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Abstract. We investigate the energy of arrangements of N points (charged particles)
on the surface of the unit sphere in R?, interacting through a power law potential
Vir)=r", —2<a<2, a#0andV(r)=Ilog(l/r) for a = 0. Results of numerical
experiments are presented for the three classical cases a = 0,£1, for N =2,...,200.
We also investigate the geometric structures of the equilibrium points and their group
properties. In the case a = 0, we prove that the N points of minimal energy must
be well-separated in the sense that any two distinct points are at least (3/5)(1/V/N)
units distance apart.

1. Introduction

Circles and spheres have intrinsic properties that continue to fascinate math-
ematicians and scientists. Since J. J. Thompson’s plum pudding model of the
atom, there has been much interest in the equilibrium configurations of charges
confined to spheres and disks. With the advent of high speed computers, the
investigation of these configurations intensified, especially among physicists,
chemists and crystallographers; see, for example, [2], [4], [8], [9], [10], [12], [20].
The discovery of carbon fullerenes (Cgo, Cro, etc.) and its connection to these
equilibrium configurations has provided added impetus to these investigations
(cf. [6], [17], [22]).

To describe our results we begin with some needed notation. A set of N > 2
points on the unit sphere S? := {x € R? : |z| = 1} will be denoted by wy.
We shall use |z — y| to denote the Euclidean distance in R?® = {z1,...,2n}
between two points z,y € S?. For each real o, the a-energy associated with wy
is defined by

1
Y log——, ifa=0
|zi — ;]

1<i<j<N t

Z |£Ui—$j|a, 1fa7é0

1<i<j<N

E(a,wy) :=

Our concern is then with the extremal a-energy for N points on the sphere:

inf Ela,wn) ifa<0

cs2
E(a,N):=¢ “~ .
(@, N) sup E(a,wy) ifa>0.
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Since S? is compact, it is clear that for each N > 2, the extremal a-energy is

attained by some point set, which we denote by wj(\?). Such equilibrium points

are not unique, but we use wj(\?) to denote any particular determination of them.

The outline of our paper is as follows. In Section 2, we prove that for a = 0,

the equilibrium points are well-separated in the sense that

|z; — ;| > %\/LN for x; # xj, w;,x; € w](\(;).
A similar result for & = —1 was proved by Dahlberg [7]. We remark that on
partitioning the sphere into N — 1 parts as described in [15], §2, it follows by the
pigeon hole principle that any wx C S? contains at least 2 points with distance
<7/V/N -1.

In Section 3, we discuss our numerical experiments for determining the ex-
tremal a-energy and characterizing the equilibrium point sets wj(\?). Table 1 lists
the extremal energies and their point groups for a = 0,+1, 2 < N < 200.

In Section 4, we compare the conjectured asymptotic formulas for the ex-
tremal energies given by the authors in [15] with the numerically determined
values. We also discuss the energy values for all local extrema, which turn out
to be very close to the global extremum.

In Section 5, we consider the geometric properties of the extremal point set
wj(\?). We introduce the Dirichlet cells and discuss the similarity between these
cells and the structure of carbon fullerenes.

2. Separation theorem for the logarithmic equilibrium
points
It is intuitively clear that, at least for a < 0, the points of minimal energy
should be well-separated. To describe this property, we define
d(wn) = i.gf. |zi — 25 on = sup d(wn).
i#]

wnCS?

The determination of dy is called Tamme’s problem or the spherical packing
problem. It is known [19] that

6N~% with C:’/% as N — oo. (2.1)

For the case o = —1, Dahlberg [7] proved that for equilibrium points on a
smooth surface in R?, the separation distance is of order 1/v/N. In particular,
for S? | we have

) > G
) (wN ) I for some constant C; > 0. (2.2)
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A separation theorem for positive values of a was obtained by Stolarsky [18]
who showed that

o } 1/(2-0)

= NV (2=a) 2. 2.
[2a(2+a) , 0<ax (2.3)

Fn(wi)) >

In contrast, for the case a > 2, it is known that some equilibrium points may
coincide (cf. [3]).

