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ABSTRACT. m-Berezin transforms are introduced for bounded operators on the Bergman
space of the polydisk. We show several properties ofm-Berezin transform and use them
to show that a radial operator in the Toeplitz algebra is compact iff its Berezin transform
vanishes on the boundary of the polydisk. A useful and sharp approximate identity of
its m-Berezin transforms is obtained for a bounded operator.

1. INTRODUCTION

Let D be the unit disk in the complex planeC. For a fixed positive integern, the unit
polydiskDn is the cartesian product ofn copies ofD anddz is the normalized Lebesque
volume measure on the polydiskDn. The Bergman spaceL2

a = L2
a(D

n, dz) is the set
of all analytic functions onDn which are square-integrable with respect to Lebesque
volume measure.

Givenf ∈ L∞, the Toeplitz operatorTf is defined onL2
a by Tfh = P (fh) whereP

denotes the orthogonal projectionP of L2 ontoL2
a. LetL(L2

a) be the algebra of bounded
operators onL2

a. The Toeplitz algebraT(L∞) is the closed subalgebra ofL(L2
a) gener-

ated by{Tf : f ∈ L∞}. This paper is motivated by the problem when an operator in
the Toeplitz algebraT(L∞) is compact. The Berezin transforms will play an important
role.

For z = (z1, . . . , zn) ∈ Dn, let φz(w) = (φz1(w1), . . . , φzn(wn)) whereφzi
(wi) =

(zi −wi)/(1−wizi). Thenφz(w) is an automorphism onDn that interchanges0 andz.
The pseudo-hyperbolic metric onDn is defined asρ(z, w) = max1≤i≤n |φzi

(wi)|.
The reproducing kernel inL2

a is given by

Kz(w) =
n∏

i=1

1

(1− wizi)2
,

for z, w ∈ Dn and the normalized reproducing kernelkz is Kz(w)/‖Kz(·)‖2. If 〈·, ·〉
denotes the inner product inL2, then〈h,Kz〉 = h(z), for everyh ∈ L2

a andz ∈ Dn.
For z ∈ Dn, let Uz be the unitary operator given by

Uzf = (f ◦ φz)
n∏

i=1

φ′zi
.

ForS ∈ L(L2
a), set

Sz = UzSUz.
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SinceUz is a selfadjoint unitary operator onL2 andL2
a, UzTfUz = Tf◦φz for every

f ∈ L∞.
Let T denote the class of trace operators onL2

a. ForT ∈ T , we will denote the trace
of T by tr[T ] and‖T‖C1 denote theC1 norm ofT given by ([10])

‖T‖C1 = tr[
√

T ∗T ].

Supposef andg are inL2
a. Consider the operatorf ⊗ g onL2

a defined by

(f ⊗ g)h = 〈h, g〉f,

for h ∈ L2
a. It is easily proved thatf ⊗ g is in T and with norm equal to‖f ⊗ g‖C1 =

‖f‖2 ‖g‖2 and
tr[f ⊗ g] = 〈f, g〉.

For the nonnegative integerm, them-Berezin transform of an operatorS ∈ L(L2
a) is

defined by

BmS(z) = (m + 1)ntr

[
Sz

(
n∑

i=1

m∑
αi=0

Cm,αuα ⊗ uα

)]
(1.1)

whereα = (α1, · · · , αn) ∈ Nn whereN is the set of nonnegative integers,|α| =∑n
i=0 αi, uα = uα1

1 · · ·uαn
n and

Cm,α = (−1)|α|
(

m

α1

)
· · ·
(

m

αn

)
.

Our definition of them-Berezin transform is motivated by the fact that the reciprocal of
the m

2
-th power of the Bergman reproducing kernel is in the following form:

1

Kz(z)
m
2

=
n∑

i=1

m∑
αi=0

Cm,αzαz̄α.

Them-Berezin transform depends only on the reproducing kernel and so it can be de-
fined on many other reproducing kernel Hilbert spaces.

For a functionf ∈ L∞(Dn), them-Berezin transform off is defined by

Bm(f)(z) = Bm(Tf )(z).

Berezin first studied0-Berezin transform for operators andm-Berezin transform for
functions [5]. Usually the0-Berezin transform is called the Berezin transform. Not only
the Berezin transform plays an important role in studying Toeplitz and Hankle operators
on the Bergman spaces ([3], [4], [9], and [14]), but them-Berezin transforms are also
useful in function theory on the unit ball ([1]).

We will show that them-Berezin transformsBm are invariant under the M̈obious
transform,

Bm(Sz) = (BmS) ◦ φz, (1.2)

and commuting with each other,

Bj(BmS)(z) = Bm(BjS)(z) (1.3)
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for any nonnegative integersj and m. Properties (1.2) and (1.3) were obtained for
S = Tf in [1] on the Bergman space of the unit ball and for operatorsS on the Bergman
space of the unit disk [15]. Recently, they have been established for operatorsS on
the Bergman space of the unit ball in [12]. We will show that for eachm, BmS(z)
is Lipschitz with respect to the pseudo-hyperbolic distanceρ(z, w). This extends the
Coburn result on the unit disk [8].

Using them-Berezin transform, we will show that for a radial operatorS in the
Toeplitz algebra,S is compact iffB0S(z) → 0 asz → ∂Dn. This is obtained in [16] on
the unit disk and in [12] on the unit ball.

We will obtain a useful and sharp approximate identity of them-Berezin transforms
(Theorem 3.7), which has been used to study compact products of Toeplitz operators
[7].

Throughout the paperC(m, n) will denote constant depending only onm and n,
which may change at each occurrence.

2. m-BEREZIN TRANSFORM

In this section we will show some useful properties of them-Berezin transform. First
we give an integral representation of them-Berezin transformBm(S). Forz ∈ Dn and
a nonnegative integerm, let

Km
z (u) =

n∏
i=1

1

(1− uizi)m+2
, u ∈ Dn.

