COMPACT OPERATORS ON BERGMAN SPACES

JIE MIAO AND DECHAO ZHENG

ABSTRACT. We prove that a bounded operator S on L% for p > 1 is com-
pact if and only if the Berezin transform of S vanishes on the boundary
of the unit disk if S satisfies some integrable conditions. Some estimates
about the norm and essential norm of Toeplitz operators with symbols
in BT are obtained.

1. INTRODUCTION

Let dA denote the normalized Lebesgue area measure on the unit disk D.
For 0 < p < o0, let LP denote LP(D,dA) and let ||u||, denote the usual LP
norm of u in LP. The Bergman space L5 with 1 < p < oo is the Banach
space consisting of all analytic functions on D that are also in LP.

Let P be the projection from L? onto its closed subspace L2. P is an
integral operator represented by

PG = [ M sdAw),

for each z € D and h € L?. For f € L', the Toeplitz operator with symbol
f is defined by

f(w)u(w)
Tru(z) = P(fu)(z) = 5 md/l(w),
for any bounded analytic function u on D. Clearly, T is densely defined on
LY.
For z € D, let ¢, be the analytic map of D onto D defined by

Z—w

pa(w) = 1—zw’
For z € D, let U, be the operator defined by U, f = (f o ¢,)¢.,. Clearly, U,
is a unitary operator on L? and a bounded operator on L} for p > 1. For S
a bounded operator on L%, define S, by S, = U,SU,. Let ||S||, denote the
operator norm on L.

For z € D, let K, € L? denote the Bergman reproducing kernel of L2.
As is well known,

1

(1—zw)?’
Let k. denote the normalized reproducing kernel. Thus k., = (1 — |2|?)K, is

also in L% for p > 1. For S a bounded operator on L} for 1 < p < oo, the
1

K, (w) =
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Berezin transform of S is the function S on D defined by

S(z) = (Sks, k=),

<u,v):/DuvdA

whenever uv € L'. Let f denote ﬁ and let

BT ={f¢ L' Il fllsT = sup m(z) < 00}
zeD

where

On the Hardy space, bounded Toeplitz operators arise from bounded
symbols and there are no nontrivial compact Toeplitz operators [5]. In
the Bergman space setting, however, there are lots of nontrivial compact
Toeplitz operators [12]. In fact, Sarason [12] first constructed a nonzero
compact Toeplitz operator T’ such that f? = 1. Some unbounded symbols
induce bounded Toeplitz operators and even compact Toeplitz operators.
The problem to determine when a Toeplitz operator is bounded on the
Bergman spaces is still open. Axler and the second author [3] showed that a
Toeplitz operator with bounded symbol is compact on the Bergman space LZ
if and only if the Berezin transform of the symbol vanishes on the boundary
of the unit disk. Moreover they showed that if S equals a finite sum of finite
products of Toeplitz operators with bounded symbols, then S is compact on
L2 if and only if S(z) — 0 as z — dD.

A common intuition is that for operators on the Bergman spaces ” closely
associated with function theory”, compactness is equivalent to having van-
ishing Berezin transform on the boundary of the unit circle. Our main results
will show that this intuition is correct if ”closely associated with function
theory” is interpreted to integrable conditions on those operators (Theorem
1). Moreover, we will show that the integrable conditions are sharp by ex-
amples on the Bergman space L2. As a consequence, we will show that if on
the Bergman space L} for p > 1, an operator equals a finite sum of finite
products of Toeplitz operators with symbols in BT, the operator is compact
if and only if the Berezin transform of the operator vanishes on the boundary
of the unit disk (Theorem 3). Some estimates about the norm and essential
norm of Toeplitz operators with symbols in BT are obtained.

Throughout the paper we use p’ to denote the conjugate of p, i.e. (1/p)+
(1/p') =1, for 1 < p < oo, and use p; to denote min{p,p’}. The main
results of the paper are stated as follows.