Here we prove that, for the case a = 0, the following separation property
holds:

Theorem 1 If wg\?) is a set of logarithmic equilibrium points, then

3 1
6(w(0)) >2 2 N>2. 2.4
Proof: Letting wg\?) = {z7,23,..., 2N}, it suffices to show that |z} — 2}| >

(3/5)/V/N for all 2 < j < N. For any wy = {z1,...,zx} C 52, it follows from
the extremal property of wg\?) that

Z log < Z log

i<j i<j
which is equivalent to
H|wi—wj| §H|m: — | (2.5)
i<j i<j
Consequently,
N
H|x—mf| H |z} — o (2.6)
i=2 2<i<j<N

attains its maximum over S? at z = z}.

Let S : S — C be the stereographical projection of S? onto the complex
plane C and set z; := S(z}),i = 1,2,...,N. Without loss of generality we
assume that 7 lies at the south pole of S so that z; = S(x7) = 0. Then from
(2.6), the expression

N
zl| (N—1)/2
|z — 1+| |
i:H2 V14|22 lH2 )

attains its maximum over C at z = z; = 0. Setting p(z) := Hf;(z — z;), we

obtain (N—1)/2
0 - ]-+ 9
p(O)] = sup {Ip(=)] - (1+ =) "7
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so that
p()] < pO)] - (1+ [2P) V72 < pO)) (1 4 |22) V2, for ze €. (2.7)

By Cauchy’s formula, we have for |z| < r < R,

/ _ L P(C)
Ple) = 2mi /|<|R (€ —2)? &

and so, from (2.7),

1
2w

P'(2)]

p(2)
/ng (C—2)? ¢

1 /277 Ip(0)|(1 + R*)N/2Rdf
0

= or (R—r)?
Rp(0)] 2\ N/2
B (1+R?)". (2.8)

Setting r := 1/(3v/N) and R := 4r we thus obtain

N/2
P(2)] < Ol gy 16 )N

N (2.9)
< L |p0)]e¥°  for 2] < 1/(3VN).

We next verify the following

Claim: Tf 2" is any of the points {z;}Y,, then |z'| > 3¢75/°/(4V/N).

Indeed, if 2| > 1/(3V/N), then since 1/3 > 3e~8/9/4, there is nothing to
prove. So we assume that 2’| < 1/(3v/N). Since

1

o=p@v=pm»+ézﬂ@ma
we have ,
W@”:'A P (Q)de],

and so from (2.9), we obtain

p(0)] < —5— [p(0)] 0]

Thus |2/| > 3e~8/?/(4V/N), as claimed.
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Finally, if z € C satisfies |z| = 3¢=%/?/(4/N) and © = S~'(z), then the
Euclidean distance from z to the south pole is

. 2|z — 0] 3e=8/9/2/N
|1'_.'If1| = \/1+|Z|2 = >
\/1 + (36*8/9/4\/N)
=8/9 19\/N 1
3¢ /2VN _ % 0.6025—= >
\/ 1+ (3e8/9/4V2) VN

which completes the proof. B

3 1
5VN’

Remark: Clearly the constant 3/5 in Theorem 1 cannot be replaced by any

number greater than or equal to the constant \/87/v/3 ~ 3.809 in (2.1). In

fact, on considering the case N = 5, it is not difficult to prove (by reason of
contradiction) that there is at least one pair of points with distance < V/2; hence
the constant 3/5 cannot be replaced by a number > V2v/5 = /10 =~ 3.162.

3. Numerical experiments and the table of energies

To numerically determine extremal a-energies we begin by mapping the sphere
onto the extended complex plane via stereographical projection. This allows
the use of methods of unconstrained optimization.

We began with the case @ = 0. As a first step, the Steepest Descent method
was examined. To make this algorithm faster for our particular case, we ex-
tracted an explicit formula for the descent step so as to avoid the expensive part
of this algorithm, i.e. , the line minimization to calculate the step size in each
iteration. However, we found convergence was slow near the extremal points
when high precision was desired. To accelerate the convergence, we mimicked
Newton’s method, using first-order linear approximation to avoid calculating
the inverse of a Jacobian matrix. When we combined the two algorithms, us-
ing the Steepest Descent for rough calculation and then switching to the second
Newton-type algorithm we obtained a robust and fast algorithm. Unfortunately,
this technique was successful only for the case a = 0.

