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ABSTRACT. We prove strong convergence to singular limits for a linearized fully
inhomogeneous Stefan problem subject to surface tension and kinetic under-
cooling effects. Different combinations of ¢ — o9 and § — &g, where o,09 > 0
and d,dp > 0 denote surface tension and kinetic undercooling coefficients re-
spectively, altogether lead to five different types of singular limits. Their strong
convergence is based on uniform maximal regularity estimates.

1. Introduction. The aim of this note is to consider the fully inhomogeneous
system

Oy —cAw = f inJ xR
wE —dAp+60p = g onJxRY
Op + [cOy(v—apg)] = h onJ xR, (1)
v(0) = vy in R**L,
p(0) = po inR",

which represents a linear model problem for the two-phase Stefan problem subject
to surface tension and kinetic undercooling effects. Here

vt z,y), y>0

) t7 m, — _ ) ) 3 3

( y> { v (t,x,y), y<0a

denotes the temperature in the two bulk phases RY™ = {(z,y); 2 € R*, +y > 0},

and we have set R"*! = Rt UR™™! and J = (0,7). The function p appearing in

the boundary conditions describes the free interface, which is assumed to be given

x €R™ yeR\ {0}, t e
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as the graph of p. We also admit the possibility of two different (but constant)
diffusion coefficients c4 in the two bulk phases. The parameters o and ¢ are related
to surface tension and kinetic undercooling. The function pg is an extension of p
chosen suitably for our purposes. Here it is always determined through

(O —cA)pr = 0 in J x R+
Ve = p . omJ xR, 2)
pp(0) = e W=AI% 5 in RrHL

Using this notation, let [¢d, (v — pg)] denote the jump of the normal derivatives
across R™, that is,

[cdy (v — pp)] i= c170y (vF — pf) — c-70, (v — ),
where v denotes the trace operator. The coefficient a is supposed to be a function

of § and o, that is, ax : [0,00)% = R, [(6,0) + a+(6,0)]. Tt is further assumed to
satisfy the conditions

ax € C([0,00)* R), a+(0,0) > 0. (3)

Recall from [10] that the introduction of the additional term ‘apg’ with ayx > 0
in the situation of the classical Stefan problem is motivated by the following two
facts: for suitably chosen a (depending on the trace of the initial value and 9y, pg)
it can be guaranteed that a certain nonlinear term remains small for small times.
On the other hand, the additional term ‘apg’ is exactly the device that renders
sufficient regularity for the linearized problem. Note that, concerning regularity,
this additional term is not required if surface tension or kinetic undercooling is
present. However, in order to obtain convergence in best possible regularity classes
for the limit 0,6 — 0, we keep the term ‘apg’ in all appearing systems. Since
the data may (in general even must; see Remark 1) depend on o and § as well,
a is a function of these two parameters. The natural and necessary convergence
assumption (10) then implies that we can assume that ax € C([0,00)2, R). This
continuity will be important in deriving maximal regularity estimates for related
boundary operators; see the proof of Proposition 1.

The results of this paper on system (1) represent an essential step in the treatment
of singular limits for the nonlinear Stefan problem on general geometries. This will
be the topic of a forthcoming paper.

To formulate our main results, let W7 (R"), s > 0, p € (1, 00), denote the Sobolev-
Slobodeckij spaces, cf. [15] (see also Section 2). Depending on the presence of
surface tension and/or kinetic undercooling we obtain different regularity classes
for p, the function describing the evolution of the free interface. To formulate this
in a precise way we define for J = (0,7T) and §,0 > 0,

E3(0,0) = {p € E3(0,0) : lolles.1.0) + olollez 01y < o0} (4)
equipped with the norm
I+ lz2.5,0) == I lle2.0,0) + Il - ll£2.(1,0) + @l - [I£2.(0,1) (5)
and where
EF(0,0) == W3/2 /20 (J, Ly(R™) N W (J, Wy =P (R™) 0 Ly (J WP (R™),
E3-(1,0) := Wy 2P (J, Ly(R™) N W, (J, W~ /P (R™)),
E3(0,1) := W2/271/20(J, Ly (R™)) N W20 (J W2(R™)) N Ly (J, WA= /P (R™)),
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equipped with their canonical norms. For the different values of § and o (i.e.,
0d=0=0,0ord>0and 0 =0,0r 6 =0and o >0, or § and o > 0) we obtain four
different regularity classes for p. This leads to the following five types of singular
limits for problem (1):

