MENKE POINTS ON THE REAL LINE AND THEIR
CONNECTION TO CLASSICAL ORTHOGONAL
POLYNOMIALS
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ABSTRACT. We investigate the properties of extremal point sys-
tems on the real line consisting of two interlaced sets of points solv-
ing a modified minimum energy problem. We show that these ex-
tremal points for the intervals [—1, 1], [0,00) and (—o0, c0), which
are analogues of Menke points for a closed curve, are related to
the zeros and extrema of classical orthogonal polynomials. Use
of external fields in the form of suitable weight functions instead
of constraints motivates the study of “weighted Menke points” on
[0,00) and (—o0,00). We also discuss the asymptotic behavior of
the Lebesgue constant for the Menke points on [—1, 1].

Dedicated to Jesus Dehesa on the occasion of his 60" birthday.

1. INTRODUCTION

Let ¢ and p be two positive numbers representing charges at the left

endpoint and right endpoint, respectively, of the interval [—1,1]. The

problem of finding n points xg"), e ,x%"), the locations of unit point

charges, in the interior of [—1, 1] such that the expression

(1.1) To(x1, ... 2= H (1 — ;) H |z; — @ H (1+ z)?
=1

=1 i<k

is maximized, or equivalently, log(1/7},) is minimized over all n-point
systems z1, ..., x, in [—1, 1], is a classical problem that owes its solution
to Stieltjes [12]. The quantity log(1/7,) can be interpreted as the
potential energy of the point charges at xy,...,z, in an external field
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exerted by the charge p at x = 1 and the charge ¢ at x = —1, where the
“points” interact according to a logarithmic potential. Stieltjes showed

that the points x&"), -+, 2" of minimal logarithmic energy are, in fact,

the zeros of the Jacobi polynomial pLe? )(93), where v = 2p — 1 and
8 = 2q — 1. The zeros of Laguerre and Hermite polynomials admit a
similar interpretation (see, for example, [13, Theorems 6.7.2 and 6.7.3]).
Additional constraints are needed to prevent these zeros from escaping
to infinity. A more modern approach is to have external fields in form of
appropriate weight functions instead of constraints. (See, for example,
[1] for a discussion of this model.) We also refer the interested reader
to the short survey article [4].

In this note we investigate the properties of extremal point systems
on the real intervals [—1, 1], [0, 00), and (—o00, 00), that consist of two
interlaced sets of points solving a modified minimum energy problem.
We will see that these extremal points are related to the zeros and
extrema of classical orthogonal polynomials. Moreover, each of these
two interlaced sets solves a separate extremal problem. In the un-
bounded case an additional constraint is needed that prevents points
from escaping to infinity. We show that this constraint can be lifted by
introducing an external field in form of a suitable weight function. We
will also discuss the effectiveness of a certain class of extremal points on
the interval [—1, 1] by considering the associated Lebesgue constants.

Our study was motivated by the work of K. Menke [5], [6] who intro-
duced certain interlaced optimal point sets on closed analytic Jordan
curves C in the complex plane. To describe such points, we first provide

C with a positive orientation (denoted by <) and let wy,...,w, and
Z1,..., 2y be two sets of points on C interlaced in the following way:
(12) 21 Wy < R Wpe1 X 2y R Wy < 2.

Then points that maximize the resultant
n n

(1.3) Rn(zl,...,mel,...,wn)::l_[l_hzj—w;€

j=1k=1

are called Menke points.

Recall that N points CfN), R C](VN) of a compact set K of the complex
plane that maximize the product []; 2k |¢; — (k| over all N-point subsets
of K are known as Fekete points for K. In particular, according to the
previously mentioned result of Stieltjes, the zeros of (1 — xz)P](Vl’_lg (x)
form an N-point Fekete set for the interval [—1,1]. One intriguing
result in [5] is the comparison of Menke and Fekete points for a closed
analytic Jordan curves C. If ¥ is a conformal mapping of the exterior



MENKE POINTS ON THE REAL LINE AND ... 3

of the unit disk onto the exterior of C with ¥(c0) = oo, then the pre-
images under ¥ of 2n Menke points are more nearly equally spaced on
the unit circle (error decays geometrically) than the pre-images of 2n
Fekete points (error decays with 1/n) as n becomes large. (See also [8],
9], and [11].)

To define the Menke points for a closed infinite subset A of the real
line R, we consider two finite sets of points X = {z;} and Y = {y;}
such that X UY C A with X and Y interlaced. In contrast to the
case of a closed curve, we need to distinguish two cases according to
the parity of the total number of points | X UY|.

2. MENKE POINTS ON THE INTERVAL [—1, 1]

Let ¢ and p be two positive numbers. Analogous to the Stieltjes
problem mentioned above, for the case of an odd number (say 2n + 1)

of interlaced points on the interval A = [—1, 1],

(21) —1:y0<:c1<y1<---<yn,1<$n<yn:1,

we maximize the function

(2.2)
n n n—1

To(@r, o o, s yne1)= [ [ (=) TT T I —ykIH 1+ 2)*
i=1 7=1 k=1

over all configurations satisfying (2.1), while for an even number of
points (say 2n), we assume that

(2.3) —l=m <y < < Yp1<Tp<yYp=1
and maximize the function
(2.4)
n n n—1 n—1
Tn($2a'-'axn7y17"'ayn 1 H 1 — pHH|$j _yk|H(1+y€)q
i=2 =2 k=1 =2

over all configurations satisfying (2.3).

A system X = {z;}, Y = {y;} for which the maximum is attained
n (2.2) or (2.4) is called a (p,q)-Menke system for [—1,1]. In our
definition, we always regard the endpoints of the interval [—1,1] as
Menke points; there is no loss of generality in such an assumption since
if, say, yo and vy, were regarded as variable points with —1 < yy <
and x, <y, <1, then maximizing the quantity

n n—1

Tt ey Ty Yoy e -y Yn): H —szHHWg—yk’H T — Yo)"

i=1 Jj=1k=1
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would clearly imply that yo = —1 and y,, = 1.
It turns out that Menke points are related to the zeros and extrema
of Jacobi polynomials. We shall prove in Section 7 the following:

Theorem 1. Let p > 0, ¢ > 0, and let the points in (2.1) form a (p,q)-
Menke system for [—1, 1] maximizing (2.2). Then the points xq,. .., x,
are the zeros and the points yo,...,y, are the extrema of the Jacobi
polynomial P\*?(z) on [~1,1], wherea =p—1, 8 =q — 1.