To get a general method to optimize the energy, we investigated the Down-
hill Simplex method, the Conjugate Gradient method and the Quasi-Newton
method (or Variable Metric method). We refer the reader to [13], [14] for more
information about these algorithms. We found that for the energy problem,
the Quasi-Newton method worked best. We implemented this method so that
it would calculate the extremal a-energy for any a. A few observations are in
order from our calculations.

First, when N is large, say larger than 75, there are a lot of local extrema. To
make things even more difficult, all the local extrema have very close energies.
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To maximize the possibility that the extremal points found were actual global
extremal points, we tried different iteration schemes and at least 1000 different
random start positions. We also examined the geometric and group structure of
the extremal points and used the appropriate asymptotic approximation formula
(see (4.3) ) to inspect any suspicious energy values obtained. We also ran cross-
checks in the following way. For each N, we compared the symmetry groups for
the extremal points for @ = 0, £1. If these groups were different, for example,
if the symmetry groups for wj(\(;) and w( Y

w](\(;) as the starting position to find w(_l), and then compare the final energy
values and group properties. A similar procedure was employed in all possible
cases. Second, we found that the extremal points for different values of a’s are
usually very close; typically they give even better energy values than many of
the corresponding local extrema.

There have been many attempts at finding the extremal energies. Most of
them have focused on the case @ = —1 and attempted by researchers from
physics, chemistry, biology and crystallography; see [1], [2], [4], [5], [8], [10],
[12], [20], [21] and the references therein. From what we can find, our numerical
results are more extensive and more accurate than those now in the literature.
We remark that (as announced by the usenet news group sci.math.research)
Hardin, Sloane and Smith did extensive calculations for spherical codes, pack-
ings, coverings and optimal energy. We compared their results for the cases
a = £1 and found that they agreed with ours for all the R? cases considered.
Their tables are available via netlib.att.com

Table 1 lists the extremal energies that we found and the corresponding
point, group character for the cases @« = 0,£1 and 2 < N < 200. We refer the
reader to [16] for more information about the point group notation.