( ) o) = (0,0), 6,0>0,
o) = (60,0), for g > 0 fixed,
o) — (0,09), for op > 0 fixed,
(4) (6,0) = (0,0),
(5) (0,0) = (0,0).
Our main result, Theorem 1.2, covers convergence results for all these limits.
In the sequel

©,
o,
3) (4,
o,

(2)
)
)
)

1, t>0,
sg(t) == 0, t=0,
-1, t<0,

will denote the sign function. Our first main result is on maximal regularity. Here
we refer to Section 2 for the definition of the space of data Fr(d,0). The essential
difference to corresponding results in previous publications is the uniformness of the
estimates with respect to the parameters § and o.

Theorem 1.1. Let 3 < p < oo, R, T > 0, 0 < 0,0 < R, and suppose that
a = a(d,0) is a function satisfying the conditions in (3). There exists a unique
solution

(v, . p5) = (0, p0 ) € B (6, 0)
for (1)=(2) if and only if the data satisfy

(fvgahvv0ap0) EFT(67U)7 (6)
g = 0 Bapo+ 8 (h0) = [19y (o — ae M= po)]) = g(0),  (7)

and, if § =0, also that
a(h(0) — [erdywo]) € W~ O/P(R™). (8)

Furthermore, the solution satisfies the estimate
||(’U, P pE)HET((S,O') < C (”(fa g, h, vo, PO)”FT(O,O) + (5 + U)HPOHW;—SM(RH)

+ l|2(0) = [e9Dyvol lyy2-0/n g ) (9)

where the constant C > 0 is independent of (8, 0) € [0, R]%.
Our main result on convergence of singular limits is
Theorem 1.2. Let 3 < p < oo, RT >0,0< 6 <6< R,0<0¢ <0 <R,
and a = a(d,0) be a function satisfying the conditions in (3). Set p := (d,0),
to := (00,00), and Iy := [do, R] X [00, R]. Suppose that

((fua gua hM’ Ug’ pg))HEIo C FT(M)
and that the compatibility conditions (7) and (8) in Theorem 1.1 are satisfied for
each i € Iy. Furthermore, denote by (vt pt, plt) the solution of (1)—(2) given

in Theorem 1.1 that corresponds to the parameter p = (§,0) € Iy. Under the
convergence assumptions that

(fu7gu7huvvg7pg) — (fuo Ho huo UO apo ) in FT(MO)v (10)
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and, if 6o = 0, that
o ((0) — [eyd,vh]) = 00 (h(0)"° — [eyd,ofe]) in W2S/P(R™) (11
and, if 6 = 09 =0 and § > 0, also that
(+0)ph =0 in Wi 3/P(R") (12)
on the data, we obtain strong convergence of the solution, i.e., we have that

(v, pt, plg) = ("0, p"°, ) in B (po). (13)

Remark 1. (a) Note that for § > 0 condition (8) follows automatically from
condition (7).

(b) Conditions (10) and (12) for the last component are obviously satisfied for a
fixed initial interface in W4 3/p(R"), Le., if we assume pjj = pg € W4 3/’)(R") for
all € Iy. But observe that, due to condltlon (7), it is not possible to fix vy as well.

(¢) In analogy to (a) note that for 4y > 0 assumption (11) follows automatically
from (7) and (10). Also observe that in the case § = §y = o9 = 0 condition (12)
follows automatically from conditions (7) and (10).

(d) In the case 60 = o9 = 0 conditions (11) and (12) express that ||p}]| and
|h(0)* — [vOyvE]|| might blow up in W,?*B/p (R™) and ngG/p (R™) respectively, but
slower than ¢ and J tend to zero. This seems to be natural in view of the fact that
we do not have p{"" = p(00|,_g € W, *?(R") and

h(0)©0) — [eydy o] = 0up 0] 1=g € WZO/P(R™)
from the regularity of solutions in the situation of the classical Stefan problem.

