ASYMPTOTICS FOR DISCRETE WEIGHTED MINIMAL
RIESZ ENERGY PROBLEMS ON RECTIFIABLE SETS

S.V. BORODACHOV!, D.P. HARDIN?, AND E. B. SAFF?®

ABSTRACT. Given a closed d-rectifiable set A embedded in Euclidean
space, we investigate minimal weighted Riesz energy points on A; that
is, N points constrained to A and interacting via the weighted power
law potential V = w(z,y) |z — y|~°, where s > 0 is a fixed parameter
and w is an admissible weight. (In the unweighted case (w = 1) such
points for N fixed tend to the solution of the best-packing problem on
A as the parameter s — 00.) Our main results concern the asymptotic
behavior as N — oo of the minimal energies as well as the corresponding
equilibrium configurations. Given a distribution p(z) with respect to d-
dimensional Hausdorff measure on A, our results provide a method for
generating N-point configurations on A that are “well-separated” and
have asymptotic distribution p(z) as N — oo.

1. INTRODUCTION.

Points on a compact set A that minimize certain energy functions often
have desirable properties that reflect special features of A. For A = S?, the
unit sphere in R?, the determination of minimal Coulomb energy points is
the classic problem of Thomson [20, 5]. Other energy functions on higher
dimensional spheres give rise to equilibrium points that are useful for a vari-
ety of applications including coding theory [6], cubature formulas [21], and
the generation of finite normalized tight frames [3]. In this paper, we shall
consider a generalized Thomson problem, namely minimal energy points for
weighted Riesz potentials on rectifiable sets. Our focus is on the hypersingu-
lar case when short range interaction between points is the dominant effect.
Such energy functions are not treatable with classical potential theoretic
methods, and so require different techniques of analysis.
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Let A be a compact set in RY whose d-dimensional Hausdorff mea-
sure, H4(A), is finite. For a collection of N (> 2) distinct points wy :=
{z1,...,zn} C A, a non-negative weight function w on A x A (we shall
specify additional conditions on w shortly), and s > 0, the weighted Riesz
s-energy of wy is defined by

w(wi, x; (4,2
Eroy = Y, Wloem) 5o vl
s (wn) |xz ]wz—x]\

1<i#j<N i=1 j=1
J#i

while the N -point weighted Riesz s-energy of A is defined by
(1) EL(A,N) :=inf{EY(wn) : wy C A, |wn| = N},

where | X | denotes the cardinality of a set X. Since, for the weight w(zx,y) :=
(w(z,y) + w(y, r))/2, we have

Br(wy) = Ef(wy) =2 3 Zati),
1<i<j<N i — ;]
we shall assume, without loss of generality, throughout this paper that w is
symmetric, i.e., w(z,y) = w(y,z) for z,y € A. We call w: A x A — [0, 0]
a CPD-weight function on A x A if
(a) w is continuous (as a function on A x A) at Hg-almost every point
of the diagonal D(A) := {(z,x) : x € A},
(b) there is some neighborhood G of D(A) (relative to A x A) such that
infgw > 0, and
(¢) wis bounded on any closed subset B C Ax A such that BND(A) = (.
Here CPD stands for (almost) continuous and positive on the diagonal.
In particular, conditions (a), (b), and (c) hold if w is bounded on A x A
and continuous and positive at every point of the diagonal D(A) (where
continuity at a diagonal point (xg, o) is meant in the sense of limits taken
on A x A).

If w=1on Ax A (which we refer to as the unweighted case), we write
Es(wy) and E(A, N) for EY (wn) and EX(A, N), respectively. For the trivial
cases N =0 or 1 we put Eg(wy) = Es(A,N) = EY (wy) =EL(A,N) =0

We are interested in the geometrical properties of optimal s-energy N-
point configurations for a set A; that is, sets wy for which the infimum in (1)
is attained. Indeed, these configurations are useful in statistical sampling,
weighted quadrature, and computer-aided geometric design where the selec-
tion of a “good” finite (but possibly large) collection of points is required
to represent a set or manifold A. Since the exact determination of optimal
configurations seems, except in a handful of cases (cf. [23, 14, 1, 15, 2, 9]),
beyond the realm of possibility, our focus is on the asymptotics of such
configurations. Specifically, we consider the following questions:

(i) What is the asymptotic behavior of the quantity (A, N) as N gets
large?

(ii) How are optimal point configurations distributed as N — oo?
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(iii) What estimates can be given for the minimal pairwise distance
between points in optimal configurations for large N?

In the unweighted case, much is known regarding these questions. In
particular, when s < dim A (the Hausdorff dimension of A), the limit distri-
bution of optimal N-point configurations is given by the equilibrium measure
As,A that minimizes the continuous energy integral

Is(p) == //|x_1y|s dp(z) du(y)

AxA

over the class M(A) of (Radon) probability measures p supported on A. In
addition, the asymptotic order of the Riesz s-energy is N?; more precisely
we have £(A, N)/N? — Is(Asa) as N — oo (cf. [18, Section 11.3.12]). In
the case when A = S¢, the unit sphere in R4, the equilibrium measure is
simply the normalized surface area measure.

If s > dim A, then I;(u) = oo for every p € M(A), and potential theoretic
methods cannot be used. However, by using techniques from geometric
measure theory, it was recently shown in [12] that when A is a d-rectifiable
manifold of positive d-dimensional Hausdorff measure and s > d, optimal
N-point configurations are uniformly distributed (as N — oo) on A with
respect to d-dimensional Hausdorff measure restricted to A. The assertion
for the case s = d further requires that A be a subset of a C'! manifold (see
Theorem A in Section 1.1).

Our motivation for considering the weighted minimal Riesz energy prob-
lem is for the purpose of obtaining point sets that are distributed accord-
ing to a specified non-uniform density such as might be used as nodes
for weighted integration or in computer modeling of surfaces where more
points are needed in regions with higher curvature. In this paper we shall
show that for a compact d-rectifiable set A having positive d-dimensional
Hausdorff measure, N-point configurations for A minimizing the weighted
Riesz s-energy are distributed asymptotically with density proportional to
(w(x,x))~%* provided s > d. (This continues to be true even when w has
a finite number of zeros on the diagonal, provided their order is less than
s.) As a consequence (cf. Corollary 2), given an appropriate distribution
p, one can utilize minimal weighted energy points to generate a sequence of
N-point configurations that are “well-separated” and have asymptotic dis-
tribution p. Even in the unweighted case, our results extend those of [12]
obtained for the class of d-rectifiable manifolds to the more general class of
d-rectifiable sets.