In particular, for p = q, the Menke points satisfy

Tn—k+1 = — Lk, k’Zl,...,TL, Yn—k = —Yk, ]{7:0,...,”

Theorem 2. Let p > 0, ¢ > 0, and let the points in (2.3) form
a (p,q)-Menke system for [—1,1] mazimizing (2.4). Then the points
Xo, ..., %, and the points yi,...,yn_1 are the zeros of the Jacobi poly-
nomial Pff:lﬂ) (x) and PT(L’I({_l)(x), respectively.

In particular, for p = q, the Menke points satisfy

Yn—k+1 = — Tk, kZla"w”

Theorems 1 and 2 should be compared with the previously mentioned
result of Stieltjes concerning the minimization of (1.1). In fact, on
combining that result with Theorem 1, we deduce that the x-points of
a (p, q)-Menke system on [—1, 1] with (2n + 1) points solve a separate
extremal problem. The same holds true for the y-points.

Corollary 3. Under the hypotheses of Theorem 1 the points x1, ..., T,
mazximize the product

(2.5) ﬁ 1—xlp/2H]a:]—xk|H (1+ 2",

i=1 j<k
and the points yi, ..., Yyn—1 maximize the product
n—1 n—1
(2.6) TTa=w) @2 Ty — vl JT @+ 0@
i=1 i<k =1

a+1,6+1
plotiotl),
O

Proof. Note that the critical points of P are the zeros of

A similar corollary, whose statement is left to the reader, follows
from Theorem 2 and aforementioned result of Stieltjes.

In Section 6 we will discuss the effectiveness of Menke points for poly-
nomial interpolation by considering the associated Lebesgue constants
for the case p=q = 1.
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3. MENKE POINTS ON THE INTERVAL [0, c0)

For an unbounded closed set, the existence of Menke points requires
that an additional constraint be imposed. For the interval [0, 00), the
setting for the Laguerre polynomials, we impose this constraint on the
centroid of the z-points.

Given a positive charge p and an even number (say 2n) of interlaced
points

(3.1) O=yo<t1 <Yy < - <Tp_1<Yn_1< Ty,

we seek to maximize the function

n n—1

o T T s — wel

(3.2) Un(X1, ooy Ty Yy e ey Y1 )=
k=1 j=1k=1

subject to the additional condition that the centroid of the z-points
satisfies

1

where K is a pre-assigned positive real number.
In the case of an odd number of points we maximize the function

(3.4) Un(@o, - oyt yn)i = [l TTTT 1% — wel
j=1 k=1

k=1 j=1
subject to the condition that the z-points and y-points are interlaced,
(3.5) D=2 <1 <21 < <Y1 < Tyl < Yp < Ty,

and, again, the xz-centroid satisfies (3.3).

A solution of either of these optimization problems will be called
a p-Menke system for [0,00) with x-centroid at K. Notice that the
left endpoint zero is regarded as a Menke point in this setting (again
without loss of generality).

We shall prove the following results (see Section 7).

Theorem 4. Given p > 0 and K > 0, let (3.1) form a (2n)-point
p-Menke system for [0,00) with x-centroid at K. Then the points
x1,...,T, are the zeros and the points vyg,...,y,_1 are the extrema of
the generalized Laguerre polynomial Lff“)(ct) on [0,00), where « = p—1
and c = (n+a)/K.

Recall that the generalized Laguerre polynomials L (t), where o >
—1, are orthogonal on the interval [0, 00) with respect to the weight
function t“e~".
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Theorem 5. Given p > 0 and K > 0, let (3.5) form a (2n + 1)-
point p-Menke system for [0, 00) with x-centroid at K. Then the points
x1,...,x, and the points vy, ...,Yy, are, respectively, the zeros of the

Laguerre polynomials L' (ct) and L™ (ct), where ¢ = (n+p)/K.

Theorems 4 and 5 should be compared with the following classical
result.

Proposition 6 ([13, Thm. 6.7.2]). For a positive charge p at the fized
point x = 0 and unit point charges at the variable points x1,...,x, in
the interval [0,00) such that the x-centroid satisfies

1
(3.6) E(x1+---+xn)§K,

where K is a pre-assigned positive real number, the maximum of

(3.7) T2 T s —

=1 j<k
is attained if and only if the xi1,...,x, are the zeros of the Laguerre
polynomial L (ct), where « =2p—1 and c= (n+ «a)/K.

From Theorem 4 and Proposition 6 it follows that the z-points of a
p-Menke system for [0, 00) with centroid K solve an extremal problem.
The same holds for the y-points.

Corollary 7. Under the hypotheses of Theorem 4, the points x1, ..., T,
maximize the product

n

(3.8) TT=22 ] s — 2l

i=1 j<k
subject to the constraint
1
(3.9) E(x1+--~+acn)§K,
and the points yi, ..., Yyn—1 maximize the product
n—1
14+p/2
(3.10) L1 ™ T 1w = sl
i=1 i<k
subject to the constraint
(3.11) yi+ Ay <n(K—1)+p.

An analogous corollary, whose statement is left to the reader, follows
from Theorem 5 and Proposition 6.
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4. MENKE POINTS ON THE INTERVAL (—00, 00)

For the real line, the setting of the classical Hermite polynomials,
we define the Menke points by imposing a constraint on the moment
of inertia of the points. First we consider Menke systems with an odd
number of points. For unit charges at the points x1,...,Z,, Y1, ., Yn_1
in (—o00,00) we want to maximize the function

n n—1

(4.1) Vn(:vl,...,xn,yl,...,yn_l)::HH|xj—yk|
j=1 k=1

subject to the conditions that

(4.2) T <Y <xg < -+ < Yoy < Ty

and the z-moment of inertia satisfies
1
4.3 (224422 =L,
(43) ~ (s} 2)
where L is a pre-assigned positive real number. A solution of this

optimization problem will be called Menke system for (—oo,00) with
x-moment of inertia L.