were not the same, we would plug in

N Newton Points Logarithmic Points Extremal Sum
(=1)-Energy | PG [ 0-Energy | PG ]| 1-Energy | PG
2 0.500000000 Doop, -0.693147181 D, 2.000000000 D,
3 1.732050808 Dan, 1.647918433 Dan 5.196152423 Dan
4 3.674234614 Ta -2.942487759 Ta 9.797958971 Ta
5 6.474691495 Dan 4.420507155 Dan 15.681433797 Dan
6 9.985281374 Oy, -6.238324625 Oy, 22.970562749 Oy,
7 14.452977414 Dsp, -8.182477864 D5y, 31.530925729 Cy
8 19.675287861 Dyq -10.428017781 Dyg 41.473091069 Dyg
9 25.759986531 Dan T12.887752726 Dan 52.743634159 Dan
10 || 32.716949460 Daa 15.563123389 Dad 65.349740387 Dad
11 40.596450508 Cay -18.420479721 Cay 79.274738603 Cay
12 49.165253058 Ip, -21.606145231 Ip, 94.582915228 Ip,
13 58.853230612 Cay -24.866721876 Cay 111.170400367 Cay
T4 || 69.306363297 Den || -28.407813000 | Dgs || 129.120384120 | Dgp
15 80.670244114 D3 -32.147876284 D3 148.400623449 D3
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16 92.911655303 T -36.106152162 T 169.019120242 T
17 106.050404829 Dsp, -40.273066961 Dy, 190.972276822 Dy,
18 120.084467448 Dy, -44.650287259 Dyp, 214.261010695 Dyp,
19 135.089467557 Cay -49.199891566 Cay 238.872314927 Cay
20 150.881568334 Dap || -54.011129975 Dan || 264.836151018 Dan
21 167.641622399 Cay -59.000912135 Cay 292.125643198 Cay
22 185.287536149 Ty -64.206007762 Ty 320.752927535 Ty
23 203.930190663 D3 -69.578382593 D3 350.703055942 D3
24 223.347074052 O -75.213984789 @] 382.004840435 @]
25 243.812760299 Cs -80.997509990 Cs 414.624638234 Cs
26 265.133326317 C -87.009423057 Ch 448.585640735 Ch
27 287.302615033 Dsp, -93.251986400 Dy, 483.888307515 Dy,
28 310.491542358 T -99.658609384 T 520.514876245 T
29 334.634439920 D3 -106.254571171 Ch 558.472198025 Cay
30 359.603945904 Cay -113.089255497 Cay 597.772969974 Cay
31 385.530838063 D3 -120.110346639 D3 638.402930774 D3
32 412.261274651 Iy -127.378867615 Iy 680.378893329 Iy
33 440.204057448 Cs -134.747820824 Cs 723.664658824 C1
34 468.904853281 Cay -142.375852271 Cay 768.298034095 Cay
35 498.569872491 C -150.192058511 Ch 814.262256769 Cs
36 529.122408375 Cay -158.224068426 Cay 861.563951327 Cay
37 || 560.618887731 Dsn || -166.450697524 | Dss || 910.197927572 Dan
38 593.038503567 Dgp, -174.880197152 Dgp, 960.166478128 Dgp,
39 626.389009017 D3y, -183.509225712 Dgp, 1011.468379374 Dgp,
40 660.675278835 Ty -192.337689917 Ty 1064.104220573 Ty
41 || 695.916744342 Dan || -201.359206649 Dan || 1118.072491255 | Dap
12 || 732.078107544 Dsp || -210.584511558 Dsn || 1173.375392867 | Dsp,
43 769.190846459 Cay -220.003477052 Cay 1230.010677519 Dsy
44 807.174263085 Oy -229.641801488 Op 1287.983871724 Op
45 846.188401061 D3 -239.453698253 D3 1347.286313191 D3
46 886.167113639 T -249.455847901 T 1407.920471173 T
47 927.059270680 Cs -259.661759853 Cs 1469.888840611 Cs
48 968.713455344 o -270.117949959 O 1533.201032999 O
49 1011.557182654 Cs -280.701903118 Cs 1597.833364652 Cs
50 1055.182314726 Dgp, -291.528600658 Dgp, 1663.807762158 Dgp,
51 1099.819290319 D3 -302.533673455 D3 1731.111978303 D3
52 1145.418964319 Cs -313.732371935 Cs 1799.749277102 Cs
53 1191.922290416 Cay -325.138234695 Cay 1869.721471573 Ca
54 1239.361474729 Ca -336.745464397 Ca 1941.028321457 Ca
55 1287.772720783 Ca -348.541796281 Ca 2013.666898463 Ca
56 1337.094945276 Cay -360.545899244 Ch 2087.641190319 Ch
57 1387.383229253 D3 -372.741200618 D3 2162.947618213 D3
58 1438.618250640 Cay -385.132829792 Cay 2239.587371641 Cay
59 1490.773335279 Ca -397.728149661 Ca 2317.561595973 Ca
60 1543.830400976 D3 -410.533162793 D3 2396.871796975 D3
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61 1597.941830199 -423.507635991 2477.510554009 C1
62 1652.909409898 -436.703979238 2559.487475604 Cse
63 1708.879681503 -450.081239177 2642.794690003 D3
64 1765.802577927 -463.654432989 2727.435316863 Cay
65 1823.667960264 -477.426426069 2813.409669853 Co
66 1882.441525304 -491.407470034 2900.720101300 D3
67 1942.122700405 -505.592612503 2989.364523851 Cse
68 2002.874701749 -519.946642286 3079.338280647 Cay
69 2064.533483235 -534.508186181 3170.647315121 D3