For the remainder of this introduction we provide the necessary notation
and discuss known results. Section 2 is devoted to the statements of the
main results of this paper. The detailed proofs of these main results, which
utilize the basic lemmas described in Section 3, are provided in Sections 4,
5 and 6.
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1.1. Notation and previous results. It is helpful to keep in mind that
minimal discrete s-energy problems can be considered as a bridge between
logarithmic energy problems and best-packing ones. Indeed, in the un-
weighted case (w(z,y) = 1) when s — 0 and N is fixed, the minimal energy
problem turns into the problem for the logarithmic potential energy

1
Z log )

1<i#j<N i~ ]

which is minimized over all N-point configurations {z1,...,zy} C A. This
problem is equivalent to the maximization of the product

H |z; — xj].

1<i£j<N

For planar sets, such optimal points are known as Fekete points. (For the
case when A = 52, the polynomial time generation of “nearly optimal”
points for the logarithmic energy is the focus of one of S. Smale’s “problems
for the next century”; see [22].)

On the other hand, when s — oo, and N is fixed in the unweighted case,
we get the best-packing problem (cf. [11], [6]); i.e., the problem of finding
N-point configurations wy C A with the largest separation radius:

(2) o(wn) =

LR 7 = 5

In this paper we will consider the case s > dim A. Let L4 be the Lebesgue
measure in R? and ‘Hg be the d-dimensional Hausdorff measure in R? nor-
malized so that its restriction to RY ¢ R is £4. Denote by By (xo,7) the
open ball in R? centered at the point zo with radius 7 > 0 and set

27Td/2

3 = L4(B4(0,1)) = ———.
Given sequences {an}3_; and {by}F_; of positive numbers, we will write
an ~ by, N — oo, if limy_. an/by = 1.

Regarding questions (i) and (ii) concerning the asymptotics of minimal
energy and of optimal configurations, A.B.J. Kuijlaars and E.B. Saff [16]
proved that, for the unit sphere S,

o Ba
Hq(S?)

and it is known that the distribution of the minimal energy points is asymp-
totically uniform in this case. For one-dimensional rectifiable curves in R?
the paper by A. Martinez-Finkelshtein et al. [19] provides answers in the
unweighted case to questions (i) and (ii), as well as question (iii) concerning
separation of optimal points on reqular Jordan arcs or curves.

Question (iii) in the unweighted case has also been considered for several
other special cases. B.E.J. Dahlberg [7] proved that if A = S? and s = d—1,

E4(ST N) N2log N, N — oo,
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d> 2, or AC R?is a smooth surface and s = 1, d = 2, there is a constant
C > 0 such that for every s-optimal collection wj, C A with N points

(4) S(wi) > CN~YV,

In [16] it was shown that (4) holds for A = S¢ when s > d.

In [12] and [13], questions (i), (ii), and (iii) were addressed for a more
general class of sets A which we now describe. First recall that a mapping
¢:T —RY T cR? is said to be a Lipschitz mapping on T if there is some
constant A such that

(5) [9(x) — o) < Az —y| fora,yeT,
and that ¢ is said to be a bi-Lipschitz mapping on T (with constant \) if
(6) (I/M]z -yl <|o(x) —d(y)| < Az —y|  forz,yeT.

Following [12], we say that a set A C R? is a d-rectifiable manifold if it is a
compact subset of a finite union of bi-Lipschitz images of open sets in R
We further recall that if A € R? is compact and v and {vy}3_, are Borel
probability measures on A, then the sequence vy converges weak-star to v
(and we write vy —* v) if for any function f continuous on A, we have

lim /deN—/fdy.
N—oo [ 4 A

Denote by 8, the atomic probability measure in R? centered at the point
e R,

For future reference and comparison we now state some of the main re-
sults from [12]. In the following theorems, the expression 1/0 should be
understood as oco.

Theorem A. Let A C RY be a compact d-rectifiable manifold and suppose
s >d. Then
Es(A,N) Cs.a

(7) J\}E}noo N1+s/d = Hd(A)s/d’

where Cs q is a positive constant independent of A.

Furthermore, if Hq(A) > 0, any asymptotically s-energy minimizing se-
quence of configurations oy = {z,... 2N}, N = 2,3,..., for A is uni-
formly distributed with respect to Hy; that is,

1 Y x  Hala
d
®) Nkz_fsz% Ha(d)y Y7o
By asymptotically s-energy minimizing we mean

Es(wny) ~E(A,N), N — oc.
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Remark. The constant C, 4 appearing in (7) of Theorem A can be repre-
sented using the energy for the unit cube in R? via formula (7):

&s([0,1]4, N
hIn S([()? ] I )’
N—oo N1+s/d
For d = 1 and s > 1, it was shown in [19] that Cs; = 2((s), where ((s)
is the classical Riemann zeta function. However, for other values of d, the

constant Cs 4 is as yet unknown. For the case d = 2, it is a consequence of
results in [16] that

Q Cor < (v72) " a9,

where (7 (s) is the zeta function for the planar triangular lattice L consisting
of points of the form m(1,0) + n(1/2,v/3/2) for m,n € Z. It is conjectured
in [16] that in fact equality holds in (9). Furthermore, it is shown in [4] that
as s — 00

Cs,d = s>d.

(05,2)2/8 - \/§/27

which is consistent with this conjecture.

When 0 < Hq(A) < co we observe that the minimum energy experiences
a transition in order of growth; namely, as s increases from values less than d
to values greater than d, the energy switches from order N2 to order N1*s/d
as N — oo. As the following theorem from [12] describes, at the transition
value s = d, the order of growth is N?log N. In the proof of this fact, a
more delicate analysis was utilized that required an additional regularity
assumption on A.!