The Stefan problem is a model for phase transitions in liquid-solid systems that
has attracted considerable attention over the last decades. We refer to the recent
publications [5, 10, 11, 13, 12] by the authors, and the references contained therein,
for more background information on the Stefan problem.

Previous results concerning singular limits for the Stefan problem with surface
tension and kinetic undercooling are contained in [1, 16]. Our work extends these
results in several directions: we obtain sharp regularity results (for the linear model
problems), we can handle all the possible combinations of singular limits, and we
obtain convergence in the best possible regularity classes.

Our approach relies on the powerful theory of maximal L,-regularity, H>-func-
tional calculus, and R-boundedness, see for instance [2, 8] for a systematic intro-
duction.

2. Maximal regularity. First let us introduce suitable function spaces. Let Q C
R™ be open and X be an arbitrary Banach space. By L,(€2; X) and Hy($; X), for
1 < p<ooands € R, we denote the X-valued Lebegue and the Bessel potential
space of order s, respectively. We will also frequently make use of the fractional
Sobolev-Slobodeckij spaces W5 (2; X), 1 <p < oo, s € R\ Z, with norm

0% y
lgllws @ = lolly o + O ( / ” leW 90l g, d> (14)

|al=[s] @
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where [s] denotes the largest integer smaller than s. Let T' € (0, 00] and J = (0, 7).
We set

{ue Wy (J,X) :u(0) =u'(0) =...= u®)(0) = 0},
S e . 1 1
oWy (J, X) = ¢ if k+p<s<k+1+p,keNu{0},
Wy (J, X), if s<%.

The spaces oHj(J, X) are defined analogously. Here we remind that HY = W} for
k€Z and 1 < p < oo, and that W = B, for s € R\ Z. We refer to [14, 15] for
more information.

Before turning to the proofs of our main results, we add the following remarks
on the linear two-phase Stefan problem (1) and the particularly chosen extension
pr determined by equation (2).

Remark 2. (a) (1)—(2) constitutes a coupled system of equations, with the func-
tions (v, p, pr) to be determined. We will in the sequel often just refer to a solution
(v, p) of (1) with the understanding that the function pg also has to be determined.

(b) Suppose p € Wp ™ /?(J, L,(R™)) N L, (J, W2~ P(R™)) and po € W2 */P(R") is
given such that p(0) = pg. Then the diffusion equation (2) admits a unique solution

pir € WA, LP(R™1) 1 L, (1, W2(R").
This follows, for instance, from [5, Proposition 5.1], thanks to
1 .
e*‘y‘(lwa)po c WZ?*Z/p(RnJrl).

(¢) The solution pg(t,-) of equation (2) provides an extension of p(t,-) to R*1,
We should remark that there are many possibilities to define such an extension.
The chosen one is the most convenient for our purposes. We also remark that we
have great freedom for the extension of py.

Let T € (0,00] and set J = (0,7). By Fr we always mean the space of given
data (f, g, h,vo, po), i.e., Fr is given by

Fr = F% x F2. x T3 x F7. x F3.(6, 0),
where

IE‘lT = Lp(Ja L:D(Rn+1)),

F7 = W, V2P(J, Ly(R™) N Ly(J, W, /P (R™),
Ff = W27V (J, Ly (R™)) N Ly (J, W~ /P (R™))
F; = W2 2/P@R")

]F5T(57U) - W;—2/p+sg(6+a)(2—1/p)(Rn).

Analogously, we denote by Er the space of the solution (v, p, pg). As was already
pointed out in the introduction, we have, depending on the values of § and o, four
different types of spaces. For this reason we set

Er(5,0) = EL x EZ(6,0) x EY. (6,0 > 0),

with
Ep = W(J, LP(R™)) N L, (J, W2 (R™ 1)),
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and with E2.(d,0) as defined in (4) and equipped with the parameter dependent
norm given in (5). Note that then the norm in Ep(d, o) is given by

10, p, pE)EL(5.0) = (Vs 25 PE) B (0,0) + OllPllE2.(1,0) + O llPllE2.0,1)
for (v, p, pr) € Er(d,0). For fixed 4,0 > 0 by interpolation it can be shown that
E7.(6,0) = Wy~ /2P(J, Ly(R™)) N Ly, (J, Wy~ /P(R™))

in the sense of isomorphisms. We remark that E2.(§, o) is the correct regularity class
for the free surface if both, surface tension and kinetic undercooling are present.
The space EZ4(0,0) or E2(5,0) is the proper class if just surface tension or just
kinetic undercooling, respectively, is present. Finally, E2.(0,0) is the correct class if
both of them are missing, i.e., E%(0,0) is the regularity class in the situation of the
classical Stefan problem.