70 2127.100901551 -549.275055846 3263.290940842 Cay
71 2190.649906426 -564.231694734 3357.267031049 Cy
72 2255.001190975 -579.420345773 3452.582333378 I
73 2320.633883745 -594.728698429 3549.219062869 Cy
74 2387.072981838 -610.267071410 3647.194636734 Cy
75 2454.369689040 -626.023462685 3746.506709423 D3
76 2522.674871841 -641.963150518 3847.150291717 Co
77 2591.850152354 -658.117809839 3949.130169686 Cse
78 2662.046474566 -674.452994190 4052.441072676 D3
79 2733.248357479 -690.974900936 4157.084301899 Cs
80 2805.355875981 -707.703346180 4263.062515153 Dy,
81 2878.522829664 -724.604469337 4370.370662592 Co
82 2952.569675287 -741.717922456 4479.014655900 Cay
83 3027.528488921 -759.035354755 4588.992879403 Cy
84 3103.465124431 -776.545431564 4700.304386584 Cy
85 3180.361442939 -794.250312284 4812.949204545 Cy
86 3258.211605713 -812.151321866 4926.927492794 D3
87 3337.000750015 -830.251915153 5042.239537538 Co
88 3416.720196758 -848.553426918 5158.885719439 Cay
89 3497.439018625 -867.042516404 5276.864357178 Cy
90 3579.091222723 -885.731821765 5396.176934707 D3
91 3661.713699320 -904.614412440 5516.822641458 Co
92 3745.291636241 -923.692636330 5638.801684482 Cay
93 3829.844338421 -942.963958073 5762.113935722 Co
94 3915.309269620 -962.439132146 5886.760543315 Cay
95 4001.771675565 -982.102678320 6012.739719604 Cy
96 4089.154010056 Co -1001.969533966 Co 6140.053338966 D3
97 4177.533599622 Cy -1022.023977757 Cy 6268.699217104 Co
98 4266.822464156 Cy -1042.284690399 Cy 6398.680119684 Co
99 4357.139163132 Cy -1062.726669939 Cy 6529.992426643 Co
100 4448.350634331 T -1083.377140539 T 6662.639917807 T
101 4540.590051694 D3 -1104.208757815 D3 6796.618809138 D3
102 4633.736565899 D3 -1125.246488904 D3 6931.932549575 D3
103 4727.836616833 Cy -1146.481260096 Cy 7068.579950074 Co
104 4822.876522749 T -1167.915837173 T 7206.561396622 T
105 4919.000637616 D3 -1189.520301973 D3 7345.872974890 D3
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106 5015.984595705 Cay -1211.341059880 Cay 7486.520457533 Cay
107 5113.953547714 C -1233.351922242 Ch 7628.500739294 Ch
108 5212.813507831 C -1255.571131869 Ch 7771.816125988 D3
109 5312.735079920 C -1277.966926891 Ch 7916.462521093 Ch
110 5413.549294192 T -1300.571089557 T 8062.444047253 T
111 5515.293214587 D3 -1323.375216776 D3 8209.759347324 D3
112 5618.044882326 Csy -1346.366613690 Csy 8358.407118805 Csy
113 5721.824978027 D3 -1369.541472775 D3 8508.387038733 D3
114 5826.521572163 C -1392.919494322 Ch 8659.701175163 Ch
115 5932.181285777 Cs -1416.491607946 Cs 8812.348552364 Ch
116 6038.815593578 C -1440.258465197 Cay 8966.329411418 Ch
117 6146.342446579 Co -1464.232642918 Co 9121.645065544 Co
118 6254.877027790 C -1488.392870531 Ch 9278.292910398 Ch
119 6364.347317479 C -1512.753571720 Ch 9436.274838453 Ch
120 6474.756324980 C -1537.312676422 Ch 9595.590553763 Ch
121 6586.121949585 Cs -1562.068597381 Cs 9756.239732194 Cs
122 6698.374499261 Iy -1587.032194015 Iy 9918.223675550 Iy
123 6811.827228174 Cay -1612.152971295 Cay 10081.537287715 Cay
124 6926.169974193 Cay -1637.479110028 Cay 10246.185131492 Cay
125 7041.473264023 C -1663.001445804 Ch 10412.166497524 Ch
126 7157.669224867 Cay -1688.730136051 Cay 10579.482453484 Cay
127 7274.819504675 Csy -1714.654740337 Csy 10748.131844929 Csy
128 7393.007443068 C -1740.762592566 Ch 10918.113328937 Ch
129 7512.107319268 C -1767.074137949 Ch 11089.429241270 Ch
130 7632.167378912 C -1793.581783669 Ch 11262.078698041 Ch
131 7753.205166941 Ca -1820.282173304 Ca 11436.061217693 Ca
132 7875.045342797 I -1847.205544897 I 11611.380466342 I
133 7998.179212898 Cs -1874.266565339 Cs 11788.026381995 Cs
134 8122.089721194 C -1901.555126737 Ch 11966.009479378 Ch
135 8246.909486992 D3 -1929.047938796 D3 12145.327013586 D3
136 8372.743302539 T -1956.727046585 T 12325.976926500 T
137 8499.534494781 Csy -1984.602697192 Csy 12507.960464867 Csy
138 8627.406389880 Ca -2012.654078683 Ca 12691.275252719 Ca
139 8756.227056953 Ca -2040.902595645 Ca 12875.923619485 Ca
140 8885.980609041 C1 -2069.352260415 C1 13061.906293508 Ch
