ks(w,w) = Kg(wy,w) =

_ ngl (1/2,11/2; kz)'

K(k?) = /m I
0 /1 —k2(sin®)’



Thus (23) follows from (19).
As s — 07, the hypergeometric series in (31) reduces to 1. Thus it makes sense to consider the quotient (Ks(z,w)—
1)/s. Fix z,w € HY in (31). Let z # w. Then

2
|2 —w|+ [z — w.l

(=) LE;(W”%Z) ]

We are only interested in d KCs(z,w)/ds at s =0". Ks(z,w) becomes one at s = 0. The derivative in the right-most

term above exists and vanishes. This follows from
_1ys (1+5/2), ,
= (39 ZZ_%< S

! lg ((s/zu ge) o

and the limit process s — 07. By the ratio test, the infinite series on the right-hand side above is absolutely convergent
for |£] < 1 (that is z # w) and 0 < s < 1. In the case z = w one uses (16) instead of (31). O

%/cs(z,m = Ku(z,w) log

IIT. THE SUPPORT OF THE EQUILIBRIUM MEASURE FOR THE KERNEL K,

By Proposition 1, the equilibrium measure A; 4 on A for s is supported on the outer boundary S of A. A convexity
argument yields sufficient conditions for supp As, 4 = S. Recall that a function f : [a,b] — R is strictly convez on [a, D]
if fra+(1—-7)y) <7flx)+(1—-7)f(y) forala<z<y<band0<7 <1

Theorem 1. Let 0 < s <1 and A be a compact set in the interior of HT.

(i) If v : [a,b] — HT, a < b, is a simple continuous non-closed curve covering the outer boundary S of A, that is
S Cy*={y(t)|a<t<b}, and Ks(v(:),¥(t)) is a strictly convezx function on the intervals [a,t] and [t,b] for
each fized t € [a,b], then there is some closed interval I C [a,b] such that supp As 4 =y(I) N S.

(ii) If v : [0,b] — HT is a simple continuous closed curve, that is v(0) = v(b), with S C v* and extended periodically
by y(t) = v(t+b), and Ks(v(+),¥(t)) is a strictly convex function on the interval [t,t+ b] for each fixed t € [0,b],
then supp As 4 = S.

Remark 2. Note, that S is only required to be a compact subset of v*. For example, S may be a Cantor subset of ~*.

Proof of Theorem 1. Set A\ = A; 4 and WA = W,C We have supp A C S C v*. Suppose G is a component of the
complement of supp A in v*. Now observe, that by our assumptions, G always corresponds to a subinterval I of one of
the sets [a, t], [t,b] or [t,t+ b] for v(t) € supp A. Two cases are possible: (i) Both boundary points of G are in supp .
Then the equilibrium potential W? assumes the value Jk.[A] on the boundary of G and, due to strict convexity of
W oy on I, is strictly less than this value in the open set G. Since W» > Jk.[A] on A D S, no point of G is in A.
(ii) At least one boundary point of G is not in supp A. This can only happen when + is a non-closed curve. Without
further assumptions the convexity property alone is insufficient to show GN A = ). From (i) follows the existence of
some closed interval I C [a,b] such that supp A = v(I) N S. If «y is a closed curve, then I = [0, b]. O

Remark 3. In the proof of Theorem 1 we use three main properties: (i) The kernel is continuous, (ii) supp As. 4 C S,

and (iii) the equilibrium potential satisfies a variational principle. These properties also hold for /c§°°> introduced in

Section V. Therefore, Theorem 1 can be applied in case of ICgOO).

Using Theorem 1(i) we next show that any compact subset A of a horizontal or vertical line-segment satisfies
supp As,4 = A for every 0 < s < 1. We contrast this with the logarithmic case, where it is still true that supp Ag,.a = A
in case of a vertical line-segment [11, Cor. 1]. However, in case of a horizontal line-segment one has that A\ 4 is a unit
point charge at the right-most point of A [11, Thm. 1].

Corollary 1. Suppose A is a compact subset of either (a) the horizontal line-segment [a + ic,b+1ic], 0 < a < b, or
(b) the vertical line-segment [R +ic, R +1id], R > 0, ¢ < d. Then supp A\s 4 = A for every 0 < s < 1.