Theorem 1. Suppose 1 < p < oo and S is a bounded operator on L such
that

sup ||S:1||m < oo, sup [[SE1]|m < 00
z€D z€D

for some m > 3/(p1 —1). Then S is compact on LY if and only if S(z) — 0
as z — 0D.



COMPACT OPERATORS ON BERGMAN SPACES 3

In contrast to Lemma 3.2 of [3], we state a special case of Theorem 1 as
the following theorem. We will show that the number 3 in Theorem 2 can
not be further reduced in general in Section 3.

Theorem 2. Suppose S is a bounded operator on LZ such that

sup ||S:1|m < 00, sup ||SZ1|m < 00
zeD z€D

for some m > 3. Then S is compact on L% if and only if S’(z) — 0 as
z— 0D.

In this paper, we will show that if f is in BT, then T is bounded on the
Bergman spaces L} for p € (1,00). The following theorem, which will be
shown later as an easy consequence of Theorem 1, extends the main result
of [3], where p is assumed to be 2 and all symbols are assumed to be in L.
We will provide a concrete example to show that L°° is properly contained
in BT in Section 3 for reader’s convenience.

Theorem 3. Suppose 1 < p < 0o and suppose S is a finite sum of operators
of the form Ty, ---Ty,, where each fj € BT. Then S is compact on LY if
and only if S(z) — 0 as z — 9D.

In particular, for f € BT, T} is compact on L? if and only if the Berezin
transform of f vanishes on the unit circle dD. In [17] it was obtained that

if f € BMO!, i.e.,

P

sup|f — F(2)|(2) < o0,

then 7T is compact on the Bergman space L? if and only if f (z) vanishes on
the unit circle. From the above definition of BMO!, it is clear that if f is in
BMO! and f is in L™, then f is in BT.

2. CARLESON MEASURES AND THE BEREZIN TRANSFORM

The Berezin transform of a bounded operator on the Bergman space L2
contains a lot of information about the operator. It is one of the most
useful tools in the study of Toeplitz operators. Another useful tool is Car-
leson measures on Bergman spaces. The characterization of boundedness
and compactness of a positive Toeplitz operator on the Bergman spaces ap-
pears in terms of Carleson measures first in [10] and in terms of the Berezin
transform first in [16]. For more about Carleson measures, see [2], [8], and
[16].

For z, w € D, the distance in the Bergman metric on the unit disk is
given by a0

1 1+ |- (w
P = 5 o T )
Let D(z) denote the Bergman metric disk with center 2 and radius 3.
Thus
D(z)={we D: p(w,z) <1/2}.
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For du a positive Borel measure on D, let
i) = [ k) du)

denote the Berezin transform of du. For ¢ € 9D and r € [0, 1), let

1-— 1—
S(C’T):{Z€D3T<|Z|<1,argC—274<argz<arg(:+ 2T}

denote the Carleson square.

Throughout the paper we say that two nonnegative quantities )7 and
Q2 are equivalent if there are positive constants Cy and Cy independent of
variables under consideration such that

C1Q1 £ Q2 < CaQ1.

We use C to denote a positive constant whose value may change from line
to line, but does not depend on variables under consideration.
The following result is well known. See [9] and [16] for example.

Lemma 1. Suppose du is a positive Borel measure on D and 1 < p < oo.
Then the following four quantities are equivalent:

(a) Sup{fD |fIPdp/ fD |fPdA: f € Lo};

(b) sup{(D(2))/A(D()) : = € D};

(c) sup{(S(C, ) JA(S(C,1) : ¢ € DD, € [0, 1)};

(d) sup{fi(z) : z € D}.

Furthermore, the constants of equivalence depend only on p.

A positive Borel measure du is called a Carleson measure on D if one of
(a), (b), (c), and (d) in Lemma 1 is finite.
Lemma 1 implies the following result.

Lemma 2. Suppose f € L'. Then f € BT if and only if | f| dA is a Carleson
measure on D.