Theorem B. Let A be a compact subset of a d-dimensional C*-manifold in
RY . Then

. gd(A7 N) Bd
10 1 =
(10) NDoe N2log N Hg(A)’
where B4 is the volume of the d-dimensional unit ball as defined in(3).
Furthermore, if Hq(A) > 0, any asymptotically d-energy minimizing se-
quence of configurations oy = {zV,... 2N}, N = 2,3,..., for A is uni-
formly distributed with respect to Hy; that is, (8)holds.

Regarding separation results, the following was shown in [12]. If A C
RY is a bi-Lipschitz image of a compact set from R? of positive Lebesgue
measure, then for every s > d there is a constant cs > 0 such that

S(wi) > esN =4, s >d,
w
NI = cg(Nlog N)~Vd s=d,

for every s-optimal N-point configuration wy; on A. This result was extended
by S. Damelin and V. Maymeskul in [8] to a finite union of bi-Lipschitz
images of compact sets from R

LAt this writing it is not known whether this requirement is necessary.
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2. MAIN RESULTS.

In this paper we extend Theorem A to the class of d-rectifiable sets,
where, by a d-rectifiable set A C R?, we mean the image of a bounded set
in R? under a Lipschitz mapping (cf. [10]). Consequently, we relax the
bi-Lipschitz condition in Theorem A. Furthermore, both Theorems A and
B are extended to the case of weighted energy, and separation estimates for
optimal configurations are obtained even when the Hausdorff dimension of
the compact set is not necessarily an integer.

Theorem 1. Suppose A C RY is a closed d-rectifiable set. Then, for s > d,

. gs(A’ N) o Cs,d
(11) ]\}Enoo N1l+s/d Hd(A)s/d’

where Cs q is the same constant as in Theorem A.

Remark: As can be seen from the proof in Section 3, Theorem 1 is valid
for a possibly more general class of sets, namely (Hgq,d)-rectifiable sets
whose d-dimensional Hausdorff measure equals its d-dimensional Minkowsksi
content (see Section 3 for definitions).

If A is a compact set in R and w is a CPD-weight function on A x A,
then for s > d we define the weighted Hausdorff measure H;;" on Borel sets
B C Aby

(12) 1 (B) = [ (o) P odHo)
B

and its normalized form by

(13) hq"(B) :=Hy"(B)/Hg" (A).

We say that a sequence {wny }3_; of N-point configurations in A is asymp-
totically (w, s )-energy minimizing for A if

BY(@Gy) ~ EY(A,N), N —ox.

The main results of this paper include the following generalizations of
Theorems A and B. In their proofs, Lemma 6 in Section 4 plays a crucial
role.

Theorem 2. Let A C RY be a closed d-rectifiable set. Suppose s > d and
that w is a CPD-weight function on A x A. Then
EY(A,N) Cs.a

(14) lim = ,
N—o00 N1+s/d [HZ’w(A)] s/d

where Cs q is the same constant as in Theorem A.
Furthermore, if Hq(A) > 0, any asymptotically (w, s)-energy minimiz-
ing sequence of configurations wy = {x,... ,x%}, N =23,..., for A is
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uniformly distributed with respect to H;’w; that is,
1 N *
S,w
(15) N;axg%hd , N — 0.
=1

Theorem 3. Let A be a compact subset of a d-dimensional C*-manifold in
RY and suppose w is a CPD-weight function on A x A. Then
g&u (A7 N) ﬂd

16 I - .
(16) N N2log N HP(A)

Furthermore, if Hq(A) > 0, any asymptotically (w,d)-energy minimiz-
ing sequence of configurations wy = {xV,..., 2N}, N =2,3,..., for A is
uniformly distributed with respect to Hg’w; that is, (15) holds with s = d.

Remarks. In the case H4(A) = 0, the right-hand sides of (14) and (16) are
understood to be infinity.

Next we obtain estimates for the separation radius of optimal configu-
rations on sets of arbitrary Hausdorff dimension «. We remark that the
normalization for the Hausdorff measure H,, plays no essential role here.

Theorem 4. Let 0 < o < d'. Suppose A C R? is a compact set with
Ha(A) > 0 and let w be a CPD-weight function that is bounded and lower
semi-continuous on A x A. Then, for every s > « there is a constant
cs = cs(A,w,a) > 0 such that any (w, s)-energy minimizing configuration

wy =A{z1,n,...,xN N} on A satisfies the inequality
csN~1/a s>
S(wi)= min |z;y—axin|>< 7 ’ ’
( N) 1Si¢j§N| i,N J7N|— {ca(NlogN)_l/a, s=a, N>2.

As a consequence of the proof of Theorem 4 we establish the following
estimates. Let

(17) HE(A) == inf{)_ (diam G;)*: A c | JGi}.

Corollary 1. Under the assumptions of Theorem 4, for N > 2,

E¥(A,N) < My alwlax aAHS(A)~S/aNHs/a 55 g,
’ ’ o ]\4&]\[210g]\77 s =aq,

where the constant M o > 0 is independent of A, w and N, and the constant
M, is independent of N.

In order to obtain a finite collection of points distributed with a given
density p(x) on a d-rectifiable set A, we can take any s > d and the weight

(18) w(z,y) = (p(2)ply) + |z —y|)~*/*,
where the term |z — y| is included to ensure that w is locally bounded off

D(A). By Theorems 2 and 3 any asymptotically (w, s)-energy minimizing
sequence of N-point configurations will converge to the required distribution
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as N — oo. We thus obtain

Corollary 2. Let A ¢ RY be a closed d-rectifiable set with Hq(A) > 0.
Suppose p is a bounded probability density on A (with respect to Hg) that is
continuous Hq-almost everywhere on A. Then, for s > d and w given by
(18), the normalized counting measures for any asymptotically (w, s)-energy
minimizing sequence of configurations wy converge weak* (as N — oo) to
ded.

Furthermore, if infg p > 0 and p is upper semi-continuous, then any
(w, s)-energy minimizing sequence of configurations wy is well-separated in
the sense of Theorem 4 with o = d.

Remark: The first part of Corollary 2 holds for s = d when A is contained
in a C! d-dimensional manifold.

Finally, we consider weight functions with isolated zeros. For t > 0, we
say that a function w : A x A — R has a zero at (a,a) € D(A) of order at
most t if there are positive constants C' and § such that

(19) w(z,y) > Clr — al* (x,y € AN By/(a,d)).