The corresponding spaces with zero time trace at the origin are denoted by oF%.,
oEL, oEZ(4,0), and so on, that is,

oFF = oW, V2P(J, L, (R™) N Ly(J, Wy~ /P(R™)) or
oEr = oW, (J, LP(R™1) N Ly(J, Wy (R™)),
for instance. Moreover, we set
oFr = Fr x oF7 x oFF,
OET((S, 0') = OE%“ X QE%«((S, O') X OE%“

2.1. Zero time traces. We will first consider the special case that

(h(0)7 9(0)7 Vo, PO) = (07 07 07 0)
This allows us to derive an explicit representation for the solution of (1)—(2).
Theorem 2.1. Letp € (3,00), T,R >0,0<6,0 <R, and set J = (0,T). Suppose
that
(fa g, h) € O]FT

and that the function a = a(d,0) satisfies the conditions in (3). Then there is a
unique solution

(U7p7 pE) = (Uﬂapuap%) € OET(57 0)
of (1)=(2) satisfying
(v, p, pE)oEr (5,0) < CII(f> 9, Pl oFr (15)

with C > 0 independent of the data, the parameters (6,0) € [0, R]?, and T € (0, Ty]
for fixed Ty > 0.

Proof. (i) In order to be able to apply the Laplace transform in ¢, we consider the
modified set of equations

(O +Kk—cAu = f in(0,00) x R*H1,
yut — A+ +rk)m = g on(0,00) xR,
(0 + k) + [ev0y(u —anp)] = h on (0,00) x R", (16)
w(0) = 0 in R,
n0) = 0 inR",
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and )
(0 +k—cApe = 0 in (0,00) x R**1
’yng = 17 on (0,00) x R", (17)
ne(0) = 0 inR"H,

for the unknown functions (u,7n,7g) and for a fixed number x > 1 to be chosen
later. We claim that system (16)—(17) admits for each (f,g,h) € ¢Fs a unique
solution

(ua 7, 77E) € 0Eoo (6a U)
satisfying inequality (15) in the corresponding norms for T = oo.
(ii) In the following, the symbol " denotes the Laplace transform w.r.t. ¢ combined
with the Fourier transform w.r.t. the tangential space variable . Applying the two
transforms to equation (17) yields

W2 cO)TEly) = 0, yek,
{ ) = i, (18)

where we set

w = w\[ELy) = VA+E+cy)lEP,
wr = wir(N€]) = VA+Kr+ L€
with ¢(y) = cx for (£y) > 0. Equation (18) can readily be solved to the result
Mi(y) = ¢ Vi, (19)
Next, applying the transforms to (16) we obtain

(w? —coDaly) = fly), yeR,
W (0) + ol + oA+ R)) = g, (20)
A+ k)i + [cdy (@ — anp)(0)] = h.

By employing the fundamental solution
B 1
N 2w:|:‘ /C+

of the operator (w} — c+07), we make for 4= the ansatz

ki (y,s) : (e*wi\y*SI/\/@ _ efwi(y%)/\/@)’ y,s>0

it (y) = / ke (4, 5)FH (s)ds — 9/ VET (o€ 1+ 6(A + m)i — §), ¥ > 0, (21)

i (y) :/0 k- (=y.5)f " (=s)ds — YV (o€ + 5N+ r)i) — §), ¥ <O0.

A simple computation shows that

1 [ N w
9,47 (0) = — e Wt/ VEE FH(8)ds + ——(a|€|*H + S\ + k) — § and
) = [ e N s S e+ 00+ 07 9)
1 [ N w_
0 - —w_s/\[e= f—(_ W 2.4 L
0,i"0) = —— [ e F(as = Stoea 00+ 07— ).