Proof. For (a) consider the parametrization v(z) = z +ic, a < x < b. From (19),

Kulofa)on) = o~ aby (/2902 ) = 3 SO nean,

1 7 a2 —  (1),n!
Iz > S S
Kulofa)on) =t aFy (/292 ) = 32 SO oo,
n=0 n'

From (z7572")" > 0, n > 0, and (z?")” > 0, n > 1, we get [Ks(v(z),v(u))]” > 0 for z # u and for every 0 < s < 1.
Termwise differentiation is justified by uniform convergence for |z — u| > §. By Theorem 1, supp A\; 4 = v(I) N A for
some I = [a’,V'] C [a,b]. From the series representations above we observe that the kernel Ky (v(z), v(u)) is a strictly

increasing function in x for x < u and it is a strictly decreasing function in = for z > w. Hence, W%A oy < Ig[As, 4]
on [a,b] \ I. By variational inequality (13), I = [a, b].
For (b) consider the parametrization v(y) = R + iy, ¢ <y < d. From (18),

s 2
Ks(v(y),v(v)) = {4R2 +(y— U)ﬂ ? oFy <S/2’11/2§ ﬁ) (32)

A direct calculation (assisted by Mathematica, see Appendix A for more details) shows that d*[K,(y(y),v(v))]/ dy* >
0 for every 0 < s < 1. By Theorem 1, suppAs.4 = v(I) N A for some I = [¢/,d'] C [¢,d]. From the representation
above we observe that the kernel ICs(y(y),v(v)) is a strictly decreasing function in y for growing |y — v|. Proceeding
as in part (a) we get I = [¢,d]. O

In contrast to the horizontal or the vertical line-segment we will show that there are compact sets A in the interior

of H* for which, in fact, the support of the equilibrium measure on A for K, is a proper subset of the outer boundary
of A.

Example 1. Let A be the rectangle with lower left corner 1/2 —i/2 and upper right corner 1 +1/2. Using Theorem
2(c) below with z = 1/2 and 2’ = 1 +1/2, it follows that 1/2 ¢ supp A; 4 for 0 < s < 1/3. Alternatively, if A is the
left-half circle with radius 1/2 centered at 1, it again follows from Theorem 2(c) that 1/2 ¢ supp As 4 for 0 < s < 1/3.
In contrast, as A is moved to the right R units and R — oo, we get supp A;°4 = A; see Lemma 6.

To prove Theorem 2 we use a special case of the following observation.

Lemma 2. Let 0 < s < 1. Suppose A is a compact set in the interior of H™. Let X denote the unique equilibrium
measure on A for K. If

Ks(z,-) > / Ks(-,w')dv(w') everywhere on supp A (33)
B

for some subset B C A and some probability measure v € M(B), then z ¢ supp \.

Proof. Using (33) and the variational inequality (13), we get

Wi () = [Kwarw > [| [ k) avw)| aw

- /B W () dvw') > T, N / dv(w') = T, N,

B
But W,’\C (2) > Jk,[A] implies, by the variational inequality (14), that z ¢ supp A. O

Let z = > 0 and set B = {2/,2’}, 2/ in the interior of H*, Im[2’] # 0, and place the charge 1/2 at each point in
B. Then (33) is equivalent to the property

Ks(z,") > Ki(-,2") everywhere on supp A, (34)
where K} denotes the kernel

Ki(z,w):=[Ks(z,w) + Ks(2z,w)] /2. (35)

S
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Theorem 2 (3-point Theorem). Let 0 < s < 1. Let 2 > 0 and 2’ be in the interior of H*. Let A be a compact subset
of {w € HY|Ks(z,w) > Ks(x,2')} in the interior of HT with z,2’,2' € A.

(a) If Ag:=Ks(x,2") — K5(2',2") > 0, then x ¢ supp As 4.
(b) If 2/ =1+1iy, v >0, and condition

4(7+\/1+72)><\/(1+x)2+72+\/(1—x)2+72)2 (36)

is satisfied, then As > 0 (and hence, by (a), v ¢ supp As a) for s > 0 sufficiently small.

(c) Ift =1/2 and 2’ =1+1/2, then Ay > 0 (and hence, by (a), © ¢ supp As 4) for all 0 < s < 1/3. (The graph of
A is shown in Figure 2.)

Proof of Theorem 2. We show first (a). The function Ks(z,-) has a unique maximum at z in H* (Lemma 1(7)). So
ICS (Ia U)) - ’C: (wa Z/) 2 ’CS(Ia U)) - ’C: (Z/a Z/) > ’CS({E, Z/) - IC: (Z/v Z/)' (37)

The first inequality holds in H*. The last one holds on {w € H¥|K,(z,w) > K,(z,2)}. Now, let A be a compact
subset of {w € H*|Ks(z,w) > Ks(z,2’)} in the interior of H with z,2’,2’ € A. Then

W (@) > [WY () + WY ()] /24 K(w,2') = Ki(2,2), ve M(A).