Foru, λ ∈ Dn, we know

n∑
i=1

m∑
αi=0

Cm,αuαλα =
n∏

i=1

(1− uiλi)
m. (2.1)

From the definition ofφzi
(wi), we have the identity

1− φzi
(ui)φzi

(λi) =
(1− |zi|2)(1− uiλi)

(1− uizi)(1− ziλi)
(2.2)

for ui, λi ∈ D andi = 1, . . . , n. The following proposition gives an integral representa-
tion of them-Berezin transform.

Proposition 2.1. LetS ∈ L(L2
a), m ≥ 0 andz ∈ Dn. Then

BmS(z)

=

∫
Dn

∫
Dn

[
n∏

i=1

(m + 1)(1− |zi|2)m+2(1− uiλi)
m

]
Km

z (u)Km
z (λ)S∗Kλ(u)dudλ.
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Proof. Let φ′z(w) =
∏n

i=1 φ′zi
(wi). Forλ ∈ Dn, the definition ofBm implies

BmS(z)

= (m + 1)n

n∑
i=1

m∑
αi=0

Cm,α 〈Szλ
α, λα〉

= (m + 1)n

n∑
i=1

m∑
αi=0

Cm,α

∫
Dn

S(φα
z φ′z)(λ)φα

z (λ)φ′z(λ)dλ

= (m + 1)n

n∑
i=1

m∑
αi=0

Cm,α

∫
Dn

∫
Dn

φα
z (u)φ′z(u)φα

z (λ)φ′z(λ)S∗Kλ(u)dudλ (2.3)

where the last equality holds byS(φα
z φ′z)(λ) = 〈S(φα

z φ′z), Kλ〉 = 〈φα
z φ′z, S

∗Kλ〉 . Using
(2.1) and (2.2), (2.3) equals

(m + 1)n

∫
Dn

∫
Dn

[
n∏

i=1

(1− φzi
(ui)φzi

(λi))
m

]
φ′z(u)φ′z(λ)S∗Kλ(u)dudλ

=

∫
Dn

∫
Dn

[
n∏

i=1

(m + 1)(1− |zi|2)m+2(1− uiλi)
m

]
Km

z (u)Km
z (λ)S∗Kλ(u)dudλ

as desired. �

Proposition 2.2 gives another form ofBm analogous to the definition of them-Berezin
transform on the unit disk [15].

Proposition 2.2. LetS ∈ L(L2
a), m ≥ 0 andz ∈ Dn. Then

BmS(z) =

[
n∏

i=1

(m + 1)(1− |zi|2)m+2

]
n∑

i=1

m∑
αi=0

Cm,α 〈S(uαKm
z ), uαKm

z 〉 . (2.4)

Proof. Since∫
Dn

∫
Dn

[
n∏

i=1

(m + 1)(1− |zi|2)m+2(1− uiλi)
m

]
Km

z (u)Km
z (λ)S∗Kλ(u)dudλ

=

[
n∏

i=1

(m + 1)(1− |zi|2)m+2

]
n∑

i=1

m∑
αi=0

∫
B

∫
B

uαλαKm
z (u)Km

z (λ)S∗Kλ(u)dudλ

=

[
n∏

i=1

(m + 1)(1− |zi|2)m+2

]
n∑

i=1

m∑
αi=0

Cm,α

∫
B

S(uαKm
z )(λ)λαKm

z (λ)dλ,

by Proposition 2.1 we have (2.4) to complete the proof. �

On the unit disk the right hand side of (2.4) was used by Suarez in [15] to define the
m-Berezin transforms.

Let dνm(u) =
∏n

i=1(m + 1)(1 − |ui|2)mdu. The following proposition gives a nice
formula ofBm(f)(z).
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Proposition 2.3. Let z ∈ Dn andf ∈ L∞. Then

Bm(f)(z) =

∫
Dn

f ◦ φz(u)dνm(u).

Proof. Using the change of variables, (2.2) and (2.1), we have∫
Dn

f ◦ φz(u)dνm(u)

=

∫
Dn

f(u)
n∏

i=1

(m + 1)(1− |zi|2)m+2(1− |ui|2)m

|1− uizi|2(m+2)
du

=

[
n∏

i=1

(m + 1)(1− |zi|2)m+2

]
n∑

i=1

m∑
αi=0

∫
Dn

f(u)
n∏

i=1

|ui|2αi

|1− uizi|2(m+2)
du

=

[
n∏

i=1

(m + 1)(1− |zi|2)m+2

]
n∑

i=1

m∑
αi=0

Cm,α 〈Tf (u
αKm

z ), uαKm
z 〉

= Bm(Tf )(z)

where the last equality holds by (2.4). �

Clearly, (1.1) implies‖BmS‖∞ ≤ C(m, n)‖Sz‖ = C(m, n)‖S‖ for S ∈ L(L2
a).

Thus,Bm : L(L2
a) → L∞ is a bounded linear operator. The following theorem gives the

norm ofBm.

Theorem 2.4.Letm ≥ 0. Then

‖Bm‖ = (m + 1)n

n∑
i=1

m∑
αi=0

|Cm,α|

(
n∏

i=1

1

αi + 1

)
.