If w has a zero a € A whose order is too large, then a may act as an attractive
“sink” with £¥(A, N) = 0. For example, let A be the closed unit ball in
R, w(z,y) = ||t + |y|t for z,y € A with t > s > d. If wuy = {x1,..., 2N}
is a configuration of N points in A, then E¥(ywy) = v *E¥(wy) for any
0 <y < 1. Taking v — 0 shows that E¥(A, N) = 0.

A closed set A ¢ R is a-regular at a € A if there are positive constants
Cp and ¢ such that

(20) (Co)_l’l“a < Ha(A N By (SU, 7")) < Cor®
for all z € AN By(a,d) and 0 < r < §.

Theorem 5. Let A C RY be a closed d-rectifiable set and s > d. Suppose A
s ay-reqular with o; < d at a;, 1 =1,...,n, for a finite collection of points
ai,...,an in A and that w : A x A — [0,00] is a CPD-weight function on
K x K for any compact K C A\ {ai1,...,an}. If w has zeros of order at
most t < s at each (a;,a;), then the conclusions of Theorem 2 hold.

Remark: The hypotheses of Theorem 5 imply that

H(A) = [ (i) dHa(a)

is finite and positive (see Section 6) and, hence, the same is true of the
right-hand side of (14).

3. LEMMAS.

In this section we prove several lemmas which are central to the proofs of
our main theorems.
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3.1. Divide and conquer. In this subsection we provide two lemmas re-
lating the minimal energy problem on A = B U D to the minimal energy
problems on B and D, respectively.

In order to unify our computations for the cases s > d and s = d, we
define, for integers N > 1,

Nits/d o>

TadlN) = {N2 log N, s=d

and set 7, 4(N) =1 for N =0 or 1. For aset A C R? and s > d, let

L EW(AN) _ £¥(A, N)
W (A) = hmlnfsi, 181} A) ;= limsu ‘97’
257(1( ) N—oo Ts,d(N) g ,d( ) N_,oop Ts7d(N)
and
£5(A,N)

GralA):= i =)

if this limit exists (these quantities are allowed to be infinite). In the case
w(z,y) =1, we use the notations g_,(A), g, 4(A) and g; 4(A), respectively.

Let dist(B, D) := inf {|z — y| .z € B, y € D} denote the distance be-
tween sets B,D C R¥. The following two lemmas extend Lemmas 3.2
and 3.3 from [12] to the weighted case. We remark that the following re-

sults hold when quantities are 0 or infinite using 0-%* = 07%/¢ = o0 and
Oofd/s _ Oofs/d —0.

Lemma 1. Let s > d > 0 and suppose that B and D are sets in RY such
that dist(B, D) > 0. Suppose w : (BUD) x (BUD) — [0,00] is bounded on
the subset B x D. Then

(21) gea(BUD) ™" > gly(B)~"* +giy(D) .
Proof. Assume that 0 < gy ,(B), gy4(D) < co. Define

o gv (D)
Gya(B)s +gy (D)

*

For N € N, let Np := |a*N| (where |x] denotes the greatest integer less
than or equal to ), Np := N — Np and wﬁ C B and wﬁ C D be configura-
tions of Np and Np points respectively such that E¥(w®) < E¥(B, Ng) +1
and E¥(wl) < £Y(D, Np) + 1. Let o := dist(B, D) > 0. Then

wy(BUD,N) < EY(wy Uwy)

w(z,y)
=YX+ BYeR) £ 30
waﬁ, yEw]?,

< EY(B,Np) + EY(D,Np) + 2+ 275 *N?||w|| px D,
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where ||w||pxp denotes the supremum of w over B x D. Dividing by 75 4(V)
and taking into account that 7, 4(Ng)/7sa(N) — (a*)'75/? as N — oo, we
obtain

— . gw(BaNB) . gw(DvND)
7Y, (BUD) <limsup ——=* + limsup =—~——=
ralBUD) S lmsme = Ty e )

EY(B,NB) Tsa(NB) EY(D,Np) 7s4(NpD)

= lim sup —> . + limsup -2 :
Nooo Tsd(NB)  Tsa(N) = Now Tsa(ND)  7Tsa(N)

<GB () H 4 gu (D) - (1 — a7/
—s/d
= (924(B)* + g2 (D))

The remaining cases when gy,(B) or gy';(D) are 0 or oo easily follow from
the monotonicity of ﬁs" d O

The following statement in particular shows sub-additivity of g% d(‘)*d/ s

as well as provides a result relating asymptotics of energy to the limiting
distribution of corresponding configurations.

Lemma 2. Lets > d >0 and B, D ¢ RY. Suppose w : (BUD)x (BUD) —
[0,00]. Then

(22) de(B uD)~ < Q:jd(B)_d/s + QZd(D)_d/s'

Furthermore, if g;”d(B),g;”d(D) > 0 and at least one of these quantities is

finite, then for any infinite subset N of N and sequence {On }nen of N-point
configurations in B U D such that

: E;U(ZDN> _ [ w —d/s w —d/s —s/d
@) lm T = (e o)
holds, we have
2 o OB g
im = .
N3N—oo N gv (B)#s + gv (D)%

In the case g% (D) = oo the right-hand side of relation (24) is understood
to be 1. 7

Proof. Assume that 0 < g% (B), g% (D) < oo (we leave other cases to the

reader). Let an infinite subset N7 C N and a sequence of point configurations
{wNn}Nen;, wy € BU D, be such that limpa,sy—o0 [wy N B|/N = «, where
0<a<1. Set Ng:=|wnyNB|and Np := |wy \ B|. Then

E¥(wy) > E¥(wy N B) + E¥(wy \ B) > £2(B, N) + £°(D, Np),
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and we have

Ly v(B,N N
lim inf M > liminf gs( s B) ) Ts,d( B)
NiDN—oo Ts’d(N) N12N—oo Ts,d(NB) Ts,d(N)
. . (C/‘w(D7 ND) TSd(ND)

+ liminf -2 1S
M2 " aD) o)