Inserting this and the fact that %@i(O) = :F%ﬁ in the third line of (20) yields
1 /. oo . oo .
= (" - [ e s = [ e v o sgas
0 0 (22)
+Veqwig + \/Cwﬁ)
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with
m\ €)= A4 r+ P+ 60N+ k) (Verws (A [€) + vetw_ (A )
+agy/Erwr (A [€]) + aye—w (A [€]). (23)

(iii) In order to show the claimed regularity for the Laplace Fourier inverse of the
representation (&, 7)) we first show regularity properties of the symbols involved. To
this end let us introduce the operators that correspond to the time derivative and
the Laplacian in tangential direction. Let r,s > 0 and
F.Ke{H W}
Then by KC; we either mean the space H, or the space W;. On the space oF (R,
IC5(R™)) we define
Gu=0w, ueZ(G)=oF, " (Ry,KC5(RM)), (24)

and

Dyu=—Au u€ Z(Dy) =oF, Ry, KiT(R™)),
that is, D,, denotes the canonical extension to oF, (R, C5(R™)) of —A in KCj(R™).
Note that

G € RH™(oFL(Ry, K5(R™)))  with ¢&™ =1/2 (25)
and

Dy, € RH®(0F}(Ry, K5(R™)))  with ¢ =0, (26)
i.e. both, G and D,, admit an R-bounded H*>°-calculus with RH>-angle (;Sg’oo =
/2 and gf)g’:o = 0, respectively. Recall that an operator A admits an R-bounded
H>°-calculus with RH*>°-angle qﬁj’oo, if it admits a bounded H*°-calculus and if

R({h(A) b€ H¥(S,), [l < 1}) < o

for each ¢ > ¢§’°°, where R(T) denotes the R-bound of an operator family T C
L(X) for a Banach space X, see [2, 8] for additional information.

The inverse transform of the occuring symbols can formally be regarded as func-
tions of G and D,,. We first consider the symbol w.. The corresponding operator
is formally given by

Fi=(G+k+ceD,)2 (27)
Lemma 2.2. Let 1 <p < oo andr,s > 0. Then we have that
Fy: 9(Fy) — oF,(Ry, K(R™))
with
D(Fy) = oFy 2Ry, Ky (R™)) N o Fp (R, K HH(R™)),
is closed and invertible, where we set F = H in case 2r € N.

Proof. The assertion follows from [9, Proposition 2.9 and Lemma 3.1]. O

Next we show closedness and invertibility of the operator

L:=G+r+(0Dn+0(G+k)) (VerFy + Je—F-) +ay\/c; Fy +a_\/c_F_, (28)
associated with the symbol m introduced in (23), in the space oF, (R4, I, (R™)).
We will prove invertibility of L and derive uniform estimates with respect to the
parameters (0,0) in various adapted norms. In view of (25), (26), and by the
Theorem of Kalton and Weis [7, Theorem 4.4] it essentially remains to show the
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holomorphy and the boundedness of the symbols regarded as functions of A and |¢|?
on certain complex sectors.
In order to obtain these estimates, the following simple lemma will be useful.

Lemma 2.3. Let G C C™ be a domain. Let f1, fo : G — C be functions such that
f1(z) #0 for z € G. Then the following statements are equivalent:

m—lgfw»

(ii) There exists a co > 0 such that

1f1(2) + f2(2)| =2 co([f1(2) + [f2(2)]), 2z €@

Proof. We set

9:G= R0 = TR

which is a well defined function. Observe that (ii) is equivalent to saying that

0 ¢ g(G). By contradiction arguments it is not difficult to show that this relation
is equivalent to condition (i). O

z €@,

Remark 3. The assumption f1(z) # 0 for z € G is just for technical reasons and
can be removed.

Now we prove closedness and invertibility of L.