Proof. From [6], we have the duality resultL(L2
a) = T ∗. So, the definition ofBm gives

the norm ofBm. Since

‖uα‖2 =
n∏

i=1

1

αi + 1
,

we have

‖Bm‖ = (m + 1)n

∥∥∥∥∥
n∑

i=1

m∑
αi=0

Cm,α

(
n∏

i=1

1

αi + 1

)
uα

‖uα‖
⊗ uα

‖uα‖

∥∥∥∥∥
C1

= (m + 1)n

n∑
i=1

m∑
αi=0

|Cm,α|

(
n∏

i=1

1

αi + 1

)
as desired. �

Lemma 2.5. For z, w ∈ Dn, put ti = (φzi
(wi)zi − 1)/(1 − ziφzi

(wi)), i = 1, . . . , n.
ThenUwUz = VtUφz(w) where (Vtf)(u) = (

∏n
i=1 ti)f(tu) for f ∈ L2

a and tu =
(t1u1, . . . , tnun).
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Proof. The mapφwi
◦ φzi

◦ φφzi (wi) is an automorphism ofD that fixes0, hence it is a
rotation and mapsti to 1. Sinceφwi

is an involution,φzi
◦φφzi (wi)(tiui) = φwi

(ui). Thus

UwUzf(u)

= (f ◦ φz ◦ φw)(u)
n∏

i=1

φ′zi
(φwi

(ui))φ
′
wi

(ui)

= (f ◦ φφz(w))(tu)
n∏

i=1

φ′zi
(φzi

◦ φφzi (wi)(tiui))φ
′
zi
(φφzi (wi)(tiui))φ

′
φzi (wi)

(tiui)ti

= (f ◦ φφz(w))(tu)
n∏

i=1

φ′φzi (wi)
(tiui)ti

= VtUφz(w)f(u)

as desired. �

Theorem 2.6.LetS ∈ L(L2
a), m ≥ 0 andz ∈ Dn. ThenBmSz = (BmS) ◦ φz.

Proof. By Proposition 2.2 and (1.1), we have

Bm(Sz)(0) = (m + 1)n

n∑
i=1

m∑
αi=0

Cm,α 〈Szu
α, uα〉 = BmS(z) = (BmS) ◦ φz(0).

For anyw ∈ Dn, Proposition 2.1 and Lemma 2.5 imply

(BmSz) ◦ φw(0) = Bm((Sz)w)(0)

=

∫
Dn

∫
Dn

[
n∏

i=1

(m + 1)(1− uiλi)
m

]
UwUzS∗UzUwKλ(u)dudλ

=

∫
Dn

∫
Dn

[
n∏

i=1

(m + 1)(1− uiλi)
m

]
VtUφz(w)S∗Uφz(w)V

∗
t Kλ(u)dudλ

= Bm(Sφz(w))(0).

ThusBmSz(w) = (BmS) ◦ φz(w). �

Lemma 2.7. LetS ∈ L(L2
a), m ≥ 0 andz ∈ Dn. Then

BmS(z) =

(
m + 1

m

)n

Bm−1

(
n∑

i=1

1∑
αi=0

C1,αTφα
z
STφα

z

)
(z)

whereφα
z is φα1

z1
· · ·φαn

zn
.

Proof. By Theorem 2.6, we only need to show that

BmS(0) =

(
m + 1

m

)n

Bm−1

(
n∑

i=1

1∑
αi=0

C1,αTuαSTuα

)
(0).
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From Proposition 2.1 and (2.1), we have

BmS(0) =

∫
Dn

∫
Dn

[
n∏

i=1

(m + 1)(1− uiλi)
m

]
S∗Kλ(u)dudλ

=
n∑

i=1

1∑
αi=0

C1,α

∫
Dn

∫
Dn

uαλα

[
n∏

i=1

(m + 1)(1− uiλi)
m−1

]
S∗Kλ(u)dudλ

= (m + 1)n

n∑
i=1

1∑
αi=0

C1,α

n∑
i=1

m−1∑
βi=0

Cm−1,β

∫
Dn

∫
Dn

uα+βλα+βS∗Kλ(u)dudλ

= (m + 1)n

n∑
i=1

1∑
αi=0

C1,α

n∑
i=1

m−1∑
βi=0

Cm−1,β

〈
S(uα+β), uα+β

〉
=

(
m + 1

m

)n n∑
i=1

1∑
αi=0

C1,αBm−1 (TuαSTuα) (0).

The proof is complete. �

Theorem 2.8. Let S ∈ L(L2
a) andm ≥ 0. Then there exists a constantC(m, n) > 0

such that

|BmS(z)−BmS(w)| ≤ C(m,n)‖S‖ρ(z, w).

Proof. We will prove this theorem by induction onm. If m = 0, (1.1) implies

|B0S(z)−B0S(w)| = |tr[Sz(1⊗ 1)]− tr[Sw(1⊗ 1)]|
= |tr[Sz(1⊗ 1)− SUw(1⊗ 1)Uw]|
= |tr[Sz(1⊗ 1)− SUz(UzUw1⊗ UzUw1)Uz]|.

From Lemma 2.5, the last term equals

|tr[Sz(1⊗ 1− Uφw(z)1⊗ Uφw(z)1)]| ≤ ‖Sz‖‖1⊗ 1− Uφw(z)1⊗ Uφw(z)1‖C1

≤
√

2‖S‖

2− 2

∣∣∣∣∣
〈

1,
n∏

i=1

φ′φwi (zi)

〉∣∣∣∣∣
2
1/2

= 2‖S‖

[
1−

n∏
i=1

(1− |φwi
(zi)|2)2

]1/2
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where the second inequality holds by‖T‖C1 ≤
√

l(tr[T ∗T ])1/2 wherel is the rank of
T . Let λi = φwi

(zi). Since[
1−

n∏
i=1

(1− |λi|2)2

]
= 1− (1− |λ1|2)2 + (1− |λ1|2)2

[
1−

n∏
i=2

(1− |λi|2)2

]

≤ C|λ1|2 + C

[
1−

n∏
i=2

(1− |λi|2)2

]
...

≤ C max
1≤i≤n

|λi|2,

we obtain

|B0S(z)−B0S(w)| ≤ C‖S‖ρ(z, w).

Suppose|Bm−1S(z)−Bm−1S(w)| < C(m, n)‖S‖ρ(z, w). By Lemma 2.7, we have

|BmS(z)−BmS(w)|

≤
(

m + 1

m

)n n∑
i=1

1∑
αi=0

|C1,α|
∣∣∣Bm−1

(
Tφα

z
STφα

z

)
(z)−Bm−1

(
Tφα

w
STφα

w

)
(w)
∣∣∣ .