@) > F(0) = g2, (B)al g2 (D)1 =)
Let

_ gv,(D)*

o =

a2 (BT gy (D)

and {@n}Nen be any sequence of point sets satisfying (23). If Ny C N is
any infinite subsequence such that the quantity |wxy N B| /N has a limit as
N2 3 N — oo (denote it by 1), then in the case g¥' (B), g (D) < oo by

(23) and (25) we have

F@= tim ZON

—— - > F
N23N—oo Ts’d(N) - (051),

where we used the fact that F'(&) is the right-hand side of (23). It is not
difficult to see that & is the only minimum point of F'(¢) on [0,1]. Hence
aj = @, which proves (24).
Now let {&wn } nvens be a sequence of N-point configurations in BUD such
that
. ES ()
v (BUD)= 1 s
gs,d( ) NgBIJ{fnﬁoo Ts7d(N)
(@Wn's can be chosen for example so that E¥(wy) < EY(BUD,N)+1). If
Ny C N3 is such an infinite set that limas,sn—oo |[@n N B| /N exists (denote
it by a2), then by (25) we obtain

BEY(w
gv,(BUD)= _lim EY@n) > F(ag)

NidN—o00 Ts7d(N)
~ w - S w - S —S/d
> F(a) = (g7,(B) ™" + g% (D)™/*) ",
which implies (22). O

Remark: An immediate consequence of the non-weighted versions of Lem-
mas 1 and 2 is Corollary 3.4 in [12]. We take this opportunity to remark
that the hypotheses of that corollary should require that B not intersect
the interior of A rather than the assumption that the two sets have disjoint
interiors. However, this corollary was only applied in the former setting in
[12].
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3.2. Lemmas from geometric measure theory. Recall that §; denotes
the volume of the unit ball in R?. For convenience, we also define 3y := 1.
For a set W Cc R? and h > 0, we let

W(h) := {z e R? : dist(z, W) < h}.
The upper and the lower Minkowski contents of the set W are defined,
respectively, by

La[W(r)]

d and  My(W) := lim infw

Mg(W) := limsup m inf o a-a-

I
r—0+ /Bd/,d . Td

If the upper and the lower Minkowski contents of the set W coincide, then
this common value, denoted by My(W), is called the Minkowski content of
W. We shall rely on the following property of closed d-rectifiable sets.

Lemma 3. (see [10, Theorem 3.2.39]). If W C R? is a closed d-rectifiable
set, then Mg(W) = Hqa(W).

We shall also need the following fundamental lemma from geometric mea-
sure theory.

Lemma 4. (see [10, Lemma 3.2.18].) Let W C R? be a d-rectifiable set.
Then for every € > 0 there exist compact sets K1, Ko, Ks,... C R and
bi-Lipschitz mappings V; : K; — RY with constant 1 +e€,1=1,2,3,..., such
that ¥1(K1), 2(K2), ¥3(Ks),. .. are disjoint subsets of W with

Hq <W \ U ¢z‘(Kz‘)> = 0.

In fact, the above lemma holds for any set of finite Hgs-measure that,
up to a set of Hy-measure zero, is the countable union of d-rectifiable sets.
Such sets are called (Hg4, d)-rectifiable (cf. [10]). However, Lemma 3 does
not hold for this larger class.

3.3. Regularity Lemma. To get an estimate from below for g, d(A) we
will need the following result. ’

Lemma 5. Let s > d and suppose A C R? s a compact set such that
My(A) exists and is finite. Then for every € € (0,1) there is some § > 0
such that for any compact set K C A with M (K) > Mg(A) — 0 we have

(26) g, ,(4) > (1 - g, ().

Proof. The assertion of the lemma holds trivially if g_,(A) = co. Hence, we
assume g _(A) < oco. Let N C N be an infinite subset such that
Es(A,N)

NN NTrod — Leald)
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Choose 0 < p < 1/2 and set

1
(27) §:=p and hy:= gpQNfl/d, N N.

(Later in the proof, p and hence §, will be chosen sufficiently small.) Suppose
K is a compact subset of A such that M;(K) > Mg(A) —d. Then there is
some Ns € N such that for any N > Ns, N € N, we have

Ly [A(h LyK(h
(28) M<M( A)+s and BBy s
Ba—d By _ah%™?
For N e N Wlth N > Ns, let wi = {z1n,...,2N N} be an s-energy
minimizing N-point configuration on A. For ¢ = 1,..., N, let r; n :=

m;n\xﬁ N — x;,n| denote the distance from x; y to its nearest neighbor in
J7F1
wy- Further, we partition wy; into a “well-separated” subset
1 . * —1/d
wy ={ziNn € wy 11N > pN /dy

and its complement &}, := w3 \ wk. We next show that w}, has sufficiently
many points. For N € N, we obtain

N
£ (Av N) wN
S ;;m—w
JF#i
1
S S D) - (Bhl o7
.S 1/d
Ii,NEQJI\r (T17N) mi,N6~1 (pN )
Let kg := gsd(A) + 1. There is Ny € N such that for any N > N, N € N/,
ES(A’ N)
W < ko.

For the rest of the proof of this lemma, let N € A be greater than Ny :=
max{Ny, Ns}. Then,

Gl _ &N _,
sN N1+s/d < Ko

and, hence, we have

(29) |c~u}v| < kop®N and ‘w]lv‘ > (1 —kop®)N

Recalling the definition of hy in (27), we next consider
wiy = wy [ K@Bhy), &% i=wy \ K(3hy),
and show that the cardinality of w?\, is sufficiently large. From (28) we get
(30)  La[A(AN\K(hn)] = La[A(hN)] = Lo [K (hy)]
< (Ma(A) + 0)Ba—ahly ™ = (Ma(A) = 6)Ba—ahl ™
= 264 _adh% 7
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Note that
(31) Fy:= |J Ba(z,hy) C A(hy) \ K (hy).
TEW?,
For any distinct points x; v, ;N € &]2\, we have
i — ajn| > iy = pNTVE > PPNV = 3hy.

Hence, By (z;n,hn) () Ba(xjn,hn) = 0. Then, using (30) and (31), we
get

B = (800%) " X LalBute ) = (Buh) " La(Fy)

rED?
N
e\t 1gp—d
< (@MN) Lay[A(hn) \ K(hN)] < 2Ba-aBy dhy".
Hence, recalling from (27) that hy := %p2N_1/d, we have
(32) %] <2380 _aB,"6"/?N.
Let xo := 2 - 3By _43,". Then, using (29) and (32), we have
wi| = |wn| - |@%] = <1 — kop® — X051/2> N.

