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1 Introduction and main results

In this article we shall further develop and apply the theory of minimal s-energy problems for Riesz
spherical potentials with external field, where the potential varies inversely with respect to the
s-power of the Euclidean distance between points. The restriction to spherical potentials is mainly
motivated by the applications to minimal energy points on the sphere, but the analysis may be
carried out on more general manifolds, as well as with other kernels. This we intend to address in
a subsequent work. For more on the general theory of equilibrium potentials with external fields
we refer to the recent works of Zorii [22], [23], and [24].

As the main application of our results we derive optimal order separation of the minimal s-
energy points on the sphere S ¢ R4 for the range of the parameter d — 2 < s < d. The explicit
form of our separation constant is new even for the classical case s = d — 1 considered by Dahlberg
[2] in 1978, and improves upon the (mainly) implicit constants obtained in [15] by Kuijlaars, Saff,
and Sun for the cases d — 1 < s < d. In addition, for the important particular case of S2, our
results with what was previously known settle the question of well-separation of minimal s-energy

points for all s > 0, except for the critical value s = 2.

1.1 FEnergy problems on the sphere with external fields.

Let S¢:= {x € R : |z| = 1} be the unit sphere in R%*!, where |-| denotes the Euclidean norm.
Given a compact set £ C S%, consider the class M(E) of unit positive Borel measures supported
on E. For 0 < s < d the Riesz s-potential and Riesz s-energy of a measure p € M(E) are given

respectively by

U (z) == / Ba(,) dp(y), L(u) = / / a,y) du(e)duy),



where ks(z,y) := |x — y|~* is the so-called Riesz kernel. For the case s = 0 we use the logarithmic
kernel ko(z,y) :=log(1/|z — y|) instead. The s-capacity of E is then defined as Cs(F) := 1/W,(E)
for s > 0, where Wy(FE) := inf{Is(pn) : p € M(E)}. A property is said to hold quasi-everywhere
(q.e.), if the exceptional set has s-capacity zero. When C(E) > 0, there exists a unique minimizer
PE = js g, called the s-equilibrium measure for E, such that Is(jup) = Ws(E). For more details
see [16, Chapter II.

We shall refer to a non-negative lower semi-continuous function @ : S% — [0,00], such that
Q(x) < oo on a set of positive Lebesgue surface measure, as an ezternal field. The weighted energy

associated with Q(z) is then given by

Tol) = 1.0 +2 [ Q) du). (L1)

Definition 1.1 The energy problem on the sphere in the presence of the external field Q(x) refers

to the minimal quantity
Vo i= inf{IQ(u) e M(sd)}. (1.2)

A measure jig = pg s € M(SY) such that Ig(ng) = Vg is called an s-equilibrium measure

associated with Q(z).

We first state a Frostman-type theorem which deals with the existence and uniqueness of the
measure [, as well as a criterion that characterizes p () in terms of its potential. The proof of this
theorem follows closely the proof of [21, Theorem 1.1.3]. It could also be derived as a particular

case from the more general results in [22] (see in particular Theorem 1 and Proposition 1).

Theorem 1.2 Let 0 < s < d. For the minimal energy problem on S with external field Q(x) the

following properties hold:



(a) Vg is finite.

(b) There exists a unique s-equilibrium measure pg = pg, € M(S?) associated with Q(z).
Moreover, the support Sq of this measure is contained in the compact set Ep = {x € S

Q(z) < M} for some M > 0.

(¢) The measure g satisfies the variational inequalities

1>z) + Qz) > Fg qe.on S (1.3)
Us?(z) +Q(z) < Fo forall ze Sg, (1.4)

where
Fg:=Vg - /Q(.’L‘) dpg (). (1.5)

(d) Inequalities (1.3) and (1.4) completely characterize the equilibrium measure pg in the sense

that if v € M(S?) is a measure with finite s-energy such that for some constant C' we have

U'(z)+Q(z) > C qe. on 8% (1.6)

Ul(x)+Q(x) < C forall € supp(v), (1.7)
then v = pg and C = Fyg.

Remark For a given compact subset £ C S with positive capacity, we may consider a problem
similar to (1.2) but with u € M(FE) instead. For the external field @ on E the same theorem holds

with E instead of S? (one can set @ = oo on S%\ E and use the theorem above).

In the case when d — 1 < s < d we are able to analyze further the characterization property

from Theorem 1.2 (d). More precisely, the following result holds.



Theorem 1.3 Let d—1< s <d, Q be an external field on S, and Fg be defined as in (1.5). For

any measure A € M(S?) we have

“ inf "(UXz) +Q(x)) < Fo, (1.8)
€S89
and
sup (U (z) + Q(x)) > Fo, (1.9)
xesupp(N)

where “inf” means that the infimum is taken quasi-everywhere. If equality holds in both inequalities,

then A = pg.

Remark The proof of this theorem utilizes the Principle of Domination for Riesz potentials,
which in general holds for the parameter range d — 1 < s < d + 1 and measures supported on
any subsets of R%T!. Since the measures in our case are supported on the d-dimensional manifold
S4 a restricted version of the Principle of Domination holds for d — 2 < s < d (see Lemma 5.1).
Nonetheless, it remains an open problem whether Theorem 1.3 holds for this larger range. However,
for the particular case of Riesz external fields Qu(z) = Qu.s(x) := ks(z,a), where a € S9 is fixed,
we are able to establish this assertion directly. Because of its importance for the applications to

the separation of minimum energy points, we formulate the result as a separate theorem.

Theorem 1.4 For any positive multiple of a Riesz external field, that is Q(z) := cQq s(x) with

¢ > 0, the conclusions of Theorem 1.3 hold for d —2 < s < d.

Observe that if d, is the unit Dirac-delta measure supported at a, then the Riesz external field
is also the Riesz potential of &, i.e. Qqs(z) = Ul+(z). Henceforth, we will assume that the point

S

a is the North Pole of S¢.