This follows from (37) and Ks(w, 2) = K4(2z,w). If the difference Ag:=K,(x, 2’) — K¥(2/, ') is positive, the variational
inequality (13) implies W4 (x) > Jk.[Xs,a]- Therefore, © ¢ supp As 4, by variational inequality (14). This shows

(a).
Set 2z’ = B+ iy with 8,7 > 0. Since K;(pz, pw) = p~*Ks(z,w), p > 0, we may fix one of the variables z, 3, or 7.
Let 8 = 1. From (18), (35), and Lemma 1(7) we get

—s/2 4
A, = [(1+x)2+72] oF1 <s/211/2; 7(1+I)2+72>

1 —s —s/2 S 2,1 2. 1 1 —s F((l_s)/2)
—52 " (147 2F1(/1/’1+~y2)_52 VrL(1—s/2)

We approximate Ay by its series expansion at s = 0. From Lemma 1(9) and (35)

(38)

A
lim — = Ko(z,1+1iy) — K51 +1iy,1+1iv)

s—0t S
) 1(y+ VT+7?)

=3 log 5 >0
<\/(1+x)2 +92 + \/(1 —:v)2+72>
which implies (b).

We show that A (as a function in s) is strictly concave on (0,1) if x = v = 1/2. Using (35) and integral
representation (28) we get

1 ! _
As::ICS(a:,1+17)—ICZ(1+i~y,1+i~y):;/ V2 (1 =) Y2 g(s,t)dt,
0

where

—s/2 1 —s 1 —s
g, )= [(1 )2 +q2— 4:54 —5[40+) -4 2 _ S la—an .
Negativity of (0/0s)2g(s,t) for all 0 < t < 1 implies that A is strictly concave. Let 2 = v = 1/2. From (9/ds)?r=%/2 =
(1/4)F(s,r), F(s,r):=r=*/2(logr)?, we get

4 (%)2 g(s,t) = F(s,5/2 — 2t) — (1/2)F(s,5 — 4t) — (1/2)F(s, 4 — 4t).
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Negativity of the right-hand side above is equivalent with

traya (5/2= 26\ [log (5 — 4t)] 5/2—2t\*/* [log (4 — 4t))?
2 <(5/2—2t> [log(5/2—2t)]2+( 2—2t> llog (5/2 — 2t)]*

For growing s the left-hand side of the last relation is increasing while the right-hand side above is decreasing. Thus

o412 _ _[log (5 — 41))” [log (4 — 4t)]
log (5/2 —2t)]*  [log (5/2 — 20)]*

is a sufficient (but not necessary) condition for (9/8s)%g(s,t) < 0 for all 0 < ¢t < 1. Elementary calculus shows that
hi(t) > 3 on [0,3/4) and hy(t) > 4 on [3/4,1). Hence the right side of (39) is > 3 > 2%/2 on [0,1). Consequently, A,
is strictly concave for 0 < s < 1 (cf. Figure 2).

Since A4 has a zero at s = 0 with lim,_ o+ Ay/s = (1/2)log(v/5 — 1) > 0, lim,_,;- A, = —o0, and A, is strictly
concave on (0,1), the difference Ay has exactly one other zero in the interval [0,1) denoted by s1. By our reasoning
Ag > 0 if and only if 0 < s < s3. A numerical solver gives s; =~ 0.341107.... Numerical computation shows that
Ay/3 ~0.0011 > 0. This can be rigorously justified by assistance of Mathematica and use of exact arithmetic. O

=:ha(t) + ho(t) (39)

By Theorem 2(a), the positivity of As implies « & supp As 4. By (38), A, depends on three parameters x, 7, and
s. See Figure 2 for a plot of the level surface Ay = 0. This 0-level surface is the boundary of the set of admissible
configurations (x,1/7,s) using a three point scheme z = x, 2/ = 1 + iy, and 2z’. From Figure 2 we get numerical
evidence that the maximum s possible for a three point approach is about 0.38.

FIG. 2: 0-level set of A, in (38) cut off at 1/y =4 and A, for z =1/2, vy =1/2.

IV. KERNEL K, IN THE LIMIT R — oo

We want to study the behavior of Ks(R + z, R+ w) as R becomes large.
Lemma 3. Let 0 < s<2,s# 1, and z,w € H". Then
d¢ s T((1+5)/2) [z —w]'°
Ks(R+zR St R™° —
(B+z Rt w)= ( ) 1-syal(1+s/2) 2R
sT((1—s)/2) Re [z — Wy

—5 —5 i _
N N +O(R2)’ R = oo,

where Z,(S*;d ¢/(27)) is given in (17).
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Remark 4. In the case 1 < s < 2 the second term in (40) becomes the dominant term. In the special case s = 1 the
following expansion can be shown:

6log2 2
QRK1(R+ 2, R+w) = —2% 1 Z10gR
m T (41)
2 Relz — w. _ log R
—;10g|z—w| 1—%4—0(}2 2)]4—(9( O% )s R — .