Lemma 3. Suppose 1 < p < co and f € BT. Then Ty is bounded on L%
and there is a constant C' such that ||T¢||, < C| f||BT-

Proof. Tt is well known that the dual of L% is L¥ (see [2]). For u € L¥ and
v € LY, by Holder’s inequality
[(Tyu, v)| = [(fu,v)]

< [ Afllullo] A
D

1/ 1y
< ([ raptsiaa) " ([ i)

Thus Lemmas 1 and 2 give

[(Tru, v)] < CllflIrllullpllvfly-
This shows that T is bounded on Lf and ||T%||, < C||f||lsr- O
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The following lemma is Proposition 6.1.8 of [15].

Lemma 4. Suppose f € L' and z € D. Then f/oxgp/z = fop,.

Lemma 5. Suppose 1 < p < oo and z € D and suppose f € BT. Then
Ttop, is bounded on LY and there is a constant C independent of z such that

[ Trop. lp < CllflIBT-

Proof. According to Lemma 3, |Toy, ||p < C||f o .| BT. By Lemma 4

If o @zllBr = sup |f o p.|(w) = sup [f|(¢z(w)) = || fllBr-
weD weD
This finishes the proof of the lemma. ([l

Lemma 6. If S is a finite sum of operators of the form Ty, ---Ty,, where
each f; € BT, then

sup [|S:1]|, < oo, sup [|S;1]], < oo
zeD z€D

for every p € (1,00).

Proof. Without loss of generality we may assume that S = T}, ---T},. For
€ (1,00), by Lemma 5

19:1lp = 1Th0p. -+ Thuop. Ulp < CllfrllBr - - [ fallBr-
Clearly each f; € BT and || f;|lsT = || fjl|pT- Thus

1521y = 1T 0. Top. Hlp < Cllf1llT - - | fnllBT-
This finishes the proof of the lemma. O

3. EXAMPLES

In this section we will give two concrete examples. The first one will show
that L®° is properly contained in BT. The second one is more interesting
and will show that the hypothesis of Theorem 2 is in a way optimal.

Example 1. We can use a radial function f(z) = f(|z|) for z € D. For
r€0,1), z€[1—1/2"11—1/2%) for some k = 1,2, -, define

2k if 1 —1/2F 1 <o <1 —1/2F 1 4 (1/2F)%;
flx) = .
0, otherwise.

Clearly f is not in L*°. To show that f € BT, we will use Lemma 1 (c) and
Lemma 2. For ¢ € 9D and r € [0,1), it is easy to see that

(1=r)/2 2
A(S /sds/ d9>(1 r”
27
Thus

1 2 1
m /S(Cﬂ") F(2) dA(z) < 1—r /T f(s)ds
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For r € [0,1), assume 1 —1/2"71 < r < 1—1/2" for some n = 1,2,---.

Thus
1 1
/ f(s)dsg/ f(s)ds
r 1-1/2n-1
oo 1—-1/2%
=Y [ s
oo J 11281
_ i 1_2
- 9k = on’
k=n
Therefore
2 /lf( Jds < 2712 — 4
=), TWE=T TS

showing that f dA is a Carleson measure, and hence f € BT.
Example 2. This example shows that the number 3 in Theorem 2 is
sharp. We show that there is a bounded operator S on L2 such that

sup ||S:1||3 < oo, sup ||S;1]|s < oo,
zeD z€D

and S(z) — 0 as z — 9D, but S is not compact on L2. )
The following operator S was constructed in [3] to show that S(z) — 0
as z — 0D, but S is not compact on L2. Let S be defined on L2 by

(o) (o]

n

S E a,w" | = E agmw?" .
n=0 n=0

It is clear that S is a self-adjoint projection with infinite-dimensional range.
Thus S is not compact on L2. From

S(z) = (Sks, k)

= [|S-|3
= (1= 22> @+ 1)(12)™,
n=0

it is easy to see that S'(z) —0as z— 0D.
In order to show that

sup [|S.1]|s < oo,
zeD
we need the following well-known result due to Zygmund [18].