Since

Bm−1

(
Tφα

z
STφα

z

)
(z)−Bm−1

(
Tφα

w
STφα

w

)
(w)

= Bm−1

(
Tφα

z
STφα

z
− Tφα

w
STφα

z

)
(z) + Bm−1

(
Tφα

w
STφα

z
− Tφα

w
STφα

w

)
(z)

+ Bm−1

(
Tφα

w
STφα

w

)
(z)−Bm−1

(
Tφα

w
STφα

w

)
(w),

it is sufficient to show that for|αi| ≤ 1, 1 ≤ i ≤ n,∣∣∣Bm−1

(
Tφα

z
STφα

z
− Tφα

w
STφα

z

)
(z)
∣∣∣ < C(m, n)‖S‖ρ(z, w).

(1.1) gives ∣∣∣Bm−1

(
Tφα

z
STφα

z
− Tφα

w
STφα

z

)
(z)
∣∣∣

= mn

∣∣∣∣∣tr
[(

Tφα
z−φα

w
STφα

z

)
z

(
n∑

i=1

m−1∑
βi=0

Cm−1,βuβ ⊗ uβ

)]∣∣∣∣∣
≤ mn

n∑
i=1

m−1∑
βi=0

Cm−1,β

∣∣〈SzTφα
z ◦φzu

β, T(φα
z−φα

w)◦φzu
β
〉∣∣ . (2.5)
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Let λ = φw(z). Then∥∥T(φα
z−φα

w)◦φzu
β
∥∥2

2

≤
∫

Dn

|(φz ◦ φz)
α(u)− (φw ◦ φz)

α(u)|2du

=

∫
Dn

|(Uu)α − φλ(u)α|2du

≤ 2

∫
Dn

|(Uu)α + (−1)|α|+1uα|2 + |(−1)|α|+1uα + φλ(u)α|2du (2.6)

whereφw ◦φz = φλ◦U for someUu = (t1u1, · · · , tnun) and|ti| = 1 for any1 ≤ i ≤ n.
Lemma 2.5 gives that

ti =
φwi

(zi)wi − 1

1− wiφwi
(zi)

=
λiwi − 1

1− wiλi

.

If |λ| ≤ 1/2 and|w| > 1/2, we have

|ti + 1| ≤ 4|λi| ≤ 4|λ|

for any1 ≤ i ≤ n. So∫
Dn

|(Uu)α + (−1)|α|+1uα|2du ≤
∫

Dn

∣∣∣∣∣
[

n∏
i=1

[(ti + 1)ui − ui]
αi

]
+ (−1)|α|+1uα

∣∣∣∣∣
2

du

≤ C|λ|2.

Also for |λ| ≤ 1/2,

|φλi
(ui) + ui| ≤ 4|λi|

and we have∫
Dn

|(−1)|α|+1uα + φλ(u)α|2du =

∫
Dn

∣∣∣∣∣(−1)|α|+1uα +
n∏

i=1

(−ui + O(|λ|))αi

∣∣∣∣∣
2

du

≤ C|λ|2.

Thus (2.6) is less than or equal toC|λ|2. Consequently, (2.5) is less than or equal to

C(m, n)‖Sz‖|λ| = C(m, n)‖S‖ρ(z, w).

The proof is complete. �

Lemma 2.9. Let S ∈ L(L2
a) and m, j ≥ 0. If |S∗Kλ(z)| ≤ C for any z ∈ Dn and

λ ∈ Dn then(BmBj)(S) = (BjBm)(S).
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Proof. By Theorem 2.6, it is enough to show that(BmBj)S(0) = (BjBm)S(0). From
Propositions 2.3 and 2.1, we have

Bm(BjS)(0)

= (m + 1)n

∫
Dn

BjS(z)

[
n∏

i=1

(1− |zi|2)m

]
dz

= (m + 1)n(j + 1)n

×
∫

Dn

∫
Dn

∫
Dn

[
n∏

i=1

(1− |zi|2)m+j+2(1− uiλi)
j

]
Kj

z(u)Kj
z(λ)S∗Kλ(u)dudλdz.

Let

Fm,j(u, λ) =

[
n∏

i=1

(1− uiλi)
j

]∫
Dn

[
n∏

i=1

(1− |zi|2)m+j+2

]
Kj

z(u)Kj
z(λ)dz.

ThenFm,j(u, λ) =
∑l

i=1 Hi(u)Gi(λ) whereHi andGi are holomorphic functions and
for somel ≥ 0. Thus, we only need to showFm,j(λ, λ) = Fj,m(λ, λ) for λ ∈ Dn. The
change of variables implies

Fm,j(λ, λ) =

[
n∏

i=1

(1− |λi|2)j

]∫
Dn

[
n∏

i=1

(1− |zi|2)m+j+2

]
|Kj

λ(z)|2dz

=

[
n∏

i=1

(1− |λi|2)j

]∫
Dn

[
n∏

i=1

(1− |φλi
(zi)|2)m+j+2

]
|Kj

λ(φλ(z))|2|kλ(z)|2dz

=

[
n∏

i=1

(1− |λi|2)m

]∫
Dn

[
n∏

i=1

(1− |zi|2)m+j+2

]
|Km

λ (z)|2dz

= Fj,m(λ, λ)

as desired. �

Lemma 2.10.For anyS ∈ L(L2
a), there exists a sequence{Sα} satisfying|S∗

αKλ(u)| ≤
C(α) for anyu ∈ Dn andλ ∈ Dn such thatBm(Sα) converges toBm(S) pointwise.