Proof of Lemma 8. Let 0 < s <2, s # 1. Using [1, 15.3.6], we get a representation of (18),

Ks(R+z,R+w)

_ T -1s)/2) o wl|F s/2,1/2 |Z—w|2
_ﬁr(l—S/z) 2R + « 2F1<(1+S)/27 |2R+z—w*|2>

2 T((A+9)/2) |z—w e[ 1-5/2.1/2. |z — w|®
1—s al(s/2) PR+z—w.]” "\1+(1~5)/2 2R > —w,[>)

with convergent series expansions of both hypergeometric functions. The first one is of the form 1 + O(sR~2), the
second one is of the form 1+ O(R™2). Since

2 — Wy _S_ s Rel[z — wy] s
‘” | =ty m o to(m) Row
we get
Ks(R+ z, R+ w)
. T((1=9)/2) __ s Relz — wy] s s
=27 L R - — )1 =
NI s o) ro(sm)]
1 I((1+5)/2) 1-s o1 1 1
- - 1 = 1 — |-
=5 VrT(/2) lz—w| " R +0 7 +0 2
We reorder the terms with respect to powers of R and obtain (40). O

It is convenient to define the following kernels

K (z,w):=2R [Ks(R + 2, R+ w) — TS d¢/(2m)) R], 0<s<1, (42)
K (z,w):=2RK.(R+ 2, R+ w), s> 1, (43)
and
2 T((1+9)/2) 1—s _ D((s —=1)/2) 1-s
(%) (5 qp):= — - A\ el Ay PO . 44
K1 (i = oy S D oo™ = e D e (44)
Then, by (40),
Rlim KB (z,w) = K (2, w), 0<s<1, (45)
and, from (21) and [1, 15.1.20], it follows
Rlim |z —w]* K (z,w) = |2 — w|* K (2, w), s> 1, (46)

where in both cases the convergence is uniform on compact subsets of H* x H*. If s < dimI'(A), we let 7. [v] and
T yet0) [v] denote the associated energies of the compactly supported measure v € M(H™). From the definition of the
kernel ICgR) we see that the equilibrium measure )\f) 4 on the compact set A C H* for the kernel ICgR) is equal to the

equilibrium measure As rya on R+ A for the kernel K, in the following sense: AF,(B) = Aayr(R + B) for a Borel
set B C HT.
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Remark 5. The asymptotics (40) holds uniformly in 0 < s < sg < 1. So

lim K (z,w)/s = K§ (z,w) + O (1/R), R — <.

s—0t

The expression IC(()OO) (z,w):=—Re[z —w,] — |z —w]| is the co-kernel for the logarithmic case introduced in [11]. However,
reversing the order of limit processes, we get

lim K (z,w)/s = K (z,w)/s.

R—o

Now, in the limit s — 07, the right-hand side above tends to —|z — w|.

V. THE ENERGY PROBLEM FOR THE KERNEL /c§°°>
A. Thecase 0<s<1

The kernel

_ 2 F((l + S)/2) | _ |1—s
1—s /7l(s/2)
falls into a class of kernels studied by Bjorck [3]. From his results we infer that to every compact set A C H* and

every 0 < s < 1 there exists a unique equilibrium measure A%, supported on the outer boundary of A. (“Outer
boundary” is justified by the strict superharmonicity of the infinity kernel everywhere in C.) Let W’Ié (eo) denote the

K (2, w) =

S

, 0<s<1,

potential for a measure p € M(A) and for the kernel K8,

Wi (2= [ K ew) dptw), 2 e HY.

s

\oo
Then W’Ié (o) 18 continuous on H* and from results in [3] there follows that W’Cs(’::) > T [A%4] on A and equality

holds on supp Ag%. We note, that /\g 4 converges weak-star to A% as R — oo. This follows from the weak-star
compactness of M(A), relation (45), and the uniqueness of the equilibrium measure A%, .

Suppose the curve v : [a,b] — HT covers the outer boundary S of A. Set 7, = |y(t) — w|. Assuming v is twice
differentiable at ¢t we have

2
Tk (0, w) = 22U I [ ()2 ] . (a7

Then for fixed w, we have that K§°°>(7(t), w) is strictly convex on any interval where s(r},)? > r,rl. A sufficient
condition would be 7], < 0.

In the following we give examples of compact sets A C H™ such that the support of the equilibrium measure on A
is given by the outer boundary of A.

Lemma 4. Let A be a compact subset of the line-segment [2',2"] in the interior of H, 2" — 2’ = 2rel®, r > 0,
0<¢ <m. Then supp A2y = A for all 0 < s < 1. In particular, if A= [2',2"], then
D((L+5)/2) 152  goys/2-1
dA3° =——— "’y -T dT 48
s,A(w) \/EF(S/2) r (T ) ’ ( )
where w = (2' + 2")/2 + T, |T| < r.