141 9016.615349190 Cay -2098.009276077 Cay 13249.223341972 Cay
142 9148.271579993 Ca -2126.853298666 Ca 13437.873191965 Ca
143 9280.839851192 Ca -2155.899524571 Ca 13627.857056746 Ca
144 9414.371794460 Cay -2185.142440882 Cay 13819.174689974 Cay
145 9548.928837232 Ca -2214.568874024 Ca 14011.824280757 Ca
146 9684.381825575 Cay -2244.202659774 Cay 14205.808742993 Cay
147 9820.932378373 Ca -2274.010595028 Ca 14401.124458642 Ca
148 9958.406004270 Ca -2304.019778666 Ca 14597.774256334 Ca
149 10096.859907397 Ch -2334.221781315 Ch 14795.757120103 Ch
150 10236.196436701 o -2364.632242592 O 14995.074954692 O
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151 10376.571469275 Cs -2395.223454116 Cs 15195.724313035 Cy
152 10517.867592878 Cay -2426.017592613 Cay 15397.708074533 Cy
153 10660.082748237 D3 -2457.015181903 D3 15601.026233832 D3
154 10803.372421141 Cs -2488.190876449 Cs 15805.676112445 Cy
155 10947.574692279 Co -2519.568633738 Co 16011.660007325 Co
156 11092.798311456 Cs -2551.133177676 Cs 16218.976471980 Cy
157 11238.903041157 Cy -2582.905106818 Cy 16427.627598938 Cy
158 11385.990186197 Cs -2614.869900531 Cs 16637.611973455 Cy
159 11534.023960956 Cy -2647.032315746 Cy 16848.929978448 Cy
160 11683.054805550 Cay -2679.385135324 Cay 17061.580963354 Cay
161 11833.084739465 Cy -2711.928008296 Cy 17275.564907705 Cy
162 11984.050335813 D3 -2744.670230669 D3 17490.882667332 D3
163 12136.013053220 Cy -2777.602750486 Cy 17707.533374511 Cy
164 12288.930105320 Cay -2810.731799771 Cay 17925.517640426 Cay
165 12442.804451373 Cs -2844.056720503 Cs 18144.835341402 Cy
166 || 12597.649071324 | Doy || -2877.576867676 | Doy || 18365.486574436 | Doy
167 12753.469429750 Cs -2911.288645747 Cs 18587.470832804 Cy
168 12910.212672268 D3 -2945.203677659 D3 18810.789295472 D3
169 13068.006451127 Cs -2979.300376733 Cs 19035.439875459 Cy
170 13226.682823953 Cs -3013.605076433 Cay 19261.425233809 Cay
171 13386.355930717 D3 -3048.099114048 D3 19488.743344225 D3
172 13547.018108787 Cay -3082.784657234 Cay 19717.394556501 Cay
173 13708.635243035 Cs -3117.667409139 Cs 19947.379404870 Cy
174 13871.187092293 0] -3152.750082143 0] 20178.698345747 [0
175 14034.781306929 Cs -3188.015721848 Cs 20411.349195589 Cy
176 14199.354775632 1 -3223.475044956 1 20645.333519975 C4
177 14364.837545298 Csy -3259.137161265 Csy 20880.651951627 Csy
178 14531.309552588 Cay -3294.990498454 Cay 21117.303439355 Cay
179 14698.754594220 Ch -3331.038315813 Ch 21355.288321825 C1
180 14867.099927526 Cay -3367.291624923 D3 21594.607773936 D3
181 15036.467239769 Cy -3403.729564056 Cy 21835.259391988 Co
182 15206.730610906 Csy -3440.373706455 Csy 22077.245597998 Csy
183 15378.166571028 1 -3477.183558898 1 22320.562506933 C4
184 15550.421450311 T -3514.208923509 T 22565.214740435 T
185 15723.723463950 Ch -3551.418165874 Ch 22811.199322475 C1
186 15897.897437048 1 -3588.835434011 1 23058.518537118 C4
187 16072.975186320 Csy -3626.456172212 Csy 23307.171959094 Csy
188 16249.250131462 Cy -3664.239977217 Cy 23557.155883564 Co
189 16426.371938864 Cy -3702.235296431 Cy 23808.474738381 Co
190 16604.428338500 Csg -3740.429815446 Csg 24061.127363604 Cs
191 16783.452219362 Ch -3778.818018467 Ch 24315.113162430 C1
192 16963.338386460 I -3817.417956180 I 24570.434193082 I
193 17144.564740880 Cy -3856.160361559 Cy 24827.083723606 Co
194 17326.616136471 1 -3895.116946540 1 25085.068457771 C4
195 17509.489303931 D3 -3934.288802721 D3 25344.388445898 D3
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196 17693.476356930 | C> -3973.636580943 Cy 25605.040025602 | C3
197 17878.340162571 | Cj, -4013.187189799 Csy 25867.025762759 | Cs,
198 18064.262177195 | C> -4052.924591023 Cy 26130.344362812 | C»
199 18251.082495640 | Cy -4092.864570639 C1 26394.996914806 | C1
200 18438.842717531 | Cay -4133.003079528 Cay 26660.983213139 | Coay
212 || 20768.053085964 | I -4629.781535732 1 29956.817677683 | 1
272 || 34515.193292687 | I -7533.180190868 Iy, 49316.045521553 | Iy,
282 || 37147.294418462 | I -8085.027739960 1 53009.259186708 | I