Next, we choose a configuration w]]v( of points in K which is close to wJQV
and has the same number of points and order of the minimal s-energy as wjgv.
For every x; y € wJQV pick a point y; y € K such that |z; v — y; n| < 3hn =

p2N—Y4 and let wﬁ = {yinN TN €W} Since every point z; y € w3 lies

in w]lv, we have

1/d

lzin —yin| < PPN"YE<priny < ploiy —xjN], §# i

Then, if z; v # xj N are points from wIQV, we have
lyin —yjN| = yiN — TiN +TiN — TjN +TjN — YjN]

> |z N —zin| = win — yin| = |28 — v

> |z Ny —zin| = 2p|ein — x5 n] = (1= 2p) |2y — 25 N]
Since p € (0,1/2), it follows that |w& | = |w%| and

. 1 1

EBiwy)= >, m— =2 Y, —=
otger 1T Yl , [z =yl
YyEWN TAYEWY

> (120 Y o = (- 20 ).

r—y
TAYEwy
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Now suppose € € (0,1). We may choose ¢ > 0 sufficiently small (recall
p =604 so that (1 — 2p)*(1 — kop® — x00'/2)1+5/¢ > (1 —€). Hence,

S AN s E(wy)
9,q4(4) = wam a2 > (1-2p) ainf -

1+s/d
> (1 —-2p)° liminf £, [wiv]) . (’w%’)

K

N3N—oco |w]2\/|1+8/d N
1+s/d . g K N

> (1- g, ,(K)
holds for any compact subset K C A such that M,;(K) > My(4) —46. O

4. PROOFS OF MAIN THEOREMS.

Proof of Theorem 1. First we remark that if K c R? is compact, then K is
trivially a d-rectifiable manifold (or set) and so Theorem A shows, for s > d,

Cs,d

(33) 9s,d(K) = La(K)

Suppose 0 < € < 1. Since A C R? is a closed d-rectifiable set, Lemma 4
implies the existence of compact sets K1, K, K3, ... C R? and bi-Lipschitz
mappings ¢; : K; — R, i =1,2,3,..., with constant 1+¢ such that 1(Ky),
Yo(Ka), ¥3(K3),. .. are disjoint subsets of A whose union covers Hg-almost
all of A.

Let n be large enough so that

Hg (U ¢,~(Ki)> = " Ha(i(K) = (14 €) " Ha(A).
i=1 i=1
Since 1); is bi-Lipschitz with constant (1 4 €) we have

(34)  GoaWi(Ki) < (14 €)°9sa(Ki) = Csa(l+ €)*La(I) 4
< Cya(1 4+ €) 2 Ha(ihi(K;)) =/
Applying Lemma 1 we obtain

n n —s/d
(35) Fsa(A) < Tsa (U wz(Ki)) < (ng,dwi(m‘d“)
=1 =1

—s/d
Csa(l+e) (Z Ha(Yi(K; ) < Cyall + €)*Hy(A) 71,

We next provide a lower bound for g_ d(A). Since A is a closed d-rectifiable
set, we have Mg(A) = Hq(A) < oo (cf. Lemma 3). Let § > 0 be as in



DISCRETE WEIGHTED MINIMAL RIESZ ENERGY 17

Lemma 5, i.e., inequality (26) holds for every compact set K C A such that
My(K) > My(A) — 4. Now let n’ be large enough so that

Mg (UQM z) ZHMDZ )] > Ha(A) =6 = Ma(A) -
i=1
As in (34) we have
(36) g, ,(i(K:)) > (1+€)*gsalKi) = Coa(l+€) " La(K) >/

=C;
> Coa(l+€) 2 Halwi(Ki) /.
Then Lemma 2 and (36) give

(37)
y y —s/d
9,44 = (1 =eg,, (U 1/%(&)) >(1-¢) (Z gs7d[¢i(Ki)]_d/s>
i=1 o i=1
> 120 1 — (Z Halti(Ki ) > de(A)_s/d-
Letting € go to zero in (35) and (37), we obtain (11). 0

4.1. Proofs of Theorems 2 and 3. The following lemma relates the
weighted minimal energy problem (s > d) on a set A ¢ R? to the un-
weighted minimal energy problem on compact subsets of A. Theorems 2
and 3 then follow easily from this lemma.

For convenience, we define

Cad:= P4, deN,
where (cf. (3)) the constant 34 is the volume of the unit ball in R?.

Lemma 6. Suppose s > d, A C R¥ is compact with Hq(A) < oo, and that
w is a CPD-weight function on A x A. Furthermore, suppose that for any
compact subset K C A, the limit g5 4(K) exists and is given by

Csd
38 o.d( K
(39) goalK) = 3 e
Then

(a) g¥,(A) exists and is given by

w S, w —s/d
(39) gia(A) = Coa (H5" ()™,
and,
(b) if a sequence {ON}¥_,, where oy = {2V, ..., 2N}, is asymptotically
(w, s )-energy mz’m'mizz'ng on the set A and Hqa(A) > 0, then

5NL>h N — o0,

=1

(40) %
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where h" is defined in (13).
Remark: If Hg(K) = 0, condition (38) is understood as g, q(K) = oco.

Proof. To prove the first part of the theorem, we break A into disjoint
“pieces” of small diameter and estimate the (w, s)-energy of A by replacing
w with its supremum or infimum on the resulting “pieces” and applying
Lemmas 1 and 2.