1.2 M:inimal s-energy points on the sphere and their separation

The initial motivation for considering the minimal energy problem with external field, as well as the
main application in this paper, is related to minimal s-energy points and their separation. Given
a configuration of N points on the unit sphere wy = {21, 22,..., 2y} C S we define its discrete
Riesz s-energy as

Es(wn) == Z ks(zi,x5), s2>0, (1.10)
1<i#j<N

where ks(z,y) is the Riesz kernel for s > 0 and the logarithmic kernel for s = 0 (see Section
1.1). A configuration wy = wiy ; = {27,23,..., 2%} that minimizes (1.10) is called an N-point
minimal s-energy arrangement. Such arrangements serve as “well-distributed" point sets on the
sphere and have been a source of intensive investigations with a wide variety of applications in
chemistry, physics, crystallography, morphology, etc. (see [1], [9], [13], [18], [19]). The celebrated
Thomson problem [18] is the special case d = 2, s = 1. Here we are particularly interested in
the separation properties of such minimal arrangements. We say that a sequence of configurations
) ()

WwN = {.CC&N , T ,...,:L‘S\][V)} C 8% N =2,3,... is well separated if there is a positive constant C'

independent of N such that

Ay = Awy) = %l\xgm — ! (1.11)

ENSYR

Among the most studied extremal arrangements in the literature are the best-packing points,
in which case the smallest distance between all the various pairs of N points is maximized. Such
points, for fixed N, correspond to limiting minimal s-energy arrangements as s — co. When d = 2,
Habicht and van der Waerden [11] have not only established the separation for these points, they
have actually found lim v NAy. Another distinguished sequence of configurations is the Fekete

points (s = d — 1), and their well separated property was shown by Dahlberg [2] for any d. In



[14], Kuijlaars and Saff among other results handled the case s > d, but for s = d they obtained
the weaker inequality Ay > C/(Nlog N)¥/®. Tt is still an open problem whether one can omit the
log N term from this estimate. For the minimal s-energy arrangements when d = 2 and s = 0,
called logarithmic points, Rakhmanov, Saff, and Zhou in [20] showed that Ay > (3/5)/v/N, which
was subsequently improved by Dubickas [6] to Ay > (7/4)/v/N, and Dragnev [5], who obtained
the estimate Ay > 2/v/N — 1.

In this paper we shall prove that N-point minimal s-energy arrangements are well separated
for d — 2 < s < d. More precisely, if wi, = {z],z5,..., 2%} is an N-point minimal s-energy
arrangement and

ANsa=A(wy) := min |z} — 2 (1.12)

7] J

we have the following result.

Theorem 1.5 Ford—2 < s < d, any sequence {w} }¥_y of minimal s-energy point configurations

is well-separated. More precisely, for any N (> 2)-point minimal s-energy configuration wy, for S

we have
Kag 2B(d/2,1/2) \? gl—s/d
Angg> 24 g = . S — 1.13
S R U x ) M e S
where B(z,y) fo Y1 —w)Y~ du is the Beta function. In particular, when s = d — 1
21/d
ANd-1,d > N’ (1.14)
and, when d = 2
2y/1—s/2
Ayaaz 2 (1.15)

Remark For the case s =d—2 > 0 we can deduce from the above theorem that there is at least

one sequence of minimal (d —2)-energy configurations which satisfies (1.13). Indeed, let us consider



a sequence S1,89,...,8n, - \, d— 2 and let {w*]\[’i}}’\,oz2 be a minimal s;-energy point configuration
sequence which satisfies (1.13). For every fixed N from the collection of configurations {w*NZ 21
we select a subsequence, so that w*NJ. — wjy as @ — 00. From the continuity of the discrete energy
functional it is easy to derive that w} is a minimal (d — 2)-energy configuration, which satisfies
(1.13) with Kg_2 4. Then the sequence {w} }%_o has the desired properties.

We note that in a concurrent independent work [15] the separation property was established
for d — 1 < s < d, but no explicit forms of the separation constants were given there. The explicit
forms of K4 in (1.13)-(1.15) here are new, even for the classical case s = d — 1. The separation
property in the range d — 2 < s < d — 1 is also established for the first time here. Thus, except
for s = 2, all sequences of minimal s-energy configurations are well separated for the classical case
of S2. When d = s = 2 the estimate from [14] is dy2 > K4/v/Nlog N, and it is open whether
the log N term can be dropped. Unfortunately, our result doesn’t help in this direction, because

in (1.15) Ksq — 0 as s — 2. Finally, we note that when d = 2 and s = 0 the estimate (1.15) is the

same as the one in [5].

Remark We are grateful to J. Brauchart for pointing out that for d = 2, a careful analysis of the

proof of Theorem 1.5 shows that N can be replaced by NV —1 in (1.13)-(1.15).

We recall the approach from [5]. Let us fix NV and choose one of the points of a minimal energy
arrangement wh; to be at the North Pole a. Next we apply stereographic projection with center a
of the unit sphere onto the extended complex plane. The image of a is the point at infinity and
the images 21, 2o, . .., zy_1 of the rest of the points become weighted Fekete points in the complex
plane with an external field Qn(z) = (N — 1)log(1 + |2|?)/(2(N — 2)) (see [21, Chapter 3]). But

the weighted Fekete points, no matter how many points we consider, all lie in the support of the



equilibrium measure of the corresponding weighted energy problem, which turns out to be the disk
{z : |2| £ V/N —2}. Therefore, 21, 22, ...,2y_1 belong to this disk, and thus, stay away from the
point at infinity, which in turn implies the separation of a from z7,23,..., 2% _;.

In this paper our approach is somewhat similar. The difference is that instead of project-
ing we solve the discrete energy problem directly on the sphere. Let N be fixed and let w} =
{z7,25,..., 2%} be a minimal s-energy configuration, s > 0. Without loss of generality we may

place 7} at the North Pole a and let
Qn(z) = QNas(z) = ks(z,a)/(N—-2), N>2. (1.16)
Since this field is a multiple of the Riesz external field, we will be able to utilize Theorem 1.4.

Definition 1.6 Let Q(z) be an external field and n > 2 be an arbitrary natural number. A set of
n points Ry = {y1,y2,.--,Yn} C S? that solves the discretized minimization problem
minimize ¢ > [ka(@s ;) + Qzi) + Qzy)] i€ SLi=1,2,...,n. (1.17)
1<i#j<n

is called an n-point minimal Q-weighted Riesz set.