Proof. SinceH∞ is dense inL2
a and the set of finite rank operators is dense in the ideal

K of compact operators onL2, the set{
∑l

i=1 fi ⊗ gi : fi, gi ∈ H∞} is dense in the
idealK in the norm topology. SinceK is dense in the space of bounded operators onL2

a

in strong operator topology, (2.4) gives that for anyS ∈ L(L2
a), there exists a finite rank

operator sequencesSα =
∑l

i=1 fi⊗ gi such thatBm(Sα) converges toBm(S) pointwise
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for somefi, gi in H∞. Also, for l ≥ 0, for suchSα =
∑l

i=1 fi ⊗ gi, we have

|S∗
αKλ(u)| =

∣∣∣∣∣
l∑

i=1

(gi ⊗ fi)Kλ(u)

∣∣∣∣∣
=

∣∣∣∣∣
l∑

i=1

〈Kλ(u), fi(u)〉 gi(u)

∣∣∣∣∣
≤

l∑
i=1

|fi(λ)||gi(u)|

≤
l∑

i=1

‖fi‖∞‖gi‖∞ ≤ C(α).

The proof is complete. �

Proposition 2.11.LetS ∈ L(L2
a) andm, j ≥ 0. Then(BmBj)(S) = (BjBm)(S).

Proof. Let S ∈ L(L2
a). Then Lemma 2.10 implies that there exists a sequence{Sα}

satisfying|S∗
αKλ(u)| ≤ C(α), henceBm(BjSα)(z) = Bj(BmSα)(z) by Lemma 2.9.

From Proposition 2.3 and (1.1), we know

Bm(BjSα)(z) =

∫
Dn

(BjSα) ◦ φz(u)dνm(u)

and‖(BjSα) ◦ φz‖∞ ≤ C(j, n)‖S‖. Also, (BjSα) ◦ φz(u) converges to(BjS) ◦ φz(u).
ThereforeBm(BjSα)(z) converges toBm(BjS)(z). By the uniqueness of the limit, we
have(BmBj)(S) = (BjBm)(S). �

Proposition 2.12. Let S ∈ L(L2
a) and m ≥ 0. If B0S(z) → 0 as z → ∂Dn then

BmS(z) → 0 asz → ∂Dn.

Proof. We use the standard duality result [6] that

T ∗ = L(L2
a)

whereL(L2
a) is the space of all bounded operators on the Bergman spaceL2

a(D
n). The

duality pairing is

〈Y, X〉 = tr(Y X).

SupposeB0S(z) → 0 asz → ∂Dn. Then we will prove thatSz → 0 asz → ∂Dn in
theT ∗-topology. Suppose it is not true. Since forz ∈ Dn,

‖Sz‖ ≤ ‖S‖,

we see that{Sz : z ∈ Dn} is a compact subset ofL(L2
a) in theT ∗-topology. Then for

some net{wα} ∈ Dn and an operatorV 6= 0 in L(L2
a), there exists a net{Swα} such

thatSwα → V aswα → ∂Dn in theT ∗-topology, hencetr[SwαT ] → tr[V T ] for any
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T ∈ T . Let T = kλ ⊗ kλ for fixedλ ∈ Dn. Then Theorem 2.6 implies

tr[SwαT ] = tr[Swα(kλ ⊗ kλ)]

= 〈Swαkλ, kλ〉
= B0Swα(λ)

= (B0S) ◦ φwα(λ) → 0

aswα → ∂Dn. Sincetr[V T ] = B0V (λ) andB0 is one-to-one mapping,V = 0. This
is the contradiction. ThusSz → 0 asz → ∂Dn in theT ∗-topology. (1.1) finishes the
proof of this proposition. �

3. COMPACT RADIAL OPERATORS

In this section first we will give a criterion for operators approximated by Toeplitz
operators with symbol equal to theirm-Berezin transforms. Theorem 3.7 extends and
improves Theorem 2.4 in [16] and will be used to characterize compact radial operators
in the Toeplitz algebra. We will show an example that the result in the theorem is sharp
on the polydisk by the end of this section.

From Proposition 1.4.10 in [13], we have the following lemma.

Lemma 3.1. Supposea < 1 anda + b < 2. Then

sup
z∈Dn

∫
Dn

dλ∏n
i=1(1− |λi|2)a|1− λizi|b

< ∞.

This lemma gives the following lemma.
Let 1 < q < ∞ andp be the conjugate exponent ofq. If we takep > 3, thenq < 3/2.

Lemma 3.2. Let S ∈ L(L2
a) and p > 3. Then there existsC(n, p) > 0 such that

h(z) =
∏n

i=1(1− |zi|2)−2/3 satisfies∫
Dn

|(SKz)(w)|h(w)dw ≤ C(n, p)‖Sz1‖ph(z) (3.1)

for all z ∈ Dn and ∫
Dn

|(SKz)(w)|h(z)dz ≤ C(n, p)‖S∗
w1‖ph(w) (3.2)

for all w ∈ Dn.

Proof. Fix z ∈ Dn. Since

Uz1 =

[
n∏

i=1

(|zi|2 − 1)

]
Kz,

we have

SKz =

[
n∏

i=1

(|zi|2 − 1)−1

]
SUz1 =

[
n∏

i=1

(|zi|2 − 1)−1

]
(Sz1 ◦ φz)

n∏
i=1

φ′zi
.
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Thus, lettingλ = φz(w), the change of variables and (2.2) imply∫
Dn

|(SKz)(w)|dw∏n
i=1(1− |wi|2)2/3

=
1∏n

i=1(1− |zi|2)

∫
Dn

|(Sz1 ◦ φz)(w)||kz(w)|∏n
i=1(1− |wi|2)2/3

dw

=
1∏n

i=1(1− |zi|2)2/3

∫
Dn

|Sz1(λ)|∏n
i=1(1− |λi|2)2/3|1− λizi|2/3

dλ

≤ ‖Sz1‖p∏n
i=1(1− |zi|2)2/3

(∫
Dn

dλ∏n
i=1(1− |λi|2)2q/3|1− λizi|2q/3

) 1
q

.