For § > 0, suppose that Ps is a partition of A such that diam P < § and
Ha(P) = Hq(P) for P € Ps, where B denotes the closure of a set B. For
each P € Py, choose a closed subset Qp C P so that Q5 := {Qp : P € Ps}
satisfies

(41) > Ha(@Qp) = Ha(A) — 6.
PEP;s

An example of such systems Pgs and Qs can be constructed as follows. Let
G[t] be the hyperpla/ne in RY consisting of all points whose j-th coordinate
equals t. If (—a,a)? is a cube containing A, then for i = (iy,...,ig) €
{1,...,m}¥ let

Ry:=[th _q,th) x - x [t td),

11717 7,d/717 1q!
where m and partitions —a = tg) < tjl. <. <th=a j=1,...,d, are
chosen so that the diameter of every Ry, i€ {1,..., m}d/, is less than § and

Hd(Gj[tg] NA) =0 for all ¢ and j. (Since H4(A) < oo, there are at most
countably many values of ¢ such that H4(G,[t] N A) > 0.) Then, we may
choose

Ps={RinA:ie{l,...,m}*}
and v € (0,1) sufficiently close to 1 such that (41) holds for Q5 = {Q; : i €
{1,...,m}¥}, where Q; = (7(Ri — ¢i) + ¢;) N A and ¢; denotes the center of
R

;.
For B C A, let

wp = sup w(z,y) and wy = inf w(z,y)
z,yeB z,yeB

and define the simple functions
ws(x) := Y wp - xp(r) and ws(x) = Y wp- xp(2),
PePs PePs

where x,. denotes the characteristic function of a set K. Since the distance
between any two sets from Qg is strictly positive, Lemma 1 and equation
(38) imply

—d/s —d/s
(42) g2 257 (Ugeo, @) 2 8 (Wo - 5.a(@)

QEQs
Q#D

=0 > wp" ma(Q) > Y [ (@s(w) e dHa().
QEQs ue

Q#0 QEQ;



DISCRETE WEIGHTED MINIMAL RIESZ ENERGY 19

Applying Lemma 2 and relation (38), we similarly have

—d/s __\—d/s
(13) g2 () < 3 (wpg, (7)) = ¥ (wp-g, ,P)
’ PcPs ’ PcPs ’
=i 3w Ha(P) = G [ (ws(@) o dMa(e).
PePs A

Since w is a CPD-weight function on A x A, there is some neighborhood G
of D(A) such that n := infgw > 0. For 6 > 0 sufficiently small, we have
P x P C G for all P € Ps, and hence ws(x) > w(z,z) > ws(x) > n for
x € A. Furthermore, w is continuous at (z,x) € D(A) for Hy-almost all
x € A and thus, for any such z, it follows that ws(x) and ws(z) converge
to w(z,x) as § — 0. Therefore, by the Lebesgue Dominated Convergence
Theorem, the integrals

[ st o) and. [ (sl (o)
ue A
QEQy
both converge to H;;"(A) as § — 0. Hence, using (42) and (43), we obtain
(39).

To establish (40), suppose Hy(A) > 0 and that oy = {z{,...,2¥} is an
asymptotically (w, s)-energy minimizing sequence of N-point configurations
on A. It is well-known [18, p. 9] that the weak* convergence result given in
(40) is equivalent to the assertion that

. |"~‘JN ﬂ B ‘ s,w
(44) Jim N pe(p)
holds for any almost clopen subset B C A, where we recall that a set B C A
is called almost clopen (with respect to A and Hg), if the Hg-measure of the
relative boundary of B with respect to A equals zero. Note that since w is
a CPD-weight, that the relative boundary of B also has H;’w—measure Z€rOo.
Let B C A be almost clopen. Then B and A\ B satisfy the hypotheses of
this lemma and hence also satisfy relation (39). Thus, for the asymptotically
minimal sequence wy, we have

w

. Es (aN) - s,w —s/d
A Ty Cea (a7 (A)
S,W o sw o | /¢
= Coa (3" (B) + ;" (A\ B))

w (M\—d/s w A\ R\—d/s —s/d
— (92a(B) 9 + gra(ANB) )
Using relation (24) in Lemma 2 and (39) for B and A\ B, we get

lim ’&N ﬂ B‘ _ gg,}d(A \ B)d/s 8w
T ow (P w T
N—oo N gs,d(B)d/S+gs,d(A\B)d/s

where we used that B is almost clopen. Thus (40) holds. O

(B),
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Theorems 2 and 3 then follow from Lemma 6 and Theorems 1 and B as
we now explain. If s > d and A € R? is a closed d-rectifiable set, then
every compact subset B C A is also closed and d-rectifiable and Theorem 1
implies that B satisfies condition (38) and so Theorem 2 then follows from
Lemma 6. If s = d and A is a compact subset of a d-dimensional C''-manifold
in R, then applying Theorem B to every compact subset of A, we get (38).
Consequently Theorem 3 follows from Lemma 6 with s = d.

5. PROOFS OF THE SEPARATION RESULTS: THEOREM 4 AND
COROLLARY 1.

In this subsection we prove Theorem 4 and Corollary 1. For the proof of
these results we will need Frostman’s lemma establishing the existence of a
non-trivial measure on A satisfying a regularity assumption similar to the
one in [19] for arclength.

Lemma 7. (see e.g. [17, Theorem 8.8]). Let o > 0 and A be a Borel set in
RY. Then Ho(A) > 0 if and only if there is a Radon measure pi on RY with
compact support contained in A such that 0 < p(A) < oo and

(45) plBa(z, )] <r® zeRY, r>o0.

Moreover, one can find p so that (A) > cag oHY (A), where cq o > 0 is
independent of A and HZ® is given in (17).

We proceed with the proof of Theorem 4 using the technique developed in
[16]. Let wy :={z1,...,2zn}, N € N, N > 2, be a (w, s)-energy minimizing
configuration on A (for convenience, we dropped the subscript N in writing
energy minimizing points zy ). For i =1,..., N let

w(z,z;)
x € A.
Z |z — ;>

From the minimization property we have that U;(x;) < U;(x), z € A, i =
1,...,N. If p is a measure from Lemma 7, set 7o := (u(A)/QN)l/a and let

=

D;:= A\ UBd/(ij,TQ)7 i=1,...,
J#i

Then, by the properties of u, we have

p(Di) 2 pl(A) = Y plBa(j,10)] 2 p(A) = (N = 1)rff > “(2‘4) >0,
7
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i=1,...,N. Consequently,

Ui(z:) < D)/U()dn <Z/1xf;j| ()

D; Ve

[[w]] / 1 :
< — ———du(x), i=1,...,N,
MA)Z |z — | (@)