We note that the problem (1.17) is a discretized version of (1.2). The existence of Riesz sets
is an easy consequence of the lower semi-continuity of the energy functional and the compactness
of the unit sphere. Observe, that in the particular case when Q(z) = Qn(x) and n = N — 1 the
points {z},23,...,2%_;} form an (N — 1)-point Q) n-weighted Riesz set.

The normalized counting measure of an n-point set F,, = {x1,x9,...,2,} is defined as

1 n
MEn = n215$u
1=



where 4, is the Dirac-delta measure with unit mass at z. In addition, denote with hg, () the

weighted potential of g , i.e.
1< 1
h = ==y — : 1.18
£ule) = U (0) 4 Qo) = D 1 + Q) (118)
As an application of Theorems 1.3 we deduce the following theorem.

Theorem 1.7 Let d — 1 < s < d. Let E, C S be a set of n distinct points, and suppose that the

associated weighted potential satisfies the inequality
hg,(z) > M q.e.on Sg, (1.19)
for some constant M. Then for all x € R4 we have
ULP (x) > M + UL () — Fg. (1.20)

Furthermore,

hg, () > M qe. on S< (1.21)
If Q(z) = cQq(x), ¢ > 0, then Theorem 1.4 allows us to extend the range of the parameter s.

Theorem 1.8 Let d —2 < s < d. Let Q(x) = cQqu(z), Ey be a set of n points, and suppose that

the associated weighted potential satisfies the inequality
hg,(x) > M q.e.on Sg, (1.22)
for some constant M. Then for all z € S¢ we have

UL (z) > M+ UL () — Fy. (1.23)

10



Theorems 1.7 and 1.8 can be applied to show that the minimal Q-weighted Riesz energy sets

from Definition 1.6 are contained in the essential support of g
Sy ={z €S : US%@1)+Qx) < Fy}. (1.24)

Corollary 1.9 For any d —1 < s < d and any positive integer n, the weighted Riesz sets Ry, are

contained in the essential support S¢y. Moreover, when Q(z) = cQqu(x), this is true ford—2 < s < d.

1.3 The equilibrium problem for Qy(x)

In the paragraph after Definition 1.6, we noted that if w}, = {z7,23,..., 2%} is a minimal s-energy
configuration and z7; is fixed at the North Pole a, then {x7,23,...,2%_,} forms an (N — 1)-point
Qn-weighted Riesz set. In light of Corollary 1.9 we are able to conclude that these points belong
to the essential support Sg) =~ (see (1.24)). In this case the essential support coincides with the

equilibrium support Sg, (see Theorem 1.10). Therefore, since 7}, was arbitrary we get that
AN,s,d > dist(a, SQN)’

This latter observation motivates us to consider the equilibrium problem for the Riesz external field
Qn(x) defined in (1.17).
Throughout the paper we shall denote by o(x) = o4(x) the Lebesgue surface measure on S¢.

For future reference, we recall that the total mass of o(z) is given by

w ; 9 (d+1)/2
a1 = [lo| = /sd o(z) = W

(1.25)
For a fixed r > 0 let C, be the polar cap {z € S¢ : |z —a| < r} and ¥, be its complement
S\ C,. For y € C, denote by
€y = €y = Bal(dy,>,)

11



the balayage measure of the unit Dirac-delta measure J, onto ¥,. When y = a we simply write

€r 1= €q = €qr-

In Section 3 we show that for d —2 < s < d the balayage measure ¢, is well-defined and absolutely
continuous with respect to the Lebesgue surface measure o restricted to X,.. Let e; (x) be its density,
i.e.

dey(z) = €, (x)do]s, .

We note that

V() =UM(z) =1/]z—y|f, z€%, (1.26)

and on the rest of the sphere S we have Us?(z) < Ul (z) (see [16, p. 401]).

Next, we define the measure v, supported on ¥, as

dvy(z) = {/C ¢ (2) do(y) + 1} do(2)]s,. (1.27)

It is easy to verify that the potential of v, is constant on ¥,.. Indeed, using (1.26) for any z € %,

we obtain

Ur(z) = /Z’fo' (/C ¢ (2) dU(g/)) da(a:>+/xr‘z_1x’8da(x)

_ / ;y(z)da(y)+/EdeU(x)

/ 1 2475727 ((d - 5)/2)
S

P rAC ) —  or py = Wy Is(o/||o]). (1.28)

Therefore, the measure from (1.27) is a multiple of the equilibrium measure on %,.

Consider now the class of signed measures, depending on r

il

= = - . 1.29
Nr 771",8 ||Vr|| Vr N_2€7‘ ( )

12



For

ro =T0,s := min{r : n, >0} (1.30)
we obtain the following result which is used to prove Theorem 1.5.

Theorem 1.10 Letd —2 < s <d. Then pg, =n,, and Sqy = Xr,. Moreover, Ay sq4 > T0.

The paper is organized as follows. In Section 2 we prove Theorems 1.3 and 1.7, postponing the
proofs of Theorems 1.4, 1.5, 1.8, and Corollary 1.9 until Section 5. Section 3 investigates balayage

and equilibrium measures of spherical caps. The proof of Theorem 1.10 is in Section 4.

2  Energy problems on the sphere with external fields - Proofs

We begin with the proof of Theorem 1.3. For this we need the Principle of Domination for Riesz

potentials. The following theorem of Landkof can be found in [16, Theorem 1.29].

Theorem L Let p—2 < s < p. Suppose ji is a positive measure in RP whose potential UL is finite
p-almost everywhere, and that f(x) is a (p — s)-superharmonic function. Then if the inequality

Ul(x) < f(x) holds p-almost everywhere, it holds everywhere in RP.

Proof of Theorem 1.3. Suppose to the contrary that there is a measure A € M(S%) such that

(1.8) fails, i.e. there is a constant L; > F such that
UMz) + Q(x) > Ly, qe. on Sg.
Applying (1.4) we obtain then that

UMz) > UL?(z) — Fo+Li qe.on Sg.