Theorem 8. Let (4.2) form a (2n—1)-point Menke system for (—oo, 00)
with x-moment of inertia L(> 0). Then the points x1,...,x, are the
zeros and the points yi, . .., Yy,—1 are the extrema of the Hermite polyno-
mial Hy(ct) with ¢ = \/(n —1)/(2L). Furthermore, the Menke points
satisfy

Tpn—k+1 = — Tk, k:]-?"'vna Yn—k = —Yk, k:]-)an_]-

Recall that the Hermite polynomials H,(t) are orthogonal on the
interval (—oo, c0) with respect to the weight function e

Theorem 8 should be compared with the following classical result.

Proposition 9 ([13, Thm. 6.7.3]). For unit point masses at each of
the variable points xy,...,z, in (—oo,00) such that the “moment of
inertia” satisfies

1

p— 2 PR 2
(4.4) - (7 +---27) <L,

where L is a pre-assigned positive real number, the mazimum of
(4.5) [Tl —
j<k
is attained if and only if the points x4, ..., x, are the zeros of the Her-
mite polynomial Hy(ct), ¢ = +/(n—1)/(2L).
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From Theorem 8 and Proposition 9 it follows that both the x-points
and the y-points of a (2n + 1)-point Menke system solve an extremal
problem.

Corollary 10. Under the hypotheses of Theorem 8, the points x1, ..., x,
mazximize the product

(4.6) 1Tz —
i<k

subject to the constraint

(4.7) %(m§+---+xi) <L,
and the points yi, ..., yn—1 maximize the product
(4.8) LT vs — il

j<k
subject to the constraint
(4.9) vyl <n(L—1)+1.

We next consider the optimization problem for an even number of
points. A Menke system of 2n points for (—oo, 00) with total moment
of inertia L is a collection of points xq,...,x,,y1,...,y, maximizing
the function

(4.10) Vn(xl,...,xn,yl,...,yn)::HH|xj—yk|
j=1k=1

subject to the conditions that

(4.11) T <Y <To <+ " < Ypo1 < Ty < Yn

and the total moment of inertia satisfies

(4.12) LI S S S . 3

2n

where L is a pre-assigned positive real number.
We shall prove in Section 7 the following result.

Theorem 11. Let the 2n points, n > 1, in (4.11) form a Menke system
for (—o0,00) with total moment of inertia L(> 0). Then the points

x1,...,T, are the zeros of the polynomial
(4.13) H,(ct) + V2nH,_(ct)
and the points yi,...,y, are the zeros of the polynomial

(4.14) H,(ct) —V2nH, (ct),
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where ¢ = \/(n+1)/(4L). Furthermore

Yn—k+1 = — Tk, ]{?:1,...,77,
and
2nL

5. WEIGHTED MENKE POINTS ON UNBOUNDED INTERVALS

Additional constraints are needed to prevent points from escaping
to infinity when solving the corresponding modified energy problems
for Menke points on unbounded intervals. A more modern approach
is to replace constraints with external fields in the form of suitably
chosen weight functions. The monograph [10] deals in detail with the
logarithmic minimum energy problem when an external field is applied.
Ismail [1] gave an electrostatic model for zeros for general orthogonal
polynomials subject to certain integrability conditions on their weight
function w(x). The modified energy problem for Menke points will,
however, differ in at least one significant detail: the points (charges)
are decomposed into two interlaced configurations each of which may
be subject to its own external field. That is, we seek to maximize a

function of the type
LTI e oy (we) s — uil
ik
subject to interlacing constraints on the x and y points in the presence
of given weight functions w, and w,.

5.1. Weighted p-Menke Points on [0, 00). Let p be a positive charge
placed at zero. Let w,(t) = t°* exp{—A;t}, s, > 0 and A\, > 0. We
similarly define w, but with constants s, and and ), instead of s, and
Az. For an odd number of points (counting xy = 0) we seek to maximize
the function

(5.1)

n n n
o P
F(1,. o Ty Yooy Yn) - Hwy vyl [T T T we(ai)wy (ui) |25 — uil
k= j=1k=1

subject to the conditions (3.5), and for an even number (counting yo =
0) of points we maximize the function

(5.2)

n n—1

F;(xla"'axnaylw";yn 1 . H Wy $] T pHwa(xj)wy(yk) ’xj _yk|
7j=1

j=1 k=1
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subject to the constraints (3.1).

A solution of either of these optimization problems will be called a
weighted p-Menke system for [0,00) with weight functions w, and w,.
(Without loss of generality we regard the point at zero as a Menke
point.)

We shall prove the following results (see Section 7).

Theorem 12. Given p > 0. Let the 2n + 1 points in (3.5) form
a weighted p-Menke system for [0,00) with weight functions w,(t) =
twexp{—A;t}, so > 0, Ay > 0, and wy(t) = t% exp{—A\,;t}, s, > 0,

Ay > 0. Then the points x1,...,x, are the zeros of the polynomial
(5.3) nLi D (6t) + bAL (B1)

and the points yi,...,yn are the zeros of the polynomial

(5.4) nL(Bt) — dALYV(BY),

where a = p+ (p+n)sy, b = (p+n)A,, ¢ = ns,, d = n,, and
a=14+a+c, 8=0b+d. The quantity A is the positive solution of
(5.5) (n+a+bA) (n+c—dA) = ac.

Moreover, A=x1+ -+ +Xp — Y1 — -+ — Yn.

Remark 13. Theorem 12 is the analogue of Theorem 5. For “switched

off” y-field (that is s, = 0 and A\, — 0) and s, =0 and nA\, K =p+n
both theorems give the same Menke points.