The last inequality comes from Holder’s inequality. Since2q/3 < 1, Lemma 3.1 implies
(3.1).

To prove (3.2), replaceS by S∗ in (3.1), interchangew andz in (3.1) and then use the
equation

(S∗Kw)(z) = 〈S∗Kw, Kz〉 = 〈Kw, SKz〉 = SKz(w) (3.3)

to obtain the desired result. �

Lemma 3.3. LetS ∈ L(L2
a) andp > 3. Then

‖S‖ ≤ C(n, p)

(
sup
z∈Dn

‖Sz1‖p

)1/2(
sup
z∈Dn

‖S∗
z1‖p

)1/2

whereC(n, p) is the constant of Lemma 3.2.

Proof. (3.3) implies

(Sf)(w) = 〈Sf, Kw〉

=

∫
Dn

f(z)(S∗Kw)(z)dz

=

∫
Dn

f(z)(SKz)(w)dz

for f ∈ L2
a andw ∈ Dn. Thus, Lemma 3.2 and the classical Schur’s theorem finish the

proof. �

Lemma 3.4. Let Sm be a bounded sequence inL(L2
a) such that‖B0Sm‖∞ → 0 as

m →∞. Then

sup
z∈Dn

|〈(Sm)z1, f〉| → 0 (3.4)

asm →∞ for anyf ∈ L2
a and

sup
z∈Dn

|(Sm)z1| → 0 (3.5)

uniformly on compact subsets ofDn asm →∞.

Proof. To prove (3.4), we only need to have

sup
z∈Dn

∣∣〈(Sm)z1, w
k
〉∣∣→ 0 (3.6)
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asm →∞ for any multi-indexk.
Since

Kz(w) =
∞∑

|α|=0

[
n∏

i=1

(αi + 1)

]
zαwα, (3.7)

we have

B0Sm(φz(λ)) = B0(Sm)z(λ)

=

[
n∏

i=1

(1− |λi|2)2

]
∞∑

|α|=0

∞∑
|β|=0

[
n∏

i=1

(αi + 1)(βi + 1)

] 〈
(Sm)zw

α, wβ
〉
λ

α
λβ

whereα, β are multi-indices.
Then for any fixedk and0 < r < 1,

∫
rDn

B0Sm(φz(λ))λ
k∏n

i=1(1− |λi|2)2
dλ

=
∞∑

|α|=0

∞∑
|β|=0

[
n∏

i=1

(αi + 1)(βi + 1)

] 〈
(Sm)zw

α, wβ
〉 ∫

rDn

λ
α+k

λβdλ

= r2n+2|k|

〈(Sm)z1, w
k
〉

+
∞∑

|α|=1

[
n∏

i=1

(αi + 1)

] 〈
(Sm)zw

α, wα+k
〉
r2|α|

 .

SinceSm is bounded sequence, we have∣∣〈(Sm)z1, w
k
〉∣∣

≤ r−2n−2|k|

∣∣∣∣∣
∫

rDn

B0Sm(φz(λ))λ
k∏n

i=1(1− |λi|2)2
dλ

∣∣∣∣∣+
∞∑

|α|=1

[
n∏

i=1

(αi + 1)

]
‖Sm‖‖wα‖‖wα+k‖r2|α|

≤ r−2n−2|k|‖B0Sm‖∞
∫

rDn

|λk|∏n
i=1(1− |λi|2)2

dλ + C

∞∑
|α|=1

r2|α|,

hence, by assumption

lim sup
m→∞

sup
z∈Dn

|
〈
(Sm)z1, w

k
〉
| ≤ C

∞∑
|α|=1

r2|α|.

Letting r → 0, we have (3.6).
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Now we prove (3.5). From (3.7), we get

|(Sm)z1(λ)| = | 〈(Sm)z1, Kλ〉 |

≤
∞∑

|α|=0

[
n∏

i=1

(αi + 1)

]
|〈(Sm)z1, w

α〉| |λα|

≤
l−1∑
|α|=0

[
n∏

i=1

(αi + 1)

]
|〈(Sm)z1, w

α〉|+
∞∑

|α|=l

[
n∏

i=1

(αi + 1)

]
‖Sm‖‖wα‖|λα|

for z ∈ Dn, λ ∈ rDn andl ≥ 1. Since the second summation is less than or equals to

∞∑
j=l

(j + 1)n/2
∑
|α|=j

[
n∏

i=1

(
αi + 1

j + 1

)1/2
]
|λα| ≤

∞∑
j=l

(j + 1)n/2(n + j)!

n!j!
rj,

for any ε > 0, we can find sufficiently largel such that the second summation is less
thanε. Thus, (3.6) implysupz∈Dn |(Sm)z1| → 0 uniformly on compact subsets ofDn

asm →∞. �

Lemma 3.5.Let{Sm} be a sequence inL(L2
a) such that for somep > 3, ‖B0Sm‖∞ → 0

asm →∞,

sup
z∈Dn

‖(Sm)z1‖p ≤ C and sup
z∈Dn

‖(S∗
m)z1‖p ≤ C

whereC > 0 is independent ofm, thenSm → 0 asm →∞ in L(L2
a)-norm.