13



From Theorem 1.2 we have that ¢ has finite s-energy, therefore its support S¢ will have positive s-
capacity. Hence, the s-equilibrium measure yig,, of Sg is well-defined. Let v := (L1—FQ)Cs(Sq)ps ~

Then UY(x) = L1 — Fg q.e. on Sg. Thus,
UMz) > UL (2) qe. on Sg. (2.1)

Observe that both v and p have finite s-energy, which implies that the inequality will be true
(g + v)-a.e. Since for this range of s, potentials are (d + 1 — s)-superharmonic, we can apply
Theorem L with p = d + 1 to derive the inequality (2.1) for all 2 € R, Multiplying by |z|* and

letting || — oo we obtain that 1 > 1+ (L1 — Fg)Cs(Sg), which is a contradiction.

We derive (1.9) similarly, utilizing (1.3) instead. Let there be a measure A € M(S%) and a

constant Ly < F(, such that
UMz)+Q(z) < Ly, = €supp(M).

Integration with respect to A yields that A has finite s-energy (recall that Fy is finite and Q(x) > 0).
This implies that Cs(supp(A)) > 0, and that the measure fig,pp(y) is Well-defined. From (1.3) we
get

UL?(z) > UMz) 4+ Fg — Ly q.e. on supp(\).
With v := (Fg — L2)Cs(supp(\)) Hupp(r) We can write
19>z) > UMY (2) qe. on supp(N).

Applying again the Principle of Domination we obtain a similar contradiction.

Finally, suppose equality holds in both (1.8) and (1.9). Using (1.4) we can extend (1.8) to

UMNz) > Fo — Q(z) > UY?(z) q.e. on S0,

14



which from the Principle of Domination can be extended to
UMz) > US?(z) on RIFL

In particular, from (1.3) we have U (z) + Q(z) > Ut (z) + Q(z) > Fg q.e. on S%. Using (1.9) and

Theorem 1.2 (d) we conclude that A = p). O
As a consequence of Theorem 1.3 we can deduce Theorem 1.7.

Proof of Theorem 1.7. From Theorem 1.3 we conclude that M < Fg. Using (1.4), the inequality
(1.19) yields that

U™ (x) + Fg — M > Us?(z) qe.on So.

Now let A be a multiple of the Lebesgue surface measure on S%, so that U)(z) = Fp — M for
all z € S%. Then

US”E"H\(QC) > UL?(x) qe.on Sp.

Since pg has a finite s-energy, this inequality holds p almost everywhere. The aforementioned
principle of domination implies (1.20).

Finally, we note that (1.21) is an immediate consequence of (1.20) and (1.3). O

3 Balayage and equilibrium measures for spherical caps

In this section we lay the potential-theoretical groundwork for the proofs of Theorems 1.5 and 1.10.
We have to find the balayage measures €, and €, as well as the equilibrium measure v, (see (1.27)).
We shall follow the approach to balayage measures for Riesz kernels as given by Landkof in [16,

Chapter IV, §5].

15



Let a, be the South Pole of S¢. With the notation of the previous section, we fix y € C, and
consider the Kelvin transform /C, : S? — R called also stereographic projection or inversion
with pole y and radius v/2, i.e. if 2* := ICy(z) is the image of x under this transform, we have that

x* lies on the ray determined by y and «x, and
ly—z|- |y — 2| =2 (3.1)

The transformation of the distance is given by the formula

2|z — 2|
[z —yllz =yl

|z* — 2% =

(3.2)

The image of S¢ is a hyperspace orthogonal to the radius-vector y, which we can identify with
R? in a natural way. Let 21 and x5 be points that minimize, respectively maximize, the distance
from y to the hypersphere (hypercircle) 9%,. Clearly, if y # a,a« the points are unique and lie
on the two-dimensional plane determined by a, ax, and y. Then Ky(%,) is a hyperball D, with
diameter zix5. Let b* be the center and R, be the radius of this hyperball. Since |z} —b*| = |z} —b*|

we obtain using (3.2) that

ly —x1|  |b— ]

— . 3.3
=zl =l (3:3)

Let 7w be the bisector of /y in Axjzoy. Then (3.3) implies that bw will be the bisector of /b in
Axziz9b. Thus, we can construct b from y as follows. First, we construct w as the intersection of
the segments 7@, and T1Z3, and then b as the intersection of the ray aw™ with the sphere S¢. If
xo is the midpoint of T1Z3 we see that the quadrilateral zow ya can be inscribed in a circle with
diameter aw. Therefore, /zgaw = /xoyw. If 3/ is the intersection of the ray yzo™ with the sphere,
then y' is symmetrical to b with respect to aay.

Next, we recall the definition of the Kelvin transform of measures. Given a measure v with no

16



point mass at y, its Kelvin transformation v* = IC(v) is a measure defined by

9s/2

dV*(.fL'*) = W

dv(z). (3.4)

Clearly, (3.1) and (3.4) imply the duality (v*)* = v.

We now focus on determining the balayage €, of the Dirac-delta measure d, onto XJ,.. In general,
the existence of this balayage measure onto a compact set is guaranteed only for d —1 < s < d, but
we will show that in our particular case when the set is the complement of a spherical cap (which
is a spherical cap itself), it exists for d — 2 < s < d.

Let Ay be the equilibrium measure of the hyperball D,, normalized so that its potential is one.

From [16, Appendix 1] (with p=d, 0 < o = d — s < 2), we have that

d *
dAy(z%) = Ay g v — . |o" = V| <R, (3.5)

(R —[a* = 0*P)

where dz* is the regular Lebesgue measure in the hyperplane (restricted to the ball |z* —b*| < R)

and

oo /= 0)2) )

The balayage measure in question is then
e, = 272(\)". (3.7)
Indeed, for any z € ¥, its potential satisfies

) = [ Emda

LT —z|® Y

* S| % s
— - 1
_ / |z : yl |z *Sy| : _ar(a)
p, 2flz* =25 fa* —y|

‘Z* y‘s A * 1 1)
= —=Ui¥(z") = =UsY(z). 3.8
28 ( ) ’Z_y|s ( ) ( )

17



Observe, that on the rest of the sphere S¢ we have Us?(z) < Ul (z) (see [16, p. 401, (A.1) and

(A.2)]).

In the five steps below we determine the quantities involved in the definition of 7, from (1.29).

Step 1. The balayage measure €.