Lemma 7. Suppose 0 < p < oo and z = re'? with r = |z|. Then the
following two quantities are equivalent:

o | 00 P 1/p
(a) (/ Zan22" d@) ;
0 n=0
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00 1/2

(b) <Z|an‘2r2n+1> '
n=0

Furthermore, the constants of equivalence depend only on p.

For z € D, it is easy to see that

o0

(U:1)(w) = (|2 = 1) Y (n+1)(zw)".

n=0

Thus

o0

(SUD)(w) = (|2 = 1) Y (2" + 1) (zw)*".

n=0
It follows that

(S.1)(w) = (U, SU.1)(w) = LY Zml (w))?"

(1 —zw)?
Make the substitution w = ¢,(\) and use the identities
A= p(w)

1 1-2)
1—zw 11— |z

Aww) = o 0 240 = S B aagy

to obtain

5.1 = /D 1(5:1) (w)[* dA(w)

o 3
:(1—\z|2)2/ 1= 2P 3@+ 1)ENT| dA).
D n=0
Thus
1 p27m | o om
1S.1|5 < 4(1 — \z\2)2/ / 2(2 +1)(zre')?" | db dr.
0 Jo n=0

By Lemma 7, there is a constant C' such that

1 /0o 3/2
I < 00— PP <Z<2" v 1>2<rz|r>2"“> @
0

n=0
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For z € [0,1), we have

1 (o)
(RSP

k=0
co 2ntl

2> >, (et
n=0k=2"+1
> 1

>3 on(2n +2)2”"
n=0

1 & 1
=570 4+ 1)222
QZ

Thus

1 dr
S.13 <20(1 — 222/ —
H HS ( ’ ‘) 0 (1—‘Z|T‘)3

If |z| < 1/2, then clearly ||S,||3 is bounded. If |z| > 1/2, then
1—|z))"2 -1
113 < 2001 - 1P R <50

This shows that sup,cp ||S:1]|3 < oc.
Since S} = S, we also have sup,p ||Si1||3 < oo.

4. SOME ESTIMATES

See Lemma 4.2.2 of [15] for the following lemma. Some special cases of
the lemma can be found in [1].

Lemma 8. Suppose a <1 and a+b < 2. Then

Ssu / dA(A) < 00
en o =Pt —zap =%

The following lemma is an extension of Lemma 3.2 of [3].

Lemma 9. Suppose 0 < a < 1 and 1 < s < min{l/a,2/(2 —a)}. Then
there exists a constant C' such that z'fS is a bounded operator on L2, then

[(SK>)(w)| CllS:Alls
. = a4 = T
for all z € D and

(S CllSullls
2 J, T 4= T

for allw € D.



COMPACT OPERATORS ON BERGMAN SPACES 9

Proof. To prove (4.1), fix z € D. We have

SU1 U.S.1  ((S.1)0p.)e,’
SK, = = =
|22 =1 |2]2 -1 22 =1

where the second equality comes from the definition of S,, and the third
equality comes from the definition of U,. Thus

| 1(5.1) (s (w))] |02/ ()
/1—\w| 14w = | 1—rw\> dAw).

In the last integral, make the substitution w = ¢, () to obtain

| _ 1 (S:)()
/1—m| (w_ﬂﬂ%WAﬂ—MWM—a%%MW'

Applying Holder’s inequality to the integral on the right-hand side above,
we get

[(SKz)(w)] 1821l dA(N) 1/s
/ 1- |w‘ ( ) = (1 — |Z’2)a </D (1 — ‘)\‘2)(18’1 _ Z/\|25—2as> :

Thus (4.1) follows from Lemma 8. To prove (4.2), replace S by S* in (4.1),
interchange w and z in (4.1) and then use the equation

(4.3) (S*Ky)(2) = (S*Ky, K,) = (K, SK,) = (SK.)(w)
to obtain the desired result. O

The proof of Lemma 9 also implies the following lemma.

