MATH 6101 - HOMEWORK ASSIGNMENT 5

DUE THURSDAY, FEBRUARY 23RD BY 6:00PM

Exercise 0.1. Let X be a real normed space with norm || -||. Then || || comes from
an inner product if and only if the parallelogram identity || + n]|? + ||€ — n||? =
2([I€]1” + [[7]1*) holds.

Exercise 0.2. Define U : L?>(R,\) — L?(R,\) by U f(x) = f(x —1). Show that U

has no non-zero eigenvectors.

Exercise 0.3 (The Banach-Saks theorem). Let H be a Hilbert space and {&, }nen C
H a uniformly bounded sequence, then there exists a subsequence {&,, }i so that
the Cesaro means % 2521 &n, converges in H. Hint: Using the Banach-Alaoglu
theorem you may assume that &, has a weak limit.

Exercise 0.4. If H is a Hilbert space and A C H is a subspace then (A1)t = A.
Show that this does not hold for general inner product spaces.

Exercise 0.5. Let H be a Hilbert space, and set
G ={T € B(H) | T has a bounded inverse }.
Show that G is an open subset of B(H) with respect to the operator norm.

Exercise 0.6. Let M be a closed subspace of L?([0, 1], \) such that M is contained
in C(]0,1]).
(1) There exists C > 0 such that ||f|lcc < C|f]|z2 for all f € M.
(2) For each = € [0,1] there exists g, € M so that f(z) = (f, g.) for all f € M.
Moreover, ||g:||rz < C.
(3) dimM < C?. Hint: If {f;}; is an orthonormal sequence in M then
> fi(@)]? < C?% for all @ € [0, 1].
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