Proposition 1. Let 1 < p < oo, 1,8 > 0, R > 0, (§,0) € [0,R]?, and F,K €
{H,W}. Suppose that a is a function satisfying condition (3). Then there is a
number k > 1 such that

L) = oFHTEORR K(RY) NoF, (R, Ky 0 (RY))
n 0]:;+1/2(R+7 K;Hsg(a)(Rn)) N 0]:;(&” ;C;+1+2sg(o) (R™))
and L : P(L) — oF, (R4, Ky (R™)) is invertible. Furthermore,
o[|Dn (G + 1)V2L o + o | DY 2L o
+0ll(G +1)2L o + 81D/ *(G + DL o + [ L7 < €
with C' > 0 independent of (6,0) € [0, R]?, where || - ||o denotes the norm in
Z (o F (R4, K5 (R™)))
and || - ||l1 the norm in
Z (0F (R, K5 (R™)), 0F, (R, K3 (R™)) N 0F (R, K HH(R™)))

Proof. Let ¢o € (0,7/2) and ¢ € (0,¢0). By a compactness and homogeneity
argument it easily follows that

we (A, 2)]

[VA+ K+ ez
co (VI + Vi + cxv/[2]) (29)

for all (A, z,k) € Xr_yp, X Xy X [1,00) and some ¢ > 0.
In the following we let @9 € (7/3,7/2) and ¢ € (0,99 — 7/3). Note that by
condition (3) on a there exist 6*,0* > 0 and M, ¢y > 0 such that

ax(6,0) > co ((6,0) €10,0%] x [0,07]) (30)

Y]
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and
lax(6,0)| < M ((6,0) € [0, R] x [0, R)). (31)
First assume that (30) is satisfied, i.e., that (4,0) € [0,0*] x [0,0*]. Let m be as
given in (23). We consider the function
fi¥a_py X Xp x[0,0%] X [0,0%] x [1,00) = C,
(N z,0,0,k) = f(\ 2,0,0,k) :=m(\ 2) = fi(\ 2,0,0,k) + fa(N, 2,0,0,K),
with
filh z,000,8) = (A+k) [5(\/@04()\, z)+e—w_(X\2)) + 1] ,
fo(\z,0,0,k) == m(\z)— fi(\ z,0,0,K)
= oz (yeqwi(\2) +/e—w_ (A, 2))
+ay(6,0)/crwi(N 2) +a_(6,0)\/ccw_(A, 2).

Note that by our choice of the angle ¢ for (A, 2,0,0,K) € r_y, X Ly x [0,0%] X
[0,0%] x [1,00) with arg A > 0 there exists an £ > 0 such that

- 3 3
g2 T o> mgon/A Rt >~ > -0 4 T

if o > 0, and that

W;QDO >arg\/A+K+crz > 7%'

By these two estimates we see that in any case we obtain

M > argfl(AazaéaUv’{) > _g'
and
3¢ 3pg 0w
T—o > fa(A2,0,00k) > —— > ——— 4+ — +e.
2 2 2
Consequently,
27 14 fQ()‘v 2 57 g, R) 3Q00 ™ 3(7T - 500)
il - P> apg 2N 500R)  OP0 T, AT P0) _
g STty S SR~ 2 2t 2 Te

A similar argument holds for the case that (A, z,d,0,k) € E,_,, x X, x [0,0%] %
[0,0%] x [1,00) with arg A < 0. Here we obtain

™ fa(\, 2,6,0,K)
T g BRSO
3 - are fil\ z,6,0,kK) =TTe
This implies that
¢ T..0 %(zﬂ_% X 5, % [0,6°] x [0,0%] x [1,00))
1

Lemma 2.3 now yields the existence of a ¢; > 0 such that
|fl(A7 Z7 57 0.7 H) + f2(>\’ Z? 57 0-7 K:)| 2 Cl(|f]~()\7 Z? 67 0-7 I{/)‘ + |f2(A? Z7 67 O-’ H:)|)

for all (X, 2,0,0,k) € Xr_py X By, x [0,6%] x [0,0%] X [1,00). An iterative application
of Lemma 2.3 on the summands of f; and f and an application of inequality (29)
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then result in
1f (0 2, 0,6, )|
z(a“M+n+ﬂd(ﬂﬂ+v%+v€Jﬂ+ apD
+ (A + &) (M+\/E+ Verlal + c_|z|>
t+ay (VIN+VE+Ver ) +a (VIT+ VR + Ve [ |

for all (X, 2,0,0,k) € Xr_yy X Xy % [0,0%] x [0,0%] x [1,00). This implies that the
functions

- 1 m Atk m ._ﬁ m _ozVA+ R

0 - f> 1- f 3 2 - f7 3 - f )
3/2 3/2

g e sz ’ m5:_5(A+f’i), m6;_W

are uniformly bounded on X,_,, x X, x [0,0%] x [0,0%] x [1, 00).
Now consider the cases R>§ > 6*>0or R> 0 > 0" > 0. We set

g(X, 2,6,0,k) = f(A 2,0,0,K) — ay(d,0)/crwi (A 2) —a—(8,0)/c_w_(A, z).