Theorem 14. Given p > 0. Let the 2n(> 4) points in (3.1) form
a weighted p-Menke system for [0,00) with weight functions w, and

wy as in Theorem 12. Then the points x,...,x, are the zeros of the
polynomial

(5.6) LED(BE) — (s, = At) L2 (B1)

and the points yi1,...,yn_1 are the zeros of the generalized Laguerre
polynomial

(5.7) L (Be),

where « = 1+p+ (p+n—1)s, +ns, and B = (p+n— 1)\, + n\,.
Furthermore, A, (T —y) =1+ s, and By = (n — 1)(n + a — 2), where
T=x1+ 4z, andy=vy1+---+yn_1. The x-centroid T/n satisfies

B(E/n)={@+n—1+X/A)(1+8:)+ (n—1)s,

Remark 15. Theorem 14 is the analogue of Theorem 4 but the former
has a much wider scope. For “switched off” external y-field (that is
sy, = 0 and letting A\, — 0) and s, = 0 and A, = 1 (K is the pre-
scribed z-centroid in Theorem 4) both theorems give the same results.
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5.2. Weighted Menke Points on (—oo,00). We consider the weight
functions w,(t) = exp{—XAt*}, Az > 0, and w,(t) = exp{—\,t*}, A\, >
0. For an even number of points we seek to maximize the function

(5.8) Go(x1, o Ty Y1 ey Yn) 1= Hwa (xj)wy(yr) |z — Yl

j=1k=1
subject to the conditions (4.11), and for an odd number of points we

maximize the function

n n—1

(5.9 Golwr,- sy ) = [ ] welas)wy (ue) l2; — uil

j=1k=1

subject to the conditions (4.2).
A solution of either of these optimization problems will be called a
weighted Menke system for (—oo, 00) with weight functions w, and w,.
We shall prove the following results (see Section 7).

Theorem 16. Let the 2n(> 2) points in (4.11) form a weighted Menke
system for (—oo, 00) with weight functions w, and w, as given above.

Then the points x1,...,x, are the zeros of the polynomial
(5.10) Hy(Bt) +1/2 (Ay/Ae) 1 (8E)

and the points y1,...,yn are the zeros of the polynomial
(5.11) H,(Bt) — /2 (Aa/Ay) nH,—1(51),

where § = \/(As + Ay)n.

Remark 17. Theorem 16 is the analogue of Theorem 11. If A\, = A\, = A,
that is z-points and y-points are subject to the same external field, then
the parameter A characterizing the external field in Theorem 16 and
the total moment of inertia L (pre-assigned in Theorem 11) given by
relation (4.12) are connected via formula 8nAL = n + 1.

Theorem 18. Let the 2n — 1(> 3) points in (4.2) form a weighted
Menke system for (—oo, 00) with weight functions w, and w, as above.

Then the points x1,...,x, are the zeros of the polynomial
(5.12) H,(Bt) —2(\,/Az) nH,—o(5t)
and the points y1,...,Yyn_1 are the zeros of the polynomial

(5.13) Hpy1(B),
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where B = \/(n — 1)\, +n),. Furthermore,

Tp—j+1 = —Zj, ]:17"'7n7

Yn—k = Yk, kzlvvn_l

Remark 19. Theorem 18 is the analogue of Theorem 8. If A, = A, = A
and A (characterizing the field in Theorem 18) and L (the total moment
of inertia in Theorem 8) satisfy the relation n — 1 = 2L(2n — 1), then
both theorems give the same Menke points.

6. LEBESGUE CONSTANTS FOR MENKE POINTS ON [-1,1]

In this section we consider the Lebesgue functions and Lebesgue
constants for the Menke points on [—1, 1] for the case p = ¢ = 1.

It follows from Theorem 1 that, for such p and ¢, the (2n — 1) Menke
points on [—1,1] are the zeros of (1 —z?)P,_1(x)P,_,(z), where P,(z)

is the n-th Legendre polynomial. We denote this set of points by
(6.1) M(2n — 1) = {270 4Pl By

and let £;(t),j =1,---,2n—1, denote the fundamental Lagrange poly-
nomials for this set of points, that is ¢;(t) is a polynomial of degree
2n — 2 satistying

(6.2) GEP Yy =6y, dj=1,---,2n—1.

The Lebesgue function for the set of points M(2n — 1) is given by
2n—1

(63) Aualt, 20— 1) = 3 165(0)
j=1

and the corresponding Lebesgue constant is

(6.4) Am(2n —1) := _Iflg%éAM(t’ 2n —1).

For an even number of points, we know from Theorem 2 that for
p = q¢ = 1 the 2n Menke points are the zeros of (1—x2)PT(L(H)(:E)PT(LE?) (x).
Denoting this set of points by M (2n), we similarly define the associated
Lebesgue function Ax(t,2n) and the Lebesgue constant A (2n).

Recall that the Lebesgue constant A (V) is the norm of the associ-
ated interpolation operator from C[—1, 1] to the space of polynomials of
degree at most N — 1, defined via interpolation in the points of M(N).
As such it provides a measure of how close polynomial interpolants ap-
proximate a continuous function. More precisely, if f € C[—1,1] and

Ly () is the unique polynomial of degree N — 1 that interpolates f
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in the NV points of M(N), then for the uniform norm on [—1, 1] there
holds

|/ = L] < 1+ Am(N))Ex_1(f),

where En_1(f) denotes the error in best uniform approximation to f
by polynomials of degree at most N — 1.

It is well-known that the Lebesgue constants A7 (N) for any triangu-
lar scheme 7 of the interpolation points on [—1, 1] grow with order at
least log N as n — oo (see [3] for the historical discussion and the char-
acterization of optimal schemes). As we shall prove in a later paper,
this optimal growth rate is also achieved for the Menke points.

Theorem 20. The Lebesgue constants for the (1,1)-Menke points M(N)
on [—1,1] satisfy

Apm(N) = O(log N) as N — oo.