IFLANB (2,70)

where ||w|| := sup{|w(z,y)| : v,y € A}. Let R := diam A. Then by (45) we
have p(A) < R®. For every y € A and r € (0, R], using (45) we also get

N =

1 " 1
Ts(y,r) = / —=du(x §/nx6A:S>tdt
) PR R TR
A\By (y,r) 0
M(A) —1/s a—s —a/s
= ’ <
s + / ,u[Bd (y,t )}dt_R + t dt
R—S R—S
S a—sS

I =y AN > a,

T |1+ aln %, s=a«
Then for i =1,...,N and s > « we have
(46)

2|rw|| 25(N — 1)]jw] /e
T ? 0 s—oa — H || Y
A 2 ) € L e
where C7 > 0 is a constant independent of A, w and N. Hence,
Msollwll 4
EY(A,N Us(;) < ——=2 L N1+s/a
( ) Z $ - Hoo(A)s/a

where M, is a constant independent of A, w, and N which establishes
Corollary 1 in the case s > «. In particular, the above estimates show that

we can take
st/a

(s — a)(caa)¥/
Since w is a CPD-weight function, there are constants 7, p > 0 such that
w(x,y) > n whenever |z —y| < p. Assume that §(w},) < p and let iy and

Js be such that §(wy) = |z;, —x;,|. Then with some constant Cy > 0
independent of N and the choice of w};, we obtain from (46)

Mo =

CQNS/OL Z U’,g X4, Z s Js Z — .
i ( 7, ) ‘wis _ xjs‘s |xis — zj, ’s (5(w}<\/)s

Hence,
§(wi) > CoN—Ve,
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where Cy = Co(A,w, a,s) > 0. Thus, in any case,
§(wk) > min{p, CoN~V} > O, N~V N > 2,

for a sufficiently small constant Cs > 0 independent of N and wy. In
particular, when w = 1, we have

c
S(wi) > L .
W= Gy - e
The case s = « is handled analogously, which completes the proofs of The-
orem 4 and Corollary 1.

6. PROOF OF THEOREM 5

The essential ingredient in the proof of Theorem 5 is the following lemma
which assumes lower regularity. Consistent with the definition in (20), we
say that a set K C RY is lower a-regular if there are positive constants Cy
and rg so that

(47) (Co) '™ < Ho(K N By (x,7))
for all x € K and r < rg.

Lemma 8. Suppose K C RY s compact and lower a-regular and a € K.
Further suppose s > o and w : K x K — [0,00] is a CPD-weight function
on K' x K' for any compact K' C K\ {a}. If w has a zero of order at most
t at (a,a), where 0 <t < s, then

—s/ay L e
48) g, (K) = C1G fag-(et) </K [z = a|Ga)/s dHa(x)> :
Proof. Let wy = {x1,...,zn} be a configuration of N distinct points in
K. Fori=1,...,N, let p; = |z; — al|, 7; = minj; |r; — x;|, and choose
y; € wy such that |z; — y;| = r;. Since K is bounded, there is some finite L
(independent of N) such that there are at most L — 1 of the points z; € wy
with the property that r; > ro. We order the points in wy so that py < p;
fort=1,...,N and so that r; < rg fori =1,...,N — L. It follows from
Cauchy’s and Jensen’s inequality (see (29) of [12]) that if v1,...,ya are
positive numbers, then

M M —s/a
(49) Yotz M (Z 7?)
i=1 i=1

from which we obtain

(50) Brwy) > Y U)o 32
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Fori=1,...,N — 1, observe that
ri = min|e; — ;| < |o; — o +minjo =25 < pi+ oy < 2p;
and so, for x € By (x;,r;/2),
(51) |z —a| <|z—a| + |z —a| <7i/24+ pi < 2p;.
Using (47) and (51) we have

T a/s)(s+t
pta/s < 2@/ (sH)

1
KNB gy (zi,m:/2) |{1} - a‘toc/s

Ha(x)

fori =1,...,N — L. Since By(x;,r;/2) and Bg(z;,7;/2) are disjoint for
i # 7, it follows that

N-L 1
Z < Co2(@/9)(s+1) e dHo(z),
— Z'oz/s K |.CL‘ _ CL| a/s
which combined with (50) completes the proof. O

Remark: If K is a-regular (as opposed to only lower a-regular) at a in the
above lemma, then the integral [, By (a) m dH.(z) appearing in

(48) is finite for § sufficiently small (cf. [17, p. 109]) and thus the Lebesgue
Dominated Convergence Theorem gives

1
Jim e dHo(2) = 0
=0 J kB (a0) [T — alt®)/s

and so lims_.q g5’ (K N By/(a,d)) = oo

Now we are prepared to complete the proof of Theorem 5. First note
that the hypotheses of Theorem 5 (namely that A is aj-regular at a; and
w has a zero of order of at most t < s at a; for i = 1,...,n) imply that
Sy w(z, 2)~s dHg(z) < oo.

Suppose € > 0. By Lemma 8 and Lemma 2 we can find § > 0 such that
Be =" (AN By(a;0)) satisfies g;‘jd(B ) > 6*1 (note that if & < d and
g9v. (K) >0, then g% (K) = o0) and H;"(A¢) = [, w(z,z) V=S dHg(z) >
(1—eyH;"(A), Where A=A\ Be.

Since w is a CPD-weight function on A, x A, it follows from Theorem 2
that g¢';(Ae) exists and equals C’s7dH27w(A6)_s/ 4. Lemma 2 then gives
(52) ¥4 (A) = (924(A) ™" + g¥ (B =)/

Z (C;j/SH27U)(A€) + 6d/S)fs/d
> (Coa "My (A) + )=/,

Also, we clearly have

(53) G4a(A) < gla(Ae) = CoaHy™ (Ae) /" < Cua(l =€)/ Hg" (A) /"
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Taking ¢ — 0 in (52) and (53) shows that g¢;(A) exists and equals
CyaMy" (A)~%/4. If H;¥(A) > 0, then, as in the proof of Theorem 2,
Lemma 2 implies that (15) holds for any asymptotically (w,s)-energy
minimizing sequence of configurations wy = {:c{v, . ,a:%}, N =2,3,...,
for A which completes the proof of Theorem 5.
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