To compute €, explicitly, we find from (3.5) and the definition of ¢, (3.7) that

d *
v — . Ja"— V| <R, (3.9)

dey(l‘) = As,d
ly — @*[5(|27 — b*[* — |z* — b*[?) 2

where A; 4 is the constant defined in (3.6). The relation between the hyperplanar Lebesgue measure

dz* and the surface Lebesgue measure do(x) on the unit sphere S is given by

dz* do(x)
= ) 3.10
- Tyl (10
Since |z} — b*| = |27 — x%|/2, using (3.1) and (3.2), from (3.9) and (3.10) we obtain
s—d
jy — 22z -z |w—b|2)2 do(2)
dey(x :Asd( — , T E Y. 3.11
) = Ay o Ry —ml T b2 e up (310

Because the points xg, x1, 2,y and b all lie in one two-dimensional plane, in cylindrical coordinates

we have:

$:(V1—’U,2f,U), y:( 1_t2g7t)7 b:( 1_q2y7Q)7 Z12 = (i\/l—t(%?,to), m0:(67150)7

where 7,7 € S9!, Note that in these coordinates C, = {y : t > to} and ¥, = {x : u < to}.
Recall that 3/ is symmetrical to b about the aas-axis. From |y — zo|ly — zo| = |x1 — zo||x2 — 20| We
can find ¢ in terms of ¢t and tp, namely

2o —t(1+3)
12t + g

We evaluate that

VI V1—12(1—13)

1 — 2ttg + t3

Y
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and
ly — 21|y — z2]® = 4(t — to)*.
The quantity |y — b|? is found to be

4(t — ty)?
|y—b|2: ( o) 3"
1 — 2ttg + 13

The density of €, from (3.11) now becomes

s—d
— 1 _ 42 _bl2(1 -2 2 5
dey(z) = Asg ly—z2(1—t3) |z —b2(1—2tt +t0)> do(z)

< A(t — to)? At —to)? |z — y|?
L, (—zyp-g)-20 -z b)(1— 2tto +£2)\ 7 do(z)
- 4(t — to)? o —yl?
s—d

. dto(t —to) — 22 - (y(1 —13) — b(1 — 2ttg + t2))\ 2 do(x)

! A(t — to)? o — yl?
_ (Al to —du(t— o)\ T do(x)
o A(t — t0)? & — y|d

s—d

B 0— U = do(z)
= A, <t — to) oyl ey(x)do(z), z €3, (3.12)

The latter representation shows that €, is absolutely continuous with respect to the restriction of

the Lebesgue surface measure o to X,.
Step 2. The measure €.

To find the measure €, we observe that in this case ¢t = 1 and |y — z|> = 2(1 — ). In addition,

recall that in polar coordinates we have the relation
do(z) = dog(z) = (1 — u2) % dudog_(7),

where o4 and o4_; are the Lebesgue surface measures on S¢ and S%! respectively. So, the measure

in (3.12) simplifies to

—1<u<ty, eSS (3.13)

to—u\ T (1+u)F dudog_ (@)
1—tg 24/2(1 — ) ’

dep(v) = Agq <
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Step 3. The norm ||e||.

Integrating (3.13) over X, and using (1.25) we evaluate the norm as follows:

d—2

Wt o—u\ T (1hu\T du
= As —— | dog_1(Z
ler| ,d/sd_1</_1(1_to> (3) 7 gy ) doana@
WA o /1t —o—u 3 1+u T du
I 1(1—to> ( 2 ) 2(1 — u)

(1_t0)dz‘s(1+to)é/11;‘3—1(1—@)3?@ (3.14)
d o 2-(1+to)v '

Step 4. The equilibrium measure v,.
Recall that the measure v,, supported on ¥,, is defined in (1.27), and is a multiple of the

equilibrium measure on ¥,. To determine v, we have to evaluate the integral (see also (3.12))

s—

d
to—u\ 2 do(y)
() = A, . 1
() . o <t—to) |z —y|? (3.15)

By substituting do(y) = (1—2)@=22dt dog_,(7) and |z —y|? = 2(1 —ut —v/1 — u2V/1 — 2% -7)

in (3.15) we get that

Y (1- )5 doas(p) ]
T‘(’r) - S,d _ d N t.
to \t—to S4-122(1 —ut — V1 —u?V1— 12T -7)2

Using the Funk-Hecke formula [17, p. 20] we evaluate the inner integral (save for a constant)

as follows
I o= / dog—1(7)
si-1 (1 —ut — VI — w21 — 27 -7)%
W /1 (1-— 1}2)% dv
= d—1
-1 (1—ut —vV1—u?v1— th)g
/7r sin?=2 0 d
= Wd*l d
0 (1—wut—+v1—u?V1—1t>cosb)2
21/2 T sin?=2 9 d
(1+u)?2(1—1) 0 (p?—2pcosf+1)2

20



where p:= /(1 —u)(1 +t)/\/(1 +u)(1 —t). From [16, p. 400] we have that

m s ad—2 T
sin®"= 6 df 1 A
/ 3 = d72( 5 1) / Sin 2 [0 da,
0 (p?—2pcosf@+1)z PP 0

which when substituted in (3.16) yields

2% T2
L =Wy 3 - / sin®™“ a daov.
(1—w)F (140 (1 —u) Jo

It is not difficult to show that

i
Wiy / sin?? ada = Wy,
0

thus reducing the integral in (3.16) to
s=d .
—_— —8 - dt
I = Wt D2 [T (3.17)
201 —u)z Juo t—u
Since do(z) = dog(xz) = (1 — uQ)% dudo g—1(T), substituting v = (1 —¢)/(1 — tp) in (3.17) we
get

—2 a—2 d—s

(4 2y L+w)> (1t 3 (1 v -0 de )
dl/r(l‘) = ((1 u ) "’WdAs,d (to_u)dgs /0 2(1_u_ (1 —to)'U)) dud d—l( )

(3.18)
Step 5. The norm ||v,||.