Proof. W.l.o.g. consider the parametrization v(t) = te'?, |t| < r. Then

By Theorem 1 there exists an interval I C [~1,1] such that supp A% = v(I) N A. Since the kernel Kgoo)(v(t), ~(T))
decreases as [t — T'| grows, there follows that the equilibrium potential is strictly less than J.(«)[A%4] on

t—T]7"°>0, 0<s<l1.
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(—o00el?, 00ei?) \ y(I). But the equilibrium potential is > T [AZ4] on A, So, supp AP, = A. Relations (48)
follows from the constancy of the integral

/T =T (2 = 72)"* 7 AT =T (s/2) T(1 — 5/2)

and the fact that the Kgoo)-potential for this measure (48) is strictly decreasing away from the line-segment. We used
the auxiliary result Lemma 5. (|

Lemma 5 ([14, Hilfssatz I]). Let —1 < a <1, a # 0. Then for -1 <y < 1:

1
—(14a)/2 o 1-a 1+« T
1—a? —y|*dz =T r = .
[ e = (550 1 (55°) = e

Lemma 6. Let the outer boundary S of the compact set A be a subset of a circle C centered at a > 0 with radius
0 <r <a. Then supp Ay = S for every 0 < s < 1. In particular, if S = C, then A, is given by the normalized
arc-length measure on C' and supp A3y = C' for all 0 < s < 1.

The result supp A7y = S for 0 < s < 1 differs considerably from the logarithmic case. By [11, Thm. 4], one has
supp A3%y = {a +re'? | [¢] < 0} for some 6 € [0,7/3].

Proof. W.l.o.g. consider the parametrization y(¢) = re'?, 0 < ¢ < 27. Then

B, 0
1—s /7l(s/2) 2

1—s
1-s

K (v(0),7(8))) =

By direct calculation (assisted by Mathematica)

d2
— K (7(¢),7(¢')) = 27571

L((1+s)/2)1+s—(1— S)COS(¢—¢/)T175
d¢?

VrT(s/2)  sin[(¢ — ') /2]]""°

Since v is a simple closed continuous curve and y(¢) = v(¢ + 27), by Theorem 1, supp Asoq = 5. In the case S = C,
rotational symmetry gives d A% = d ¢/(27). O

> 0.

B. The case s > 1

The kernel
() (5 ) — I((s—1)/2) 1

is (up to a multiplicative constant) the Riesz-(s — 1)-kernel in the plane R? which can be identified with C. If
1 < s <1+ dimA, then classical potential theory yields that there exists a unique equilibrium measure A% on A

s>1,

with supp AJ% D A, where A denotes the set of all points of A each neighborhood of which intersects A in a set of
positive Riesz (s — 1)-capacity. Examples of sets A with A = A are line-segments, circles, or more generally, any
Jordan curve; discs, “washers”.

Lemma 7. Let A be a compact subset of C with dim A > 0 and s a real number with 1 < s <14 dim A. Then )\QA
converges weak-star to A\3°y as R — oo.

Proof. To simplify notation we use the abbreviations Kr = ICgR), Koo = ngoo), AR = /\f,A, and A = AZ%,. From the

definition of g given in (43) and the formula (21) it follows that
Kr(z,w) = Qr(z, w)Keo(z,w),  (2,w) € CxC,

where

1—5/2,1/2. |z—w|®
2F1( /1 / 1- |2R+sz*\2>

Qr(z,w): 2F1(1—s/12,1/2;1)

1+ 257
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We remark that Qg converges uniformly to 1 on compact subsets of C x C as R — oo.
Since M(A) is weak-star-compact, there exists a weak-star cluster point A\* of A\g as R — co. We will show that
Tk [M] < Tk [Aoo] from which the Lemma will immediately follow. Let Ry, k > 1, be a sequence of numbers such

that limg_o Rr = 0o and Ag, — A\* € M(A) as k — oo. Thus Qg, (Ar, X Ar,) — A\* x \* as k — oo and we have
(see [12, Lemma 0.1])

Tk [N] < liminf T, AR, < liminf Jip, [Aso];

where the second inequality follows since Ag, minimizes Ji,, . Finally, since g converges uniformly to 1 on Ax A as
R — oo, we have liminfy_,cc Jicp, [Aoo] = Tk [Aoc] Which shows that Jx_ [\*] < Jk.. [A]. Since Ji, has a unique
minimizer, it follows that Ao, is the only weak-star cluster point of A as R — oo. O

In the hyper-singular case s > 1 + dim A = dimI'(4), both energy integrals J,.(m [v] and Jy.~)[v] are infinite for

every v € M(A). In Section VIB and VIC we consider the limit distribution of minimal Ks-energy and Kgoo)—energy
N-point systems as N — oo for the hyper-singular case and for sufficiently “nice” sets A (namely d-rectifiable sets).