As a numerical example of the effectiveness of the interpolation in
the Menke points we computed the maximum (uniform) error in the
Lagrange interpolation for the simple function f(z) = |z|, =1 <z < 1.
For comparison purposes, Table 1 lists the maximum error over [—1, 1]
when the interpolation points are chosen to be

(1) zeros of the Chebyshev polynomial T (z) rescaled so that the
first and last zeros coincide, respectively, with —1 and 1;

(2) the (1,1)-Menke points for the interval [—1, 1];

(3) the Fekete points for the interval [—1,1].

We see from Table 1 on the next page that the maximum absolute er-
ror of interpolation is least for the listed values of N if the interpolation
points (even or odd) are chosen to be the Menke points in comparison
to the Chebyshev points or the Fekete points. A plot of the correspond-
ing Lebesgue functions over [—1,1] reveals that the Menke Lebesgue
function is smaller than the other Lebesgue functions if we stay away
from the endpoints. Thus, it is reasonable that the interpolation in the
Menke points might better approximate functions such as |z| that have
singularities only in the interior of the interval.

7. PROOFS

7.1. Proof of Theorem 1. We give an argument similar to that in
[13]. For a (p, ¢)-Menke system of 2n+1 points, we have dlog 7.,/ (0x,) =
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TABLE 1. Maximum error of Lagrange Interpolation in

N points for f(z) = |z| on [—1,1]

N | Chebyshev | Menke | Fekete
8 10.129946 | 0.122238 | 0.135684
9 10.068008 | 0.066984 | 0.070580
12 0.084777 | 0.081689 | 0.087608
131 0.046472 | 0.046136 | 0.047867
16 | 0.063106 | 0.061455 | 0.064782
171 0.035361 | 0.035211 | 0.036227
20 [ 0.050309 | 0.049285 | 0.051416
211 0.028556 | 0.028477 | 0.029144
24 10.041845 ]0.041148 | 0.042629
251 0.023955 | 0.023908 | 0.024379
35(0.017083 | 0.017080 | 0.017308
36 | 0.027831 | 0.027531 | 0.028191
44 1 0.022756 | 0.022558 | 0.023001
451 0.013278 | 0.013270 | 0.013416
551 0.010860 | 0.010859 | 0.010954
56 [ 0.017871 | 0.017750 | 0.018024
64 | 0.015634 | 0.015542 | 0.015751
65 [ 0.009188 | 0.009185 | 0.009255
751 0.007962 | 0.007961 | 0.008013
76 [ 0.013163 | 0.013098 | 0.0132473

0(=1,...,n)and dlog7,/(Qys)) =0 (L =1,...,n—1), or

D n—1 1 q
(7.1) :c/g—1+;xe—yk P 0, (=1,
~ 1
(7.2) ; — 0, (=1,

Introducing the polynomials f(z) = (v — z1)(x — z3) - -+ (x — z,,) and
9(y) =y —y1)(y —y2) -+ (¥ = Yn-1), We observe that, by (7.2),

F'(ye) :zn: 1 o,

fye) = ye—an

Since f has no zeros at y1, . ..
of degree (n — 1) vanish at (n — 1) points x = yq, ..

(7.3)

, Yn_1, it follows that the polynomial f'(x)
s Yn—1. Thus, f'(x)
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is a multiple of g(z). The latter and (7.1) yield

qay D0 _de) S8 1 o p

frae) — glee) o Lo = Yk Ton 1l 1-—x

for all £ =1,...,n, or equivalently,

(7.5) (1 - I?) @) +la—p—@+gzd f(xe) =0, £=1,....n
With « = p—1 and g = ¢ — 1, the last relation means that

(7.6) (1 =) f"(x) + [8 —a— (a+ B +2)z]f'(z)

is a polynomial of degree n which vanish for all zeros of f(x). Hence,
it is a multiple of f(x). By comparing the terms in z", we get for the
constant factor the expression —n(n + « +  + 1). The polynomial

solutions of the resulting linear homogeneous differential equation of
the second order,

(1—2%) f"(2) +[B —a— (a+ B +2)z] f'(2)

(7.7) +n(n+a+3+1)f(z)=0,

are the Jacobi polynomials P{*” )(a:), and therefore f(x) is a constant

multiple of P\*”(z) and g(y) is a constant multiple of [P\*]'(y) =

(1/2)(n+a+5+ 1)P7(ff{1”6+1)(y). The last assertion of the theorem fol-
lows immediately from symmetry properties of the Jacobi polynomials
when p = q. ([l

7.2. Proof of Theorem 2. For a (p,q)-point Menke system of 2n
points, we have the conditions dlog7,/(0zy) = 0 (¢ = 2,...,n) and
dlogT,/(0y)) =0 (L =1,...,n—1),or
n—1
P 1

7.8 + =0, (=2,...,n,
( ) Ty — 1 jzlxg—yj

n

q 1
7.9 1 —0, (=1,...,n—1.
( ) yg_|_1 jz:;yg—l'j

Setting f(x) := (x —23) -+ (¢ —an) and g(z) = (x —y1) -+ (& — Y1),
we have by equation (7.9) we have

fly) 1 q
7.10 - — C0=1,....n-1
(7.10) f(ye) ]Z:;?Jé—xj L4y

Since f(x) has no zeros at yi, ..., ¥y,_1, it follows that the polynomial
(1+x)f'(z)+pf(x) of degree (n — 1) vanish at © = y1,...,y,—1. Thus

(7.11) (1 +2z) f(z) + ¢f(z) = (n—1+q) g(z).
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Similarly, we obtain

(7.12) (1 —=2)g'(x) —pg(x) = (L —n—p) f(z)

Eliminating g(z) from (7.11) and (7.12), we get

(1=2?) f"(@) +[1-p+aq) — A+p+a)a] f(2)
+(n=1)(p+qg+n—-1)f(x)=0.

For a = p—1 and 3 = ¢ the above equation represents the differential
equation of (n — 1)-st Jacobi polynomial P\*?(z). Thus, f(z) is a

(7.13)

constant multiple of P, aﬂ ) (). Similarly, by eliminating f(x) from
(7.11) and (7.12) and proceeding as before, we arrive at the differential
equation

(1—2*)g"@)+[(-1=p+q)—(Q+p+q ] (x)

(7.14) +(n—1)(p+qg+n—1)g(x)=0.