Lemma 10. Suppose 1 < p < o0 and 0 < o < min{l/p,1/p'}. Suppose
s < min{l/ap,2/(2 — ap)} and t < min{l/ap’,2/(2 — ap’)}. Then there
exists a constant C such that if S is a bounded operator on L2, then

p (1= |w)e? T (L= [z
for all z € D and
[l ) o LSl

p (L=[z)*” B
for allw € D.

If S is a bounded operator on L% for some p € (1,00), then (4.3) still
holds. Thus we can replace the assumption that S is a bounded operator on
L? by that S is a bounded operator on L% for some p € (1,00) in Lemmas 9
and 10.

We give a simple application on operator norms. The following Schur’s
test is well known (see Theorem 3.2.2 of [15]).
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Lemma 11. Suppose 1 < p < oo and K(z,w) is a measurable function on
D x D. If there are a nonnegative function h(z) and constants C1 and Co
such that

/ K (2,0) |1(2)? dA(2) < Cah(uw)?
for almost every w € % and
/D K (2 0) [h(w)? dA(w) < Crh(=)
for almost every z € D, then the integral operator defined by

/f K (2, w) dA(2)

is bounded on LP and |T||, < (C1)Y/P(Cy)Y/7".
Proposition 1. Suppose 1 < p < oo and S is a bounded operator on L%. If

Cy = sup ||S:1||m < 0o, Co =sup||S;1||m < oo
ze€D zeD

for some m > 3/(p1 — 1). Then there is a constant C such that
1S, < C(C)P(C) 7.
Proof. For f € Lk and w € D, we have
(SF)(w) = (Sf, Ku)

— (5" K)
/ F(2) (8 KW) () dA(2)
(4.4) — /D F()(SK.)(w) dA(2),

where the last equation follows from (4.3).
To finish the proof, we just need to find the right test function h(z) and
apply Schur’s test. Choose h(z) = 1/(1 — |2|*)%, where
_2(m—1)
3p1

It is easy to see that 0 < a < min{1/p,1/p’}. It also follows from a simple
computation that
: 3/(4—p), ifp<2
1/ap,2/(2 — —
min{l/ap,2/(2 ~ap)} {3/2, ifp>2.
Thus
min{1/ap, 2/(2 — ap)} > 3/(4 - p1).
Similarly we can show that

min{1/ap’,2/(2 — ap)} > 3/(4 — p1).
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Let s = m/. Then m = s’. Since m > 3/(p1 — 1), then s < 3/(4 — p1). The
conclusion of the proposition now follows from Lemmas 10 and 11 (using
s =t =m' in Lemma 11). O

5. PROOF OF MAIN RESULTS

In order to prove our main results, we need three more lemmas.
See [14] for the following lemma.

Lemma 12. Suppose 1 < p < oco. Then
(a) | K|, is equivalent to (1 — |2|)=%/?" for all z € D.
(b) K./|K.|lp — 0 weakly in Ly as z — 9D.

See Ex. 7 on Page 181 of [4] for the following lemma.

Lemma 13. Suppose 1 < p < oo and K(z,w) is a measurable function on
D x D such that

/

/D</D|K(z,w)|PdA(w)>p_1dA(z)<oo_

Then the integral operator T defined by

Tfw) = [ FOKGEw)aA)
18 compact on LP.