VI. DISCRETE MINIMUM ENERGY PROBLEMS ON A Cc Ht

In this section we discuss the discrete Riesz s-energy problem on I'(A) C R? as well as the discrete K-energy problem
on A C HT for the kernel K = K, K = ICgR), and K = K. The N-point Riesz s-energy of T'(A) is defined as

Es(T(A), N):=min E,(Xy),

where the minimum is taken over all N-point configurations Xy C I'(A) and E4(Xn) is defined as in (1). We let
Xy = Xy, denote an N-point configuration in I'(A) attaining this minimum.

Similarly, for an N-point configuration Zy = {z1,...,28} C A4, let
Ex(Zn):=_K(zj, )
7k

and let the N-point K-energy of A be defined as
SK(A, N)Z: min E/C(ZN),

over all N-point configurations Zy C A. This minimum is attained at a minimal C-energy N-point system Z3 =
{zf,.. ., 25}, that is Ec(A, N) = Ex(Z}). Finally, let A(Z%):=(1/N) Zivzl d.;. We are interested in the weak-star
convergence of A(Z%) and in the asymptotic growth of £x (A4, N) as N — oo.

A. The potential theory case

For 0 < s < dimI'(A), there is a unique equilibrium measure Ax 4 minimizing the IC-energy
el = [ K(zw) drE) )

over measures A € M(A). (See Proposition 1 for the case I = IC; and Bjorck [3] for the case K = /C§°°>.)

Proposition 2. Suppose A is an infinite compact subset in the interior of HY. Let K = K4, K = Ich), or K= ICgOO)
and 0 < s < dimT'(A). For N > 2, let Z% be a minimal K-energy configuration of N points {z3,...,zx} C A. Then
XZ}y) converges weak-star to the equilibrium measure Aic,4 on A as N — oo and

am = Jx [ k.l (49)

Proof. The proof follows using standard arguments as in [14], [12, pp. 160-162] and [10]. The essential ingredients of
the proof are the boundedness of the sequence (49) and existence and uniqueness of the equilibrium measure A 4. O
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FIG. 3: Minimum K-energy configurations (N = 32 points) for s = 0, 0.5, 0.75, and 1.

FIG. 4: Minimum Kg°-energy configurations (N = 32 points) for s = 0, 0.5, 0.75, and 1.

In Figure 3 we show minimal Ks-energy configurations for N = 32 points restricted to a Cassinian oval for various
values of s with 0 < s < 1. A somewhat surprising result of these numerical experiments is that for fixed N and for s
close to 1~ a rather large part of the Cassinian oval is free of points. (Note, that in the case s = 1, the support of the
equilibrium measure A 4 is A.) In Figure 4 we show minimal K°-energy configurations for N = 32 points restricted
to a Cassinian oval for various values of s with 0 < s < 1.

Numerical experiments for a circle C' centered at a > 0 with radius r» (0 < r < a) suggest that for a fixed s, say
s = 1/4, the equilibrium measure A, ¢ is concentrated on a proper subset of C. (For what we can prove, see Example
1.) However, the equilibrium measure )\50 associated with the translate R+ C' converges weak-star to A% as R — oo
and we can show (see Lemma 6) that A% is the uniform measure on the circle C for all 0 < s < 1. This phenomenon

that the support of )‘50 seems to spread out as R — oo is illustrated by considering discrete minimal Ks-energy
points on the translate R 4+ C for varying values of R. In Figure 5 we show minimal Ks-energy configurations for
N = 40 points restricted to translates R+ C' of the unit circle C' centered at a = 1, where R = 10%/2 (k=0,1,...,5).

B. The hypersingular case for d-rectifiable sets

Suppose s > dimT'(A). In this subsection we require that A be a d-rectifiable subset of the interior of H (d = 1,2).
Recall that a set K C RP is d-rectifiable, d < p, if it is the image of a bounded set B in R? with respect to a Lipschitz
mapping, that is a mapping ¢ : B — RP that satisfies for some positive constant ¢

[p(x) —d(y)| <clz—y|  forallz,yeB. (50)

Note that every compact subset of R? is 2-rectifiable. Also note that if A is a d-rectifiable set in HT, then I'(4) is a
(d + 1)-rectifiable set in R?, d = 1,2. In order to avoid complications, we require that A is in the interior of H*. In
this case dimI'(4) = 1 + dim A.

Using the properties of Ky as given in Lemma 1 it follows that Ks(z,w) = Q(z,w)|z —w|* ™%, where Q: Ax A - R
is continuous and positive. In the terminology of [4] then € is a CPD weight function on A (see [4] for the general
definition of CPD weight function). Also, note that

(b1
) = 5T e
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FIG. 5: Minimum C,-energy configurations (N = 40 points) on translates R+ C' of the unit circle C' centered at 1 for R = 10%/2
(k=0,1,...,5).