By taking @« = p and § = g — 1 it follows that g(x) is a constant
multiple of P “ )( ). O

7.3. Proof of Theorem 4. Clearly, an extremal system exists and,
via convexity argument, one can show it is unique. Maximizing the
function U, is equivalent with minimizing F,:=1log(1/U,). Defining

h(xy,...,xn):=(x1+ -+ 2,)/n — K, we have the following necessary
conditions for optimality:
(7.15) Vi F, = —AV4h, VyF, = —=AVyh,
or equivalently,
n—1
1 A

(7.16) > -2 r=1,...n,

LTe 4 Te— Yk n

1

717 — =0, (=1,...,n—1.
717) >t

Setting f(z) = (z — x1)(x — x2) -+ (x — xy,) and g(y) = (y — y1)(y —
y2) -+ (Y — Yn_1), we get from (7.17) that

ffly) -~ 1 _ _
(7.18) Flu) ~ 2= yg_xj_o, (=1,....,n—1.

Since f(y,) # 0 for all £ =1,...,n — 1, we have that f’, a polynomial
of degree n — 1, has the same zeros as ¢g. Thus, f'(x) is a constant
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multiple of g(x). The latter and (7.16) yield

" , n—1
A
f"(xe) g (z) _ A T

1
flle)  glz)  Zwe—ye n

(7.19)

or equivalently,

(7.20) zof" () + (p - %(L’g) f'(xy) =0, (=1,...,n.

The left-hand side of (7.20) is a polynomial of degree m in z that

vanishes at n points x1,...,x,; hence this polynomial is a constant
multiple of f(x). We get

A
(7.21) zf"(x) + (p — Ex) f'(z) + Mf(z) = 0.

A change of variables u = cx with nc = X and the substitution a4+1 = p
lead to the associated Laguerre differential equation

(7.22) ww” + (@ +1—u)w +nw =0,
whose polynomial solutions are the associated Laguerre polynomials
w = L% (u). Thus, f(z) is a constant multiple of L\ (cz) and g(y)

is a constant multiple of the derivative f’(y). The constant ¢ can be
obtained from the relation

(7.23) enK =cxi+- 4 cxn=u 4+ +up

and the fact that the sum of zeros u; + - - - + u,, equals n(n + «) which
follows from

1) =3 G ()t = S ) a w)

k=0

The proof of Theorem 5 is similar to the preceding argument and is
therefore omitted.

7.4. Proof of Theorem 11. Since the proof of the Theorem 8 is more
straightforward, we leave it to the reader and proceed with the proof
of Theorem 11.

It is easily seen that an extremal system exists and is unique. Let
h(z1,...,Tp,Y1,-..,Yn) be defined as the difference between the left-
hand side and the right-hand side of (4.12). Maximizing the function
V. is equivalent with minimizing F},:=1og(1/V},). We have the following
necessary conditions for optimality:

(7.24) ViF, = —AVyh,  VyF, = —AVyh,
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or equivalently,

n

1 )\wg
7.25 — =t (=1,...
(725 Sl M
k=1
- 1 A
(7.26) = M 1
SV n

We introduce the polynomials f(x) := (x —x1)(z —23) -+ - (z — x,,) and
9() =y —y)(y —v2) -+ (y — yn). Using (7.25) and (7.26), we get

(7.27) M:ZL:M, (=1,...,n,

fly)  Hye—z n
/ n 1

(7.28) g(”)zz N
9(¢) 1 Tt Yk n

Since the expressions are symmetric (that is, can be obtained from each
other by substituting g for f and x for y), it is sufficient to consider one
relation. The expression f'(x) — (A/n)xf(x) is a polynomial of degree
n + 1 which vanishes at © = y;,...,y,. Hence

(7.29) ) = 2 f(r) = e+ A) g(r)

for some non-negative constant ¢ and a real zero —A. The constant ¢
and the zero —A can be obtained from comparing the coefficients of
the following expansions

A A A
__xf<x):__wnJrl—l——($1+'-—+Jin)xn+~-,

clx+A)gx)=cx™ —c(=A+y+--+yp)a" +--- .

We obtain ¢ = —A\/n and A = g — z, where we defined z:=x1+-- -+ =z,
and y:=y; + - - - + y,. Combining these facts we deduce that

(7.30) () = 2 f(w) + 2 2+ ) gla) =0,
(7.31) §() ~ 2rgle) + 2 (a— &) ) = 0

Adding and subtracting these equations yield
A
(f+9) = ~A(f—9) =0,

(f—g)'—2%x(f—g)+%A(f+g):0.
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Setting 2F = f + g and 2G = f — g, we have

(7.32) F'(z) — %G(m) =0,
(7.33) G'(z) — %xG(m) + %F(m) =0.

Next, we take the derivative of both sides of (7.32) and use (7.33) to
derive the second order differential equation

(7.34) F'"(x) — gacF’(x) + (&> F(z)=0.

n n
A change of variables u = \/A/nx leads to the Hermite differential
equation

A
(7.35) w” — 2uw' + =A*w =0,
n

which has a polynomial solution if and only if AA?/n is an even positive
integer. In the case AA% = 2n? its solution is a constant multiple of
the Hermite polynomial H,(u) of degree n. Thus,

V2n

(7.36) F(x) = HH(TJJ)
From (7.32) we obtain
A
(7.37) G(z) = %F/(x)
Consequently, f = F'+ G is a multiple of
(7.38) Hn(@x) + MHM(VAQ_%), n=12,...,
and g = F' — G is a multiple of
(7.39) Hn(@x) - \/%Hn_l(@x), n=12,...,

which also justifies the identity g(x) = (—1)"f(—z). The last identity
implies that § = —z, A = 25 = =2 (& < g follows from the ordering
of the points x1,...,z, and y1,...,y,), and 377 &7 = 371" | yi. This
allows us to relate the total moment of inertia L of the given Menke
system and the difference A = — Z. Using