To write the Berezin transform S(z) precisely we will need a power series
formula for the Berezin transform of a bounded operator S on L2. From the
definition of the reproducing kernel we get

o0

ko(w) = (1= [2*) Y (m+1)7mw™

m=0

for z,w € D. To compute S(z), which equals (Sk., k), first compute Sk,
by applying S to both sides of the equation above, and then take the inner
product with k., again using the equation above, to obtain

(5.1) S =011 3 (m+1)(n+ 1)(Sw™, w)z""

m,n=0

Lemma 14. Suppose S is a bounded operator on L% for some p € (1,00)
such that

sup [|S:1|m < oo
zeD

for some m > 1. Then g(z) — 0 as z — OD if and only if for every
€ [1,m), ||S:1]|s — 0 as z — 9D.
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Proof. Suppose that for every t € [1,m), ||S.1| — 0 as z — 9D. In partic-
ular, ||S,1||; — 0 as z — 9D. Thus
|5(2)] = (S:1, 1) < ||S:1]s — 0
as z — 0D. R
Suppose that S(z) — 0 as z — 9D. Fix ¢t € [1,m). We will show that
|S:1]|: — 0 as z — 9D.
Forze D, 3;m=0,1,---, we have
|(Szw!, w™)| = [(SU.w, Usw™)]
= (1= [2)?[(S[w 0 p: K], 0™ 0 9. K))|
< (1= [2P)2[1Sllpllw’ 0 o B |lpllw™ 0 g2 Kl
< (1= [PUS ol K llpl Ky
< C[Sllp,

where the first inequality comes from Holder’s inequality and the last in-
equality comes from Lemma 12 (a). The second inequality follows from

w0 s <1

and
[w™ o .| <1
for all 7 and m on D.

First we show that (S,1,w™) — 0 as z — 0D for every nonnegative integer
n. If this is not true, then there is a sequence z; € D such that

(Sz. L, w"™) — aop
as |zx| — 1 for some nonzero constant ag, and some n > 1. We have showed

that |(S,w’,w™)| is uniformly bounded for z € D and j,m = 0,1,---.
Without loss of generality we may assume that for each j and m

<Szkwjvwm> — Ajm
for some constant aj,.
For z, A € D, we have
(5:2) S(p=(\) = 8:(0) = (1= AP)? D (G +Dm+ 1) (Ssw?,w™NA™,
7,m=0
where the second equality comes from (5.1).
_ For each A € D, it is easy to see that ¢., (A\) — 0D as z — dD. Thus
S(pz,(A)) — 0 as 2z, — 0D for each A € D. Replacing z by 2, in (5.2) and
taking the limit as z, — 0D for (5.2), we get
(L= AP? 37 G+ D(m+ Dag¥A™ =0

7,m=0
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for each A € D (note that the interchange of limit and infinite sum is justified
by the fact that for each fixed A € D, the power series of (5.2) converges
uniformly for z € D). Let

FO) =D G+ D0m+DajmNA™.
7,m=0
Then f(\) =0 for all A € D. This gives
om o
ot | ©=0

for each j and m. On the other hand, we have

om ol

o

for each j and m. In particular, ag, = 0. This is a contradiction. Hence we
obtain

f] (0) = (G + Dl(m + Dl)ajm

lim (S.1,w™) =0.

z—0D
For A € D, we have
(S.D(A) =D (n+1) < S.1,w" > A"
n=0

It is clear that for each fixed A € D, the power series above converges
uniformly for z € D. This gives

g ()00 =0

for each A € D. Thus

. t
i (S 1A =0

for each A € D. Let s =m/t. Then s > 1. Thus
[ IS DOFAA) = [8.1]5% < sup .11 < .
D zeD
This implies that {|S,1|'}.cp is uniformly integrable. By Exercise 10 (Vi-

tali’s Theorem) or Exercise 11 on pages 133-134 of [11],
li S.1|: = 0.
Jim S22
This completes the proof of the lemma.

Proof of Theorem 1.
If S is compact on L%, then by Lemma 12 (b),

<SKZ/”K2Hpv KZ/HKZHP/> —0

as z — 0D. By Lemma 12 (a), it is easy to see that S(z) is equivalent to
(SKL /|| K |lp, K2/ || K |p) for z € D. Thus S(z) — 0 as z — 0D.
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Suppose that S(z) — 0 as z — dD. By Lemma 14 we have that ||S,1[|; —
0 as z — 90D for every t € [1,m). We will show that S is compact on L.
Fix ¢ such that 3/(p1 — 1) < t < m in the rest of the proof.