If A is a compact set in RP and 2 is a CPD-weight function on A x A, then for s > d one can define the weighted
Hausdorff measure HZ’Q on Borel sets B C HT by

;" B)= [ (0] dHatw). (51)
BnA
Then the following result is a corollary of Theorem 2 in [4].

Proposition 3. Let d = 1 or 2 and suppose A is a compact d-rectifiable set contained in the interior of HT with
positive d-dimensional Hausdorff measure Hq(A). Let s > dimI'(A). For N > 2, let Z}; be a minimal Ks-energy

configuration of N points {zf’N, e ,zf\}N} C A. Then the sequence Z3;, N > 2, is asymptotically uniformly distributed
. s—1,Q .
with respect to 'H, ; that is,

1 N Hs—l,Q
=S . —14
Zk

— e, as N — oo. (52)
NS Hi 0 (A)

Moreover, the minimal N -point Ks-energy satisfies

hm gICS (AvN) o 05717d
M NT+G—D/d ~ T
T [,

where Cs_1,q4 is a positive constant which does not depend on A and N.

=D/’ (53)

Remark 6. The constant Cs_1 4 is exactly the same constant which appears in the analogue of (53) for the non-

weighted case, that is for Q(z,w) = 1 for all z,w € A. It can be represented using the Riesz s-energy for the unit
cube in R? via

_ &([0,1]4,N)
Cs,d = J\/]:E)noo W, s> d. (54)

It was shown in [13] that Cs1 = 2((s), where ((s) is the classical Riemann zeta function. However, for other values
of d, the constant Cs 4 is as yet unknown.

In the boundary case s = dimI'(A) and for a 1-rectifiable set A an additional regularity condition is needed to
prove a result analogous to Proposition 3. The following result is a corollary of Theorem 3 in [4].
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Proposition 4. Let d = 1 or 2 and suppose A is a compact d-rectifiable set contained in the interior of HT with
positive d-dimensional Hausdorff measure Hq(A). If d = 1, we further require that A is a subset of a C'-curve. Let

s=14d. For N > 2, let Z} be a minimal Kqy1-energy configuration of N points {szrl’N, ce zi;rl’N} C A. Then

the sequence Z3, N > 2, is asymptotically uniformly distributed with respect to HZ’Q; that is,
N d,Q
—ZédJrlN—?# as N — 0.
: 4,9/ 11’
N ™ Hy (A)
Moreover, the minimal N-point Ks-energy satisfies

g’Cd+1 (A, N) . ﬁd
NS N2logN HE(A) (55)

where By = %2/ T(1 4 d/2) is the volume of the unit ball in R

Remark 7. It is a consequence of Theorem 2 and 3 in [4] that minimal Riesz s-energy point configurations X3 C I'(4)
are asymptotically uniformly distributed with respect to Hqy1 restricted to I'(A) in the hypersingular case s > d + 1.

For z € H', let §. denote the rotationally symmetric probability measure supported on I'({z}). When s < d + 1
we have that both (1/N) Zmex;, d; and (1/N) ZzeZ;, 6. converge weak-star to fs,r(a)- However, for s > d + 1, the
discrete probability measure (1/N)>" . xy, 0a converge weak-star to Ha 1 (normalized and restricted to I'(A)), while
Proposition 3 implies that (1/N) Zzez;*v 5, converges to a measure that depends on s. In the boundary case s = d+1,
the latter limit distributions are equal (cf. Proposition 4).

In the following we consider two examples: a line-segment in general position and a circle centered on the real axis.

Example 2. Let A be the line segment with parametrization y(t) = R+tel?, [t| < 1, where R > cosp and 0 < ¢ < 7
fixed. Then A is a 1-rectifiable set and the weighted Hausdorff measure Hfﬁl’ﬂ can be explicitly calculated. Indeed,

since d H1 (t) = d ¢, we get for s > 2

HHE (R+tcosg)/ "Vt
H5717Q(A) (t) = s/(s—1) s/(s—1) " |t| S L. (56)
4 s—1(R+coso) — (R —cos )
s Cos ¢

Note, in the case of the vertical line-segment (that is ¢ = 7/2), the last expression reduces to

s—1,Q
Hd

1
d—=—{)=-dt, |t|<1;s>2. o7
Hf[l’ﬂ(A)( ) B It] (57)
In Figure 6 we show minimal Ky and K4-energy configurations for N = 40 points restricted to the line-segment with
R =3/2 and ¢ = /4.

0.5 05

0.0 0.0 =

0.5

-05 -05

FIG. 6: Minimum Ks-energy configurations (N = 40 points) on a line-segment for s = 2 (left) and s = 4 (right).
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Example 3. Let A be the unit circle centered at R > 1. Then A is a l-rectifiable set and the weighted Hausdorff
measure Hf_l’ﬂ can be explicitly calculated. Since d H;(¢) = d ¢, one has for s > 2

(R+COS¢ 1/(8_1)d¢
HS—I,Q 1 R+1
d (¢) =

s—1,Q ’
H;(A) m (_1/(5_1 1),1/2, HLR)

d

—T<¢p< T (58)

In Figure 7 we show minimal o and Ky4-energy configurations for N = 40 points restricted to the unit circle centered
at R=3/2.