R G ) -~
(7.40) Hn(z):n.];m(zz) ,
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we compare the coefficient of 2”72 in (7.38) and in

(7.41) flz)=a" —za" ' + (:E‘Q — Z x?) "

Only the first Hermite polynomial in (7.38) needs to be considered.
That is

(7.42) (@) " + n! 1 <\/%) "2 4= cf (2).

n=2)!\ A
We get

n B 1 n
(7.43) c= (%) , —nTA2 =22 =) a3

and it follows that
- - A2 n—1A? n+1
2 2 _ _ 2
I B e R e
k= i=1
From (4.12), we have

(7.44) oL = Zxk+z ”H ,

or equivalently,

(7.45) A=

O

7.5. Proof of Theorem 12. It is easy to see that an extremal system
exists. Let

f(x) = (x—xl)@—@)---(x—xn):x”—flx"—1+...7
9y) =W—y)W—v2) - (Y—y) =y" — gy "+

Maximizing the function F)? is equivalent to minimizing the function
Vo :=log(1/F?). The corresponding optimality conditions give

f'(yz)zzn: 1 :_(ern)(s_y_)\y)_ﬁ, (=1,....n,

o) = ve—a;
(

g(ze) a 1 e~
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Since f(y;) # 0 for all ¢ =1,...,n, we have for some constant A = A,
(7.46)

zf () +[p+ (p+n)s, — (p+n) \a] f(z) == (p+n) A, (z — A) g(a).

Similarly, for some constant B = B,,

(7.47) zg' (z) +n(sz — \oz) g(x) = —n\, (x — B) f(z).
To simplify notation we write

(7.48) xf'(z) + (a —bx) f(z) +b(x — A) g(x) =0,
(7.49) zg'(x) + (¢ — dx) g(z) + d(z — B) f(x) =0,

where we define the quantities

(7.50) a:=p+(p+n)s,, b:=(p+n)), c:=ns, d:=n)\,.
It is easy to see that

(7.51) b(A+ag1— fi) =n+a, d(B+ fi—g1)=n+ec

In particular, it follows that

(7.52) bd(A+ B) = (b+d)n+ ad+ bc.

Evaluating (7.48) and (7.49) at x = 0 and using that f and ¢g do not
vanish at x = 0, we derive

(7.53) ac —bdAB = 0.

It is convenient to introduce new functions F' and G via f = F + G
and ¢ = F' — G. Thus, (7.48) and (7.49) are transformed to

(7.54) xF'(z) +2G'(x) + (a + bA — 2bx) G(z) + (a — bA) F(z) = 0,
(7.55) xF'(x) —2G'(x) — (c+dB — 2dz) G(z) + (¢ — dB) F(x) = 0.
Adding and subtracting these two differential equations yields
20F'(z) + (a+ ¢ — bA — dB) F(x)
+ja—c+bA—dB+2(d—b)z|G(x) =0,
20G'(x) + [a+c+bA+dB —2(b+d) 2] G(x)
+(a—c—bA+dB) F(z) =0.
By eliminating F'(x) from (7.56) and (7.57), we obtain
22G" () + (a — Br) 2G'(z) + (v — 6x) G(x) = 0,

(7.56)

(7.57)

where
a:=14+a+c, G :=b+d,
v :=ac — bdAB, d:=b+d+ad+bc—bd(A+ B).
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Taking into account both relations (7.52) and (7.53), we derive

2G"(z) + (o = Br) G'(z) + (n — 1) BG(x) =
A change of variables u = Gz leads to the Laguerre differential equation
(7.58) uh”(u) + (a —u) W' (u) + (n — 1) h(u) =0,
whose polynomial solution is a constant multiple of the generalized
Laguerre polynomial L®7"(u). Consequently, G(z) = C1 L7V (3z)
for some Cy # 0. By relations (7.57), f = F+ G and g = F — G and
using properties of Laguerre polynomials, we obtain

—(a—c—bA+dB) f(z)
!/
e {253: {L,(f:”} (Bz) + [2¢ + 2bA — 232] LY (ﬁx)}

=20, {nLgﬁ—U (Bz) — (n+a—bA) L }
—(a—c—bA+dB)g(x)

=C {269& {L,(i_ll)}/ (B%) + [2a + 2dB — 282] L*7) (ﬁaz)}
=20, {nL;a—U(ﬁ )= (n+c—dB) L (ﬁm)}

Set A := f; — g1 (which is positive by (3.5)). By eliminating A and B
from Equations (7.51), (7.52), and (7.53), we derive

(7.59) (n+4+a+bA) (n+c—dA) = ac.

7.6. Proof of Theorem 14. Clearly, an extremal system exists. Pro-
ceeding as in the proof of Theorem 12, we define

fla) =] —a) =a" = fuz" "+ for" > = (1) 2y - 2,

g) =J[w—w) =v"" =gy +oy" =+ ()" "y Yo
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Maximizing the function F is equivalent to minimizing the function
Ve :=log(1/Ff). The corresponding optimality conditions give

f/(W) - 1 <5y )
— = —N ——)\ 5 621,...,7L—1,
f(ye) ;Z/e—% v 7

ge) = 1 S P

g(x) o1 Tt~ Yk

Since f(y,) #O0foralll =1,...,n—1and g(z;) #0foralll{ =1,... n,

we have

(7.60) zf'(z) + (a — bx) f(z) +b(z — A) (x — B) g(x) = 0,
(7.61) xg'(x) + (¢ — dx) g(x) + df (z) = 0,
where

a:=mns,, b:=n\, c=p+n—1+p)s,, d:=Mn—-1+p) .

The constants A and B follow from comparison of coefficients. We find
that

b(A+B)=n+a+b(fi—aq),
bAB=(n+a)gi— (n—1+4a) fi+b[fo— g2+ (/i — g1) 1]
By eliminating f(z) from (7.60) and (7.61), we get
(7.62) 2%g"(2) + (a — fa) xg'(x) + (v + dz) g(2) = 0,
where
a:=1+a+c, 6 :=b+d,
v = ac — bdAB, —0:=d+ad+bc—bd(A+ B).
Since ¢ is a polynomial of degree n—1 we get from (7.62) the conditions
(7.63) (n—1)8=6, ~=0.