For f € LL and w € D, we have from (4.4)

- / F(2)(SK.)(w) dA(2).
D

For 0 < r <1, define an operator S|, on LY by

(5.3) (i ) (w / F(2)(SK) (w) dA(=).

In other words, S|, is the integral operator with kernel (SK)(w)x;p(2).
We will use Lemma 13 to show that S|} is compact on LY. Let

/ </ |(SE) (w)xrp (2 )IpdA(w)>p/_1 dA(2).

By Lemma 12 (a)

I / (/ySK w)|P dA(w ))pl dA(2)

< s / Il aA)

< ClISTy /,«D TEPRE

< 0.

Thus S} is compact on LL. Hence to prove that S is compact, we only need
show that [.S — Spll, = 0asr —17.
If r € (0,1), then S — Sy, is the integral operator with kernel

(SKZ)(w)XD\rD(Z)a

as can be seen from (4.4) and (5.3). The proof of Proposition 1 indicates
that [|S — Spyll, < C(C1)YP(C)M¥, where

C1 = sup{||S.1]|s : r < |z| < 1}, Co = sup{||S:1|s: z € D}.

We have showed above that ¢y — 0 as r — 17. The hypothesis of the
theorem gives that Cy < co. Thus ||S — Spl[, — 0 as 7 — 17, completing
the proof. O
Proof of Theorem 3.
Suppose S is a finite sum of operators of the form 1%, ---TY, , where each
f; € BT. By Lemmas 3 and 6, we have that S is bounded on L} for
1 <p<oo,and

sup [|S:1||m < 0o, sup ||Si1]|m < oo
z€D zeD

for all 0 < m < 0o. Hence Theorem 3 follows from Theorem 1.
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6. NORMS OF TOEPLITZ OPERATORS

In this section, we consider the norm and essential norm of a Toeplitz
operator Ty on L2 for f € BT. For z € D, we have

(Ty):1=P(fog.), (TF)sl=P(foe.)

I1P(f o we)lla = [[Trkzll2, 1P(f o @2)lla = 1 TFkzll2-

See [13] for the identities above. For a bounded operator S on L2, let ||S||
denote ||.S||2 in this section.
In [6], Englis showed that neither

ITylle < Climsup |f(z)] ¥/ € L=(D,dA)
z—0D

nor

1Tl < C sup [f(z)]  VfeL¥(D,dA)
zE

can hold for any constant C. Here ||T}||c denotes the essential norm of the
Toeplitz operator Ty defined by

|T¢le = nf 1Ty — K],

where K is the set of compact operators on L2. Later, Nazarov told us that
the inequality

1Tl < ngg | Trksll2 Vf € L®(D,dA)

cannot hold for any constant C. In this section we will obtain some estimates
of the norm and essential norm of Toeplitz operators. To get those estimates
we need the Bloch space B and two lemmas.

The Bloch space B is defined by

B = {f analytic on D : sup(1 — |z|*)|f'(2)| < oo}.
z€D

The Bloch space can be made into a Banach space by the norm
1 £ll5 = 1£(0)] + sup(L — [z[*)] f'(2)]-
zeD

The following lemma is a consequence of the Li and Luecking result [7]
that the Bergman projection P is bounded from BMOP for p > 1 onto the
Bloch space B. We present a simple proof here.

Lemma 15. Suppose f € BT. Then P(f) € B. Moreover there is a constant
C such that

1Pl < Cllfllsr
for all f € BT.
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Proof. Let z € D. An easy calculation gives
[P()]"(2) =6 < fwKZ? >
Thus —
(L =[P ()] < 6 < |, [w]*[k=* >< 6]£](2).
So

sup(1 — [2[%)2|[P(f)])"(2)] < 6sup|f](z) = 6] f][sr-
zeD zeD

By Theorem 5.1.5 in [15], P(f) € B and ||P(f)||5 is equivalent to
[P(H)O) + [PAI'(0)] + jgg(l — [2P2IP(H) ().