05+ 05+

00} L 0.0}
25

=05 -05

-10 -10

FIG. 7: Minimum Ks-energy configurations (N = 40 points) on the unit circle centered at 3/2 for s = 2 (left) and s = 4 (right).

Remark 8. Results similar to Proposition 3 and Proposition 4 also hold for the kernel ICgR). In this case the diagonal
of the CPD weight function becomes

LR T

T /A(s/2) 2R

-1

In particular, we have the limit

N V(CE V2 R,
ngnooﬂ (z,w) = JT(s/9) > dimI'(4),

where the convergence is uniform on compact subsets of H x H*. Consequently,

s—1,0F
H; . Hd‘A

S_1.OF X (A)’
H, (A) d

Here Hqla/Ha(A) is the limit distribution of minimal K°-energy N-point configurations as N — oo (see next
subsection).

as R — oo and s > dimT'(A). (59)

Of interest is the question of how well minimal K-energy points are separated, that is, we are asking for a lower
bound for the separation radius

0(Zy)=min{|z —w| | z,w € Z§,z # w} (60)

of optimal K-energy N-point systems Z3 valid for N > 2. In fact, such an estimate can be obtained on sets of
arbitrary Hausdorff dimension «. The following result is a corollary of Theorem 4 in [4].

Proposition 5. Let 0 < o < 2. Suppose A is a compact subset in the interior of H with Hy(A) > 0. Let K = K
or K = KR with R > 0. Then for every s > « there is a constant cs = cs(A,Q,a) > 0, where Q is the CPD-weight
function associated with K, such that any K-energy minimizing configuration Z3, on A satisfies the inequality

cs N~/ 5> a,

N > 2. 61
ca(NlogN)~Ve  s=aq, - (61)

5@m2{
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C. The hypersingular case for the kernel Xg°

Suppose s > 1 +dim A. The kernel K£2° can be written as K°(z,w) = Q°°(z,w)|z — w|*~*, where the CPD weight
function Q°(z,w) =T'((s — 1)/2)/[v/7 T'(s/2)] is a positive constant. Thus, we can apply the theory developed in [4]
to obtain

Proposition 6. Letd =1 or d = 2. Suppose A is a compact d-rectifiable set contained in the interior of HT with
positive d-dimensional Hausdorff measure Hq(A). Let s > 1+ dim A. For N > 2, let Z3, be a minimal K°-energy
configuration of N points {zf"N, ce ZJSVN} C A. Then the sequence Zy,, N > 2, is asymptotically uniformly distributed
with respect to Hy; that is,

k=

—

Moreover, the minimal N-point Ks-energy satisfies

. Ek=(A,N) CZia
J\}Enoo NI+G-1)/d — [Hd(A)](s—l)/d’ (62)

where C°, , is a positive constant which does not depend on A and N. In fact, CZ,,; = Cs_14 I((s —
1)/2)/[v/7T(s/2)] and Cs_1,4 is the same constant as in (54).

Remark 9. The first part of Proposition 6 holds for the boundary case s = 1+ d, d = dim A4, as well. (In the case
d = 1 it is also required that A is contained in a C'-curve.) The minimal N-point K,-energy satisfies

. g’Cd+l (A7 N) _ B
J\}E»noo N2logN  HA(A)’ (63)

where 8 = 7%/2/T(1 + d/2) is the volume of the unit ball in R

We remark that a separation result like Proposition 5 can also be stated for K = K2°.

APPENDIX A: CONVEXITY OF THE K,-KERNEL ON VERTICAL LINE-SEGMENTS

The parameter v is fixed. The second derivative of (32) with respect to y is

o2 d?
5L (AR? + A2)? (R iy, R+ iv)
4 2
=— (4R + A2)2 [4R? — (14 s5) A?] oFy <1/2’18/2§ ﬁ)

2 2 2 2 2 3/2,1+ s/2. AR? _

2
4 2 5/2,24s/2. 4R

where A denotes the difference (y —v). Applying to each hypergeometric function the linear transformation [1, 15.3.3]
and simplifying we get

5/2

d2
sTL(AR? + A?)77 A d—yzics(R + iy, R+ iv)

_ 4w (1/2,1—s/2.  AR®
_(1+S)A 2F1</ 1 S/’m>

2
2 [4sR? 2 1/2,1-s/2, 47
+2R? [4sR +(1+25)A]2F1< > e az)
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which implies d*[KCs(v(y),v(v))]/dy? > 0.
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