We evaluate the norm as

to d—2
vl = Wy </ (1—u2) 2 du
—1

to d—

d -2 1 ’U% — v TS v
+ WaAea(1 —tg)4 2 /_1(t0—u)85 (1+u)2/0 2(1_(:_ (1)_t0‘§v)du>. (3.19)




4 The equilibrium problem for Qy(x)

In this section we present the proof of Theorem 1.10. First, we need a lemma concerning the densi-
ties of the signed measures 7, defined in (1.29). Since both ¢, and v, have densities with rotational

symmetry about the polar axis, 7, can be written in polar coordinates as dn, = n}.(u)dudo4—1(T).
Lemma 4.1 Let d —2 < s < d. Iflimu_wa n.(u) >0, then n).(u) >0 for all =1 < u < ty.

Proof From the definition (1.29) and the formulas (3.13) and (3.18) we get that

, B 1+H67H - (1+u)2(1_t0) 1 va(l—v) 2
n(u) = W ((l—u) 2+ Wadsa (tg—u)? / 21 —u— (1 —to)v ))
Ava (1—t\ T (1+w)7
TN-2 (t0_2> 2412(1 —u)’ -

which can also be written as

gy = N =2 el w) T (1 - to)
) (V- 2)Hl/rH(to—U) (1) "

1—u to—u E +WdA&d/ vz(l—v)z(l—u) o
1 -1ty 1—+tg 2 0 o—u+(1—t0)(1—v)
B [vr]|As,a
(N =2+ [le[)242(1 — to) /2

Observe that the first multiple is always positive when —1 < u < tg. Therefore, we focus on the
expression in the brackets. The first two terms depend on u and the third is a constant, so let us
denote them respectively f(u), g(u), and C. Since f(to) = 0, the assumption of the lemma implies
that

lim | f(u) +g(u) —C | =g(to) —C > 0. (4.2)

u—ty

For future reference we note that (4.2) is equivalent to

WiAs aB(%, %52) S |vr | As.a
2 TN =24 |le])24/2(1 — to) W/
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where the Beta function has also the representation

00 ua:fl
B = —d
(.’L',y) /0 (1+u)$+y U
To finish the proof of the lemma it is enough to establish the inequality
f(u) =z g(to) —g(u)  forall ue[-1,to), (4.4)

i.e. we have to show that

d

d—s
1—u\2 [tog—u\ 2 WyAsg [1 a2 d—s—2 (1 —u)(l—w)
> - 7 2 (1 — 2 1—
(1—t0) (1—t0> - 2 /OU ( U) ( to—u—i—(l—tg)(l—v) dv

WA, - Lys(l—0) 2
T <t0 u) / Ujo(—u U) 2 dv. (45)
2 \1-t)Jo BF11—v
The formulas (1.25) and (3.6) yield that
WiAs inm(d—s)/2 1
d41s,d _ SlIlT['( 8)/ — — —, (46)
2 m B(%%1- 5%
to —
which together with the substitution z = - tu transforms (4.5) to
—to
d—s d—s 1vd7§72(1—v)%
1+ )4 2gd=s=2/2 1- > / — . 4.7
(1+2)%z R )= P v (4.7)
Next, we divide (4.7) by (1 4 2)%22(4=5=2)/2 and obtain that (4.4) is equivalent to
des=2 (1, % d=s=2 (1 _yg %
d—s d—s 1(3) (m) Vev 2 (1+:p>
B 1-— > d = dv. 4.8
( 2 2 )‘/0 1+v/z (v/z) /0 14w v (48)
1-— 1 1+1¢
Since 0 < vr < <land 0<z< + o we can estimate the right-hand side as fol-
1+ 1+ 1—1tp
lows:
1z v% (1—1};) /¢, d=s=2 oo  d=s=2 _ B
/ i+ dvg/ v 2 dvg/ v 2 dv— B d S,l—d s ’
0 1 + v 0 1 + v 0 1 + v 2 2
which proves (4.8). Therefore, (4.4) holds and the proof is complete. 0
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We now present the proof of Theorem 1.10.

Proof of Theorem 1.10. From the uniqueness of the equilibrium measure 4, and the rotational
symmetry of the external field about the polar axis, we conclude that the equilibrium support Sg

shares the same rotational symmetry. Let r; be defined as

r:=max{r : Sg, C %,}, (4.9)

and let t; = 1 — 72/2 (observe that the set ¥, is given in polar coordinates as u < ¢;). From
Theorem 1.2 (b) we have that 7y > 0. Let A\; be the equilibrium measure of ¥,,. It is clear that

A = v /||Vr || Thus, UM (x) = 1/cap(E,,) for all € ¥,,. In addition, from (3.8) we have that

€ry

U (z) = Qn(z) when z € ¥,,. Hence, the inequalities (1.3) and (1.4) from Theorem 1.2 yield

that

€ry

_'_7
LON (2) + Qu(z) = ULV N2 (1) > Fy, = Foycap(S,,) UM (2)  qe.on 3y, (4.10)

€ry

LN (1) + Qn(x) = SQNJFW(:L') < Foy = Foycap(X,)UM () forall =€ Sg,. (4.11)

But the measure A\ has clearly finite energy, so inequality (4.10) also holds A;j-a.e., and from Lemma
5.1 we deduce that it holds everywhere on S¢, and consequently equality holds in (4.11) everywhere
on Sg, . Using (5.1) from the proof of the same lemma we could extend the inequalities (4.10) and
(4.11) to the Kelvin transforms of the two measures. Applying an extension of the de La Vallée

Poussin theorem (see [12, Theorem 2.5] or [8, Section 3]) we obtain,

" € :
(Foycap(Xr )A1) |SZ?N > <MQN + NT_12> |55N,
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where S¢) ~ denotes the stereographic projection image of Sg,. This inequality can be transferred

back to the original measures (see (3.4)) to get

€
(Foycap(Xy,)A1) |SQN > <HQN + ]\[:12> ’SQN‘

By integrating the inequality (4.10) over \; we obtain that

ller ||
1 > F,
cap(X,,) < + N_2) = 9w

which can be used to derive that

He"'lH Vry €ry
1+ > F ap(dp, )A1 > i +
< N 2 ”VT1H n QNC p( Tl) t= QN N—2

This inequality together with the definition (1.29) implies that

77r1|SQN > MQN|SQN'

on Sgy-

(4.12)