Proof. Lemma 3.3 implies

‖Sm‖ ≤ C(n, p)

(
sup
z∈Dn

‖(Sm)z1‖p

)1/2(
sup
z∈Dn

‖(S∗
m)z1‖p

)1/2

≤ C(n, p),

hence, Lemma 3.4 gives

sup
z∈Dn

|(Sm)z1| → 0 (3.8)

uniformly on compact subsets ofDn asm →∞.
Here, for3 < s < p, Holder’s inequality gives

sup
z∈Dn

‖(Sm)z1‖s
s ≤ sup

z∈Dn

∫
Dn\rDn

|(Sm)z1(w)|sdw + sup
z∈Dn

∫
rDn

|(Sm)z1(w)|sdw

≤ C sup
z∈Dn

‖(Sm)z1‖s
p(1− r)(1−s/p) + sup

z∈Dn

∫
rDn

|(Sm)z1(w)|sdw

and (3.8) implies the second term tends to0 asm →∞. Also, the first term is less than
or equals toCs(1−r)(1−s/p) which converges to0 asr goes to1. Consequently, Lemma
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3.3 gives

‖Sm‖ ≤ C(n, s)

(
sup
z∈Dn

‖(Sm)z1‖s

)1/2(
sup
z∈Dn

‖(S∗
m)z1‖s

)1/2

≤ C(n, s)

(
sup
z∈Dn

‖(Sm)z1‖s

)1/2

→ 0

where the last inequality holds by‖‖s ≤ ‖‖p. �

Corollary 3.6. LetS ∈ L(L2
a) such that for somep > 3,

sup
z∈Dn

‖Sz1− (TBmS)z1‖p ≤ C and sup
z∈Dn

‖S∗
z1− (TBm(S∗))z1‖p ≤ C, (3.9)

whereC > 0 is independent ofm. ThenTBmS → S asm →∞ in L(L2
a)-norm.

Proof. Let Sm = S − TBmS. Then Proposition 2.11 and Theorem 2.8 imply

B0(Sm) = B0S −B0(TBmS) = B0S −B0(BmS) = B0S −Bm(B0S)

which tends uniformly to0 asm →∞, hence‖B0(Sm)‖∞ → 0. Consequently, Lemma
3.5 finishes the proof. �

Theorem 3.7.LetS ∈ L(L2
a). If there isp > 3 such that

sup
z∈Dn

‖T(BmS)◦φz1‖p < C and sup
z∈Dn

‖T ∗
(BmS)◦φz

1‖p < C (3.10)

whereC > 0 is independent ofm, thenTBmS → S asm →∞ in L(L2
a)-norm.

Proof. By Corollary 3.6, we only need to show that (3.10) implies (3.9). Since

T(BmS)◦φz = (TBmS)z

and
T ∗

(BmS)◦φz
= TBmSz

= TBm(S∗
z ) = T(Bm(S∗))◦φz ,

it is sufficient to show that
sup
z∈Dn

‖Sz1‖p < ∞.

By Lemma 3.3, we get

‖TBmS‖ ≤ C(n, p)

(
sup
z∈Dn

‖TBmS◦φz1‖p

)1/2(
sup
z∈Dn

‖T ∗
BmS◦φz

1‖p

)1/2

< C

whereC is independent ofm, hence writingSm = S − TBmS, we have‖Sm‖ ≤ C
whereC is independent ofm. Also, the proof of Corollary 3.6 implies‖B0Sm‖∞ → 0
asm →∞.

Let f be a polynomial with‖f‖q = 1. Then Lemma 3.4 implies

sup
z∈Dn

|〈(Sm)z1, f〉| → 0

asm →∞. Thus, for anyε > 0 andz0 ∈ Dn, we have

| 〈Sz01, f〉 | ≤ sup
z∈Dn

| 〈(Sm)z1, f〉 |+ | 〈(TBmS)z01, f〉 | ≤ ε + C
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for sufficiently largem, whereC is independent ofm. Sinceε is arbitrary, we get

sup
z∈Dn

‖Sz1‖p < ∞

as desired. �

A radial operatorS on L2
a is a radial operator if it is diagonal with respect to the

orthonormal base{
∏n

i=1

√
αi + 1zα : α ∈ Nn}. DefineUf(w) =

(∏n
j=1 eiθj

)
f(Uw)

for f ∈ L2
a whereUw = (eiθ1w1, . . . , e

iθnwn). ThenU is a unitary operator onL2
a.

Clearly, forS ∈ L(L2
a), S is a radial operator iffSU = US for anyU .

If S ∈ L(L2
a), the radialization ofS is defined by

S] =

∫
T n

U∗SUdθ

where the integral is taken in the weak sense. ThenS] = S if S is radial andU-
invariance ofdθ shows thatS] is indeed a radial operator.

If f ∈ L∞ andg, h ∈ L2
a then

〈U∗TfUg, h〉 =

∫
Dn

f(w)Ug(w)Uh(w)dw

=

∫
Dn

f(U∗w)g(w)h(w)dw.

ThusU∗TfU = Tf◦U∗ and

U∗Tf1 · · ·Tfl
U = Tf1◦U∗ · · ·Tfl◦U∗

for f1, . . . , fl ∈ L∞, l ≥ 0.

Lemma 3.8. LetS ∈ L(L2
a) be a radial operator. Then

TBm(S) =

∫
Dn

Swdνm(w).

Proof. Let z ∈ Dn. By (1.1) and Lemma 2.5, we obtain

B0

(∫
Dn

Swdνm(w)

)
(z) =

〈(∫
Dn

Swdνm(w)

)
z

1, 1

〉
=

∫
Dn

〈UzUwSUwUz1, 1〉 dνm(w)

=

∫
Dn

〈
Uφz(w)V

∗
t SVtUφz(w)1, 1

〉
dνm(w)



18 KYESOOK NAM AND DECHAO ZHENG

whereVt is in Lemma 2.5. SinceS is a radial operator, Theorem 2.6, Proposition 2.3
and Proposition 2.11 imply that the last integral equals∫

Dn

〈
Uφz(w)SUφz(w)1, 1

〉
dνm(w) =

∫
Dn

B0S ◦ φz(w)dνm(w)

= BmB0S(z)

= B0BmS(z)

= B0(TBm(S))(z).

SinceB0 is one-to-one mapping, the proof is complete. �

Theorem 3.9. Let S ∈ T(L∞) be a radial opeartor. ThenS is compact if and only if
B0S ≡ 0 on∂Dn.

Proof. SupposeB0S ≡ 0 on ∂Dn. ThenBmS ≡ 0 on ∂Dn by Proposition 2.12, hence
TBmS is compact for allm ≥ 0.