Table 1. Extremal energies and point groups

Remark: Note that Table 1 contains the three additional entries N = 212,272
and 282 for each o = 0,%1. These values of N are part of the “icosahedral
group sequence”, i.e. , integers N of the form N = 20i 4+ 305 + 60k, with
t=0o0r1l, 7=00r1, k> 0. For this sequence, Table 1 includes the values
N =12,32,72,122,132,192,212,272,282. Notice that these values of N yield
substantially lower values for £(a, N) — f(a, N); see Figures 1-3. Also we
found that for these special values of N, the global extremum of energy was
significantly less than all other local extrema. The icosahedral group sequence
was also numerically investigated on [11].

4. Asymptotic behavior of the extremal energies

Now let’s consider the asymptotic behavior (as N — o) of the extremal ener-
gies. From the theoretical estimates described by the authors in [15], we know
that there exist constants C o, C2 o such that for all N > 2

4

CioN <E&(0,N) + i log <—> N? + iNlogN <CyoN ifa=0 (4.1)
e

@

2
JINTO/2 < N) —
Cl, = E(Oé, ) 2+

N2 < Cy o N1=2 if a #0. (4.2)
(6]

These estimates lend support to the following conjecture stated in [15]:

Conjecture 1 For —2 < a < 2, there exist absolute constants B, Cy, depend-
ing only on «, such that

1 4 1
—Zlog<—>N2 - ZNlogN—l-BaN—l-CalogN-i—O(l) if a =0,

g(aaN)_ «@ €
N2 4 BN /2 { 0, N~/ ¢ O(N*““/Q) if a # 0.

(4.3)

2+«

Using the conjectured formulas (4.3) (with the O-term deleted)! we obtained
a best fit to the data of Table 1 with the discrepancy being measured in the

IFor the case a = 0, we ignored the log N term in obtaining a best fit.
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{1 sense. We used the ¢; norm so as to minimize the effect caused by some
extraordinary N values ( N < 12 and N = 32,72,122,132,192, etc. are such
examples). We obtained the following asymptotic approximations f(«, N) to
the actual values of £(a, N):

N2
F-LN) == - 0.55230N°/2 4 0.0689N'/2, (4.4)
1 4\ ., 1
f(0,N) = =7 log = ) N* — INlog N — 0.026422N +0.13822, (4.5)
f(,N) = §N2 — 0.40096N'/2 — 0.188N~1/2, (4.6)