From the definition of r; and (4.12) we easily obtain that limuﬂq M, (w) > 0. Now Lemma 4.1

allows us to conclude that 7, is a positive measure, which coupled with (1.30) and (4.9) shows

that 71 > ro. But then pug, is also an equilibrium measure for the external field Qn(z) when

restricted to the set ¥, (see the remark after theorem 1.2). But 7,  is a positive measure on ¥,

whose weighted potential is constant on the entire X, and hence, by uniqueness ug, = 7,, and

Son =Xy

To

To finish the proof we have to show that U, ™ (2) + Qn(z) > Fg, for all z € S%\ %,,. With

r=(V1—-u2T,u) and z = (/1 —€2%,6), u<tg <& T,Z € S, we write

to 1

M e = [Ta ([ D dr
/

Mo () (u, §) du +
1

25
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where the density 7, (u) is given in (4.1). Clearly, the weighted potential has a rotational symmetry
about the polar axis, and thus it is a function of the variable £ only. We will show that this function
is strictly convex on (g, 1], and since it is constant on [—1, ty], and is greater or equal to that constant
on [tg, 1], it has to be strictly greater than that constant on (g, 1]. Since the second term in (4.13)
is strictly convex in (g, 1], it is enough to focus on the first term only. More precisely, we shall
establish the convexity of the kernel x(u, &) as a function of £ € (%o, 1] for any u € [—1, %], which
implies the convexity of the entire integral.

To evaluate the kernel, we utilize again the Funk-Hecke formula [17, p. 20] to deduce

B dog 1( ) _ dog 1( )
wlne) = /g [z —af /s (220t —oVT—w2/1_ 7. 3)

_w /1 (1—1)2)% dv
T2 2wt — 2T B - o)

. o : [ +u)(1 =8
Making the substitution v = cos § and denoting p := m we get that
(&) = Wa_1 /” sin?=2 6 do
’ (1 —u)s/2(1+&)5/2 Jo (p%—2pcosf + 1)5/2
B Wy s s+2—d d (1+u)(l-¢)
T (1w 2(1 462 ! (2’ 2 2 (1—u)(1+§)>’ (149

where we used [10, Formula 3.665 (2)] and the fact that Wy_18 (%5, 1) = Wy. Here oF) is the

hypergeometric function
o
2Fi(o, Biyi) = (@Bl 1. (4.15)

Observe, that for our choice of u and &, we have 0 < p < 1, so the hypergeometric function is well
defined. Thus, (4.14) becomes

S

o~ (3)e(* (1+u)’“ (1-9*
/{(u,f) _ 3/22 2 gk k' )k (1+€)k+s/2‘

(4.16)
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‘We shall establish that all the functions

(1-9*

gr(§) = W )

k=0,1,2,...

are convex. Since all coefficients in the sum (4.16) are positive, and the series is uniformly convergent
for £ € [to + €, 1], we deduce the convexity of the right-hand side in (4.16) by differentiation.
For k = 0 the convexity of gx(&) is obvious. For k > 1, we shall establish the strict convexity

on (—1,1) of the more general functions

(=g
MO = rgp *2L >0
Indeed, the second derivative of h(&)
2 _ A\ _
dh(é)_(l 6)° [afa 1)+ 203 L BB+

a2 1P 197 T 1-90+¢  1+97 )
is found to be positive for £ € (—1,1) whenever a > 1, 5 > 0.
This establishes that for any fixed u < tg, the kernel k(u, ) in (4.14) is convex as a function
of £ in the interval [tg, 1], and therefore we deduce that the integral term in (4.13), and hence the
Nrg

weighted potential, is also strictly convex for £ € [tg, 1]. This shows that Us " (2) + Qn(2) > Fg,

on ¢\ ¥y, which implies that Sg, = S&SN. Therefore, Ay sq > 0. O

5 Minimal s-energy points on the sphere and their separation -

Proofs

Before we proceed with the proof of Theorem 1.4, we need the following restricted version of the

Principle of Domination to measures supported on S¢.
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Lemma 5.1 Letd—2 < s < d and let p and v be two measures supported on S\ {a} (recall that a
is the North Pole). Suppose further that UL is finite p-a.e. and that the inequality U (x) < UY(x)

holds pi-a.e. Then it holds everywhere on S¢.

Proof Under a stereographic projection with center a and radius v/2 we transform the sphere S¢
into the hyperplane {z* = (z1,22,...,24,0)}. If 2* is the image of = under the stereographic
projection, i.e.  and z* lie on one ray stemming from a and |z — al|z* — a| = 2, then we have the
distance conversion formula |z* — y*| = 2|z — y|/(]z — a|ly — a|). For the Kelvin transform A\* of

the measure A (see (3.4)) we have

0 )= [ = [ ) = E e (5.1)

w*_y*|s N 25/2|x_y|s

Denote with E the exceptional set from S, where the inequality U{'(z) < UY(z) does not hold, and

let E* be its image under the stereographic projection. We claim that p*(E*) = 0. Indeed,

. . . 25/2 25/2
M(E)=/*du(:r)= 2 () < /du )= 0.

el —al® [dist(a, S,.)]*

Using (5.1) and the assumption in the lemma we obtain that the inequality Ut (z*) < UV (2¥)
holds p*-almost everywhere. But p* and v* both are supported in the hyperplane, which can
be identified with R%. Therefore, we may use Theorem L with p = d to extend the inequality
everywhere in the hyperplane. Again using (5.1) we then have the inequality holding true on

S\ {a}. Since both potentials are continuous at a, we can extend the inequality there too. O
We are now ready to prove Theorem 1.4.

Proof of Theorem 1.4. We have that Q(z) = cQq(x). From the proof of Theorem 1.10 with ¢

instead of 1/(N —2), we know that g = (1+clle|)vr/||vr|| — cer (see (1.29)) and S = ¥, where
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r is such that equality holds in (4.3). Suppose to the contrary, that there is s € (d — 2,d), 7 and
C-, such that

Ul () +Q(x) > Cr > Fg qe. onX,. (5.2)

Let 7 = Bal(r, %,) be the balayage measure of 7 onto Sg = %, (see [16, Chapter IV, §5, p. 260]),
which is well defined for s € (d — 2,d). We have that ||7]| < ||7]| = 1 (when we form the balayage
of measures supported on the sphere, the mass may decrease). Also U7 (z) = U7 (z) q.e. on ¥, and

UT(x) > UI(z) on S?% So, from (5.2) we have consecutively
U;(x) +Q(z) = U'(z)s + Q(x) > Cr = 5Q(IE) + Q(z)+ Cr — Fy q.e. on X,.