Note B
P(£)(0) = £(0),
and .
[P(£)]'(0) = 2wf(0).
Thus the above estimate gives
I1P(F)lls < ClI )]+ 2[£](0) + 6] f]|Br]
< 9C|| fllBT

for some constant C', independent of f. This gives the desired result. O

Lemma 16. Suppose g € B and 3 < m < 5. Then there is a constant C
such that o5 ;
lgllm < Cllgliz ™™ lglly”™ ™"

Proof. Write m = 3+¢ for some 0 < € < 2. Let s = 2/(2—¢€). Then s’ = 2/e.
Holder’s inequality gives

/|g ‘mdA /‘g 2 e)+(1+26)dA( )

4@wmqubmw%mwri

Since g € B, then by the proof of Theorem 1 in [1]

1
l9(w) = 9(0)] < llgllslog T— ]

Thus we have

1
< log— +1].
9(0)] < gl [log 10 +1

Since log(1/1 — |w|) is in LP for every p € (0, 00), this gives that

1/s
{/wmw““%mw] < Cllgls,
D
where C' is independent of g. This leads to
126m 2/sm 2—(5/m 5/m)—1
lgllm < CllglS T2 ™19l ™ = gl ™ g ™
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and completes the proof. O
Theorem 4. For each t € (0,2/3), there is a constant C' such that
I1Tll < Clsup | Tyks |2 sup | T5k 2]/
zeD zeD
and
Iy lle < Cllimsup || Tyks |2 Lim sup | Tk 2]
z—0D z—0D
for all f € BT with || f|pr < 1.

Proof. For g € L? and w € D, we have

Trg)w) = [ aG)TFR) ) dA:).
For t € (0,2/3), let m = 5/(t + 1). It is clear that 3 < m < 5. Proposition
1 gives
Ty || < Clsup [[P(f 0 2)llm sup [|P(f 0 ¢2)lm] />
z€D z€D

For 0 <r <1and 0 < s <1, define an operator K|, on L? by

(Kpg)w) = [ )T (w) dAC).
and an operator KJ,) s on L? by
(K[ 519) (w) = XsD(w)/ 9(2)(T5 K ) (w) dA(z).
D\rD

As in the proof of Theorem 1, both K[,; and K|, [ can be showed to be
compact on L2.

Ifr, s € (0,1), then Ty — K|;) — K[, 5 is the integral operator with kernel

(T7 K.)(w)Xp\rp(2)XD\sD(W)-

The proof of Proposition 1 indicates that || Ty — K, — K[ (o] l| < Crn(C1)Y2(Co) Y2,
where
C1 = sup{||P(fow:)|lm : 7 < |2| < 1}, C2 = sup{[|P(fopw)|lm : s < |w] < 1}.
We have showed

ITflle < Conllimsup [ P(f © 92 o lim sup [ P(F 0 02) ] /2.
z—0D z—0D
To finish the proof it suffices to show that there is a constant C such that

IP(f 0 @:)llm < ClITrk:ll3, 1 P(f o @2)llm < ClITpf kI3

for all f € BT with || f||pr < 1. For f € BT, by Lemma 15, P(fop,) € B
and

|P(foe)lls <C|foe:lsr = Cl flBT-



18

JIE MIAO AND DECHAO ZHENG

For f € BT with ||f|jgr < 1, Lemma 16 gives

1P(f 0 @:)llm < CIP(F 0 02)ll ™ IIP(f 0 :) 157
< CIf I NP (S 0 @) IS ™
< C|P(f o)l
= C||Tyk- 5.

Similarly, we have ||P(fo@.)|lm < C||T7k.|| and the proof is now complete.
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