Let

Q =

∫
T n

Tf1◦U∗ · · ·Tfl◦U∗dθ

with f1, . . . , fl ∈ L∞ for somel ≥ 0. ThenQ ∈ L(L2
a). By Lemma 3.8, for any

z ∈ Dn, we have

T(Bm(Q))◦φz =

∫
Dn

((Q)z)wdνm(w)

=

∫
Dn

∫
T n

Tf1◦U∗◦φz◦φw · · ·Tfl◦U∗◦φz◦φwdθdνm(w).

Consequently,

‖T(Bm(Q))◦φz‖ ≤ C(l)‖f1 ◦ U∗ ◦ φz ◦ φw‖∞ · · · ‖fl ◦ U∗ ◦ φz ◦ φw‖∞
= C(l)‖f1‖∞ · · · ‖fl‖∞.

Similarly, we have

‖T ∗
(Bm(Q))◦φz

‖ ≤ C(l)‖f1‖∞ · · · ‖fl‖∞.

Thus, Theorem 3.7 gives that

TBm(Q) → Q (3.11)

in L(L2
a)-norm.

SinceS ∈ T(L∞), there exists a sequence{Sk} such thatSk → S in L(L2
a)-norm

where eachSk is a finite sum of finite products of Toeplitz operators. Since the radial-
ization is continuous andS is radial,S]

k → S] = S. From Lemma 3.8, we have

‖TBmS‖ =

∥∥∥∥∫
Dn

Swdνm(w)

∥∥∥∥ ≤ ∫
Dn

‖Sw‖dνm(w) = ‖S‖.
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Thus

‖S − TBmS‖ ≤ ‖S − S]
k‖+ ‖S]

k − TBm(S]
k)‖+ ‖TBm(S]

k) − TBmS‖

≤ 2‖S − S]
k‖+ ‖S]

k − TBm(S]
k)‖

and (3.11) implyTBm(S) → S asm →∞ in L(L2
a)-norm, henceS is compact.

The other direction is trivial. �

Example. This example shows that the number3 in Theorem 3.7 is sharp. We show
that there is a bounded operatorS onL2

a such that

sup
z∈Dn

max{‖T(BmS)◦φz1‖3, ‖T ∗
(BmS)◦φz

1‖3} < ∞,

and for eachm ≥ 0, Bm(S)(z) → 0 asz → ∂Dn, butS is not compact onL2
a.

Let S be defined onL2
a by

S

 ∞∑
|α|=0

aαwα

 =
∞∑
l=0

a(2l,0,··· ,0)w
2l

1 .

It is clear thatS is a self-adjoint projection with infinite-dimensional range. ThusS is
not compact onL2

a. Since

SKz(w) = S

 ∞∑
|α|=0

(
n∏

i=1

(αi + 1)

)
z̄αwα

 =
∞∑
l=0

(2l + 1)z̄2l

1 w2l

1 ,

we have

B0(S)(z) = 〈Skz, kz〉

=

(
n∏

i=1

(1− |zi|2)2

)
∞∑
l=0

(2l + 1)(|z1|2)2l

.

It is easy to see thatB0(S)(z) → 0 asz → ∂Dn. By Proposition 2.12, we see that
Bm(S)(z) → 0 asz → ∂Dn. This gives thatTBm(S) is compact. HenceTBm(S) does not
converge toS in the norm topology.

Now we show

sup
z∈Dn

‖Sz1‖3 < ∞.

For z ∈ Dn, we know

(Uz1)(w) =
n∏

i=1

(|zi|2 − 1)
1

(1− z̄iwi)2

=

(
n∏

i=1

(|zi|2 − 1)

)
∞∑

|α|=0

(
n∏

i=1

(αi + 1)

)
z̄αwα.
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Thus we get

(SUz1)(w) =

(
n∏

i=1

(|zi|2 − 1)

)
∞∑
l=0

(2l + 1)z̄2l

1 w2l

1 ,

hence

(Sz1)(w) = (UzSUz1)(w) =

(
n∏

i=1

(1− |zi|2)2

(1− ziwi)2

)
∞∑
l=0

(2l + 1)z̄2l

1 (φz1(w1))
2l

.

By change of variablesw = φz(λ), we obtain

‖Sz1‖3
3 =

(
n∏

i=1

(1− |zi|2)2

)∫
Dn

(
n∏

i=1

|1− z̄iλi|2
)∣∣∣∣∣

∞∑
l=0

(2l + 1)(z̄1λ1)
2l

∣∣∣∣∣
3

dλ

≤ 4n

(
n∏

i=1

(1− |zi|2)2

)∫
D

∣∣∣∣∣
∞∑
l=0

(2l + 1)(z̄1λ1)
2l

∣∣∣∣∣
3

dλ1 < C

where the last inequality holds by means of the Zygmund theorem on gap series [17], it
was proved in [11]. SinceS∗

z = Sz, we have

C = sup
z∈Dn

max{‖Sz1‖3, ‖S∗
z1‖3} < ∞.

Clearly,S is a radial operator. By Lemma 3.8, we have

T(BmS)◦φz1 =

∫
Dn

(Sw)z1dνm(w)

=

∫
Dn

Sφz(w)1dνm(w)

=

∫
Dn

Sλ1dνm ◦ φz(λ).

Noting that for eachz ∈ Dn, dνm ◦ φz is a probability measure onDn, we have

‖T(BmS)◦φz1‖3 ≤
∫

Dn

‖Sλ1‖3dνm ◦ φz(λ) ≤ C.

Similarly, we also have
‖T ∗

(BmS)◦φz
1‖3 ≤ C.
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[15] D. Súarez, Approximation and symbolic calculus for Toeplitz algebras on the Bergman space, Rev.

Mat. Iberoamericana 20 (2004), no. 2, 563–610.
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