Recall that v, is a multiple of the equilibrium measure of 3,, so if n := (C; — Fg)cap(E,)v,/||v. ||,

then U (x) = C; — Fy for all € X,. Therefore,
Ul (x) > Ué’“"(a:) q.e. on X,
We now can apply Lemma 5.1 to extend this inequality on the entire sphere, in particular
U (a) > UL () > U?(a). (5.3)

On the other hand, the inequality U7 (z) + Q(z) > Cq holds q.e. on ¥, and thus pg-a.e., so

after integration with respect to ug we obtain
/ UZ (z) dpg(x) + c UL (a) > C. (5.4)
Similarly, integrating with respect to 7 the equality Us© (z) + Q(z) = Fg, x € 3,, we get
[ V@) dugla) + cUf (@) = Fol?] < Fo < C-. (5.5)
Recall that U7 (z) = U7 (z) q.e. on X,; hence

[ Ur@ dugla) = [ U7@)dugla),
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which together with (5.4) and (5.5) implies that U7 (a) < UL?(a). This contradicts (5.3), which
proves (1.8) for the extended range of s.
To derive (1.9) for this extended range, assume to the contrary, that there is a measure 7 and

a constant C; such that
Ul(z) + Q(z) < Cr < Fg for every z € supp(7).

Using (1.3), which holds everywhere for this choice of @, we can extend this inequality and get

U?(z) < UL?(z) for all z € supp(7). By Lemma 5.1 this holds everywhere on S%, and in particular
U (a) < UL9(a). (5.6)
Integrating the inequality U7 (z) + Q(x) < C; with respect to 7 we obtain

I (7)) 4+ cUl(a) < Ch. (5.7)

On the other hand we can integrate Us @ (z) + Q(z) = Fg with respect to fig> which yields
Ii(pg) + cU % (a) = Fy. (5.8)

Combining (1.1), (5.6)-(5.8), we derive
Io(g) = (ko) + 20U (a) = Fo + cUL?(a) = Fo + cUl(a) > Cy + cUZ(a) = Ig(r)

which contradicts the minimization property of pg. O

When Q(z) = ¢Qqu(x), ¢ > 0, we invoke Theorem 1.4 to extend the range of the parameter s in

Theorem 1.8.

Proof of Theorem 1.8. As in the proof of Theorem 1.7 we can utilize Theorem 1.4 to derive

that M < Fg, and then apply (1.4) to (1.18) to get

U™ (x) + Fg — M > Us?(z) qe. on So.
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Now let 7 be a multiple of the Lebesgue surface measure o on S¢, so that U (z) = Fg — M for
all z € S%. Then

5E”+T(33) > UY?(z) q.e. on So-

Using Lemma 5.1 we extend this inequality to all of S, which establishes (1.23). O
The proof of Corollary 1.9 proceeds as follows.

Proof of Corollary 1.9. Let R, = {y1,y2,...,yn} be a weighted Riesz set. Let hg(x) be
the function defined in (1.18), associated with the set E := {y1,vy2,...,yn—1}. From Definition
1.6 it is clear that the point g, is a global minimum of hr over S?. Then (1.19) holds with

M = hg(y,) = UL? (y,) + Q(yn). Thus, (1.20) implies that
UL (x) > UL (ya) + Qlyn) + Us  (z) — Fo.

In particular, when x = y,, we obtain Ule (Yn) + Q(yn) < Fg, which yields that y, € 5’22.
In the particular case when @) = ¢ @, in the argument above we use (1.22) and (1.23) instead.

O
We now are ready to show the separation result in Theorem 1.5.

Proof of Theorem 1.5. The starting point in our proof is that the weighted equilibrium measure
BQy = My, from Theorem 1.10 satisfies the condition (4.2), which implies that 7o satisfies (4.3).

With the relation 73 = 2(1 — ty) in mind we write

2 vwll

- . nd/2
(N =2+ [lexg [)(2(1 — to)) = B(%,%) Wa

(5.9)
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Using (3.19) and the substitutions 1 +u = (1 — ¢p)w and 1 + u = (1 + tp)w we have

s, d 1 /1 2452
= —_, — - 1_
i B33 to( u®) 2 du
. [0 s—d a2 [1 v%(l—v)% dv
+ WA g(1 — ¢ dz/t— = (1+ 2/ d
O N U A e e oL
1\ A —to)¥* [t >
_ 5’@72)—((;0))/ W7 (1= (1= to)d/2) T dib (5.10)
0

ol

d—2 d—s
WiAs a d—= -/1 d=2 s—d /1 vz (1—v)z dv
—=(1—1t 1+t 1-— d
* 2 ( o)1+ %) sz( w) 0 2—(1+to)w—(1—to)v v

The first integral can be estimated as

1 1 a2, ys=d
= / v%(l—v)dgs / we (1-w) > dv dv
0 0 2—(1+t0)w—(1—t0)’0

5—

1 1,42 d
/ v%(l—v)d; / we (1—w) 2 du dv
0 0 2 — (1 +to)w

dd—s+2\ [fwz2 (1-w)>
- B(z’ 2 >/0 P (It toyw ™
d— s—d

n
_ d-s B<d d_s)/01w2(( — W (5.12)

2d—s \2" 2 2— (1+to)w

v

Substituting (5.11) and (5.12) back in (5.10), and using formula (3.14), we derive the estimate

[l2, 26<d 1> - (2(1—t0))d/28<d d—s> L O =t)"? d—s B<d d—3> lens ||

Wy 272 2 27 2 2 2d — s 27 2
(5.13)
In light of (5.13) and (5.9) we obtain
25(3.5) (
< (N =1+ e >rg<Nrg
d d 0 ;
B(3, 5% 2d
where we used the fact that ||e,,|| < 1. This proves the theorem. O
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