(These relations follow by equating the constant terms and equating
the 2" !-terms.) Thus, for > 0 it is sufficient to consider

zg"(x) + (a = fz) g'(x) + (n — 1) Bg(x) = 0.

A change of variables u = Sz and g(z) = h(u) leads to the Laguerre
differential equation

(7.64) ug”(x) + (a —u) B (z) + (n — 1) h(x) = 0,

whose polynomial solution is given by a constant multiple of the gen-
eralized Laguerre polynomial Lff‘__ll)(u). Hence g(z) = Cngla__ll)(ﬂx)
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for some constant C; # 0. By (7.61) and a differentiation formula for
Laguerre polynomials

—(d/Cy) f(z) = (c — dx) L5V (Br) — BrLly ().

An alternative representation, obtained by using a second differentia-
tion formula and a three-term recurrence relation, is given by

b

165 g f) = L) - (142 - Lo ) L 6.

The centroids can be obtained by using explicit representations of the
Laguerre polynomials. However, it is easier to use the relations between
AB, A+ B, and the quantities f; and g;. Clearly, d(f1 —g1) =n—1+c¢
and it is well-known that u; + -+ 4+ u,—1 = (n — 1)(n + o — 2), where
..., un_q are the zeros of L7V (8z). Thus, Bg; = (n — 1)(n+ a —
2). O

7.7. Proof of Theorem 16. Maximizing the function G¥, is the same
as minimizing V¢ :=log(1/G¢). Defining

n
-1
]=1

=1[w-v)=v"—g " +---,
k=1

by the optimality conditions, we have that

glz) <~ 1 w'(xy)
7.66 = =-n = 2N\, Xy, (=1,...,n,
(7.66) en) ,; Te — Yk w(zy) Z
flly) <~ 1 w'(ye)
. = =— = 2n\ =1,...,n.
(7 67) f(yﬁ) Z Yo — ; n ’LU(yg) NAyYe, 14 ) , N

Since both f(ys) # 0 and g(z,) # 0 for all £ = 1,...,n and proceeding
as usual, we obtain

f(z) —2azf(z) + 2a (z — A) g(x)
g'(x) = 2bxg(x) + 20 (x — B) f(x)
where a := n\, and b := n),. Comparing the coefficients of 2", we get

0,
0,
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Introducing the functions F and G via f = F+ G and g = F — G, we
have

(F +G) () + 2aAF(x) — 2a (A + 22) G(x)
(F — G)(z) — 2bAF(x) — 2b (A — 2x) G(x)

Y

0
0.

Adding and subtracting these equations, we obtain
F'(z) + (a = b) AF(x) — [(a 4+ b) A+ 2 (a — b) 2] G(x)
(7.69) G'(z)—[(a—b)A+2(a+b)z]G(z)+ (a+b) AF(x)

Y

0
0.

Eliminating G(z) from the above equations we get
(7.70) G"(z) —2(a+b)zG'(z) — 2 (a + b — 2abA®) G(z) = 0.

A change of variables v = pBz, = va+ b, leads to the Hermite
differential equation

W' (u) — 2ul’(u) + 2 [2abA* /5> — 1] h(u) = 0,

which has a polynomial solution if and only if the square bracketed
expression is equal to an integer > 0. Since we know that G is a
polynomial of degree n — 1, we derive the relation

(7.71) 2abA* = (a + b)n,

and thereby deduce that h is a constant multiple of the Hermite poly-
nomial H,,_;. Hence, G(x) = C1H,_1(fz) for some C; # 0. By (7.69)
and expressing the derivative of a Hermite polynomial in terms of Her-
mite polynomials, we get

F(z) = Cy {ﬁiAHn(ﬁx) + Z—;Zﬂnl(m} .

Consequently, f = F' + G is a constant multiple of

(7.72) H,(Bx) + 2a (A/B) H,—1(Bx)
and g = F' — G is a constant multiple of

(7.73) H,(Bz) — 2 (A/B) Hy ().
Furthermore,

2a (A/B) = /2 (a/b)n, 2b(A/B) = /2 (b/a)n.

The symmetry of the weighted Menke points follows from the properties
of the Hermite polynomials. 0
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7.8. Proof of the Theorem 18. Proceeding as in the proof of The-
orem 16, we define

n

flx) = H (x— ;) =" — fra" ' 4 for"F —
j=1
n—1
g) =T —w)=v"" =gy >+ g9 — -
k=1
By the optimality conditions, we have

fly) 1
= =2n\ye, (=1,...,n—1,
f(e) ;ye—xj v

n—1

g'(x¢) 1
— :2 n—l )\xaj, 621,...,71.
Q(Ie) kz; Ty — Yk ( ) ‘

Consequently,
(7.74) f(z) = 2axf(z) +2a(x — A) (x — B) g(z) =0,
(7.75) g (x) —2bxg(x) + 2bf(x) = 0,

where we define a := n), and b := (n—1)\,. By eliminating f(z) from
(7.74) and (7.75), we get

9"(x) —2(a+b)zg (z)
—2[b+ 2abAB — 2ab(A+ B) z] g(x) =0,
which, on comparing highest order terms, implies the condition
(7.76) A+ B=0.

A change of variables u = (Sx with § = v/a + b now leads to the Hermite
differential equation

b+ 2abAB
(7.77) B —oub! + 222000, .
a+b
It has a polynomial solution of degree n — 1 if and only if
b+ 2abAB
(7.78) o eabAE L
a+b

Thus, g(z) = C1H,—1(Bz) for some C; # 0. By (7.75) and properties
of Hermite polynomials
206 f(z) = Cy {Qbﬁanfl(ﬁf) -2(n-1) BQanl(ﬁx)}
= C {bH,(Bz) —2(n—1)aH,2(fz)}.

The symmetry relations for the weighted Menke points follows from
properties of the Hermite polynomials. O
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