To see how good our approximation formulas (4.4), (4.5), (4.6) are, we plot
the difference £(a, N) — f(a,N) for « = 0,£1 and 4 < N < 200 in Figures
1, 2, and 3. We used the gnuplot program with the impulse plot-style, which
simply draws vertical lines from the N-axis to the points being plotted. It is
important to note that, as follows from the inequalities (4.1), (4.2), the growth
of &(a, N) is of order N2, and that Figures 1-3 suggest that the differences
E(a,N) — f(a, N) are bounded by a very small constant times N~ /2.

g(_]-:N) - f(_]-)N)
0.1 I | |

-0.3 ! ! ! ! ! ! !
25 50 75 100 125 150 175 200

Figure 1. Error in Approximating Extremal Newton Energy

As we mentioned earlier, when N is large, the number of equilibrium meta-
stable states increases dramatically. Furthermore, all these meta-stable states
have very close energies. To give a rough idea, we plot in Figure 4 the energy
value difference E(0,wy) — £(0, N) for all the equilibrium states that we found
for « = 0,4 < N < 122, where E(0,wy) is the energy for a particular local
extremal point set wy. The horizontal axis represents values of N. Each point
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E(0,N) — f(0,N)

0.02 I I I
,
-0.02 ‘ ]
-0.04 ]
N
-0.06 | | | | | | |
25 50 75 100 125 150 175 200
Figure 2. Error in Approximating Extremal Logarithmic Energy
E(I,N) _f(lvN)
0.01 I I I I
0 ‘| ‘ m ‘“'u |I|I | 'I'|'|]'|||'|'” Lulty, |I| ol ””mm T i |'I L | |||'I e A
i
-0.01 -
-0.02 -
N
_003 | | | | | | |

25 50 75 100 125 150 175 200

Figure 3. Error in Approximating Extremal Sums
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represents a local extremum. As one can see from the scale, even as N gets
larger, all the local extremal points have very close energies. Therefore, it is
increasingly difficult to find a global extremum as N becomes large.

(Local - global) energies for 4 < N < 122

0.08 | | |
0.07 |- ’
0.06 |-
0.05 |-
0.04 -
0.03 |- .
0.02 |- o
0.01 |- . T

0 . e L4 .ll % :

0 20 10 60 80 100 120

Figure 4. Distributions for the local extremal energies

5. The geometry of extremal points and the carbon
fullerenes

As one can see from the table in Section 3, most of the extremal point sets have
symmetry properties. We now look at these points from another perspective.
Let wy = {71,72,...,7n} be a set of N points on S2. Define

D;:={zx eS|z -z < |z -z, Vj}.
Then D; is called the Dirichlet cell of x;. In other words, D; is the region on the
sphere consisting of points that are closer to z; than to any other points of wy.
It is easy to prove that each D; is a spherical polygon, i.e. , the boundary of

D; consists of finitely many pieces of great circle arcs. We say D; is a spherical
r-gon if the boundary of D; consists of r great circle arcs.

Conjecture 2 If N > 6, then the Dirichlet cells of w](\?) consist only of spherical
4-gons, 5-gons and 6-gons, i.e. , quadrilaterals, pentagons and hexagons.

If the Dirichlet cells for w](\?) consist only of pentagons and hexagons it is
an easy consequence of Fuler’s identity that there are exactly 12 pentagons,
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provided that exactly 3 edges emanate from each vertex. The total number of
vertices is 2(N — 2).

Our computations suggest that the 12 points whose Dirichlet cells are pen-
tagons tend to distribute themselves as far apart from each other as possible.
While they usually do not form the vertices of an icosahedron, the arrangement
is quite close to that. Figure 5 depict 37 and 122 electrons in equilibrium on
the surface of the sphere and their Dirichlet cells for the case a = —1. The
pentagons in the case N = 37 yield nearly an icosahedral arrangement, while
the pentagons in the case N = 122 are numerically indistinguishable from an
exact icosahedral arrangement.

As one can see, the cell structure of 37-electrons resembles the Cq fullerene.
In fact, they are very close. Zhang, et al. [22] combined this idea with some
Chemist’s Principles, to determine the structures for Csg up to Crg.
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