The argumentation above shows that

1 A+k o2V/A+k 0232 S(ZN+ k)2 SN+ R)VzZ

g g g g g )

are still uniformly bounded functions and this even on X, _,, x Xy, x [0, B]? X [1, o0).
The aim now is to show that the term a4 (d,0)/cxw (A, 2) +a_(d,0)\/cw_(A, 2)
can be regarded as a perturbation of g, if x is assumed to be large enough. Indeed,
if 6 > ¢* > 0, by using (31) we can estimate

ay(9,0)\/Crwy CM |6\ +K)ws
g T A+ k| g
C C

< — <
— AN+k T Kk

for (A, 2,0,0,K) € Xr_p, X Eg X [6*,R] x [0, R] x [1,00). On the other hand, if
o > o* >0, we deduce by virtue of (29) that

a+(0,0),/cxws CM | A+ kK +ctz
g T fws] g
- kel (‘)\—i—m N 1 02\/m>
RV g o* VA + K| g
< C
RV

for (A, z,0,0,K) € Xr_yy X Xy, X [0, R] X [0%, R] x [1,00). Hence, for fixed s chosen

large enough we see that we can achieve

a4 (0,0) /crws +a_(0,0) /c_w_
g

1
< =
-2
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to be valid for (A, z,0,0) € Tr_y, X X, X [6*,R] X [0, R] or (A, 2,6,0) € Zp_yy X
Y, x [0, R] x [¢*, R]. Thus, we may represent 1/f as

1 1 <1+ a+(5,0)\/ﬁw++a_(6,a)\/cfw_>—1
fog g ’
and therefore the functions my, ..., mg are uniformly bounded for all (), z,6,0) €
Sr—po X Ny % [0, R]2.

The remaining argumentation is now analogous to the proof of Lemma 2.2. Em-
ploying (26) we obtain

R({lms0 Da8.0) |ty ey s (i) € By x DRE L) < €
for 7 =0,1,...,6. Consequently,
Im; (G, Dn, 6,0)| 2 rp®y k3@ < C ((6,0) € [0, R]?),
by virtue of (25) and [7, Theorem 4.4]. The invertibility of the operators
G+ DV G FP PR KR™Y) = o Fp(Ry, Ky(R™)),
D41 o FpRy, KT (R™Y)) = o Fp(Ry, Ky(R™)),
(see for instance Proposition 2.9 and Lemma 3.1 in [9]) then yields the assertion,
since L™! = mo(G, D,,,0,6), and by employing the fact that h — h(G) is an algebra
homomorphism from H>(X;_,,, #(X)) into Z(X) for X = oF, (R4, K, (R™))
and where
He(X):={BeZ(X):Blu—-G) ' =(u—-G)"'B, uepG)}
O

(iv) We turn to the proof of the corresponding regularity assertions in Theorem 2.1
for (u,m,ng). According to the results in [5, pages 15-16],

/0 TSIV fH(5)ds € oF3, <= fT € L,(Ry, L,(RTH)). (32)

By the same arguments we also have

/OoefF—S/\/Zf*(fs)dseolF‘; — [T e LRy, LR, (33)
0

Next, note that by Lemma 2.2 we have that
F. € Tsom(oF% , oF2). (34)
Indeed, we obtain

Fi'(oF%)

oW, VB (Ry, Ly(R™)) MW /27 V2P (R, W (R™))
N oHL 2Ry, WE=Y/P(R™)) N Ly (Ry, W2TY/P(R™))
= oF,
by virtue of the embedding
oF2, — OW;/QA/QP(R% W, (R™)) N OH;)/Z(R-H Wplfl/p(Rn))y

which is a consequence of the mixed derivative theorem. Thus all the terms inside
the brackets on the right hand side of (22) belong to the space oF2_. In the same
way as we clarified the invertibility of Fy : oF2, — oF2, by applying Lemma 2.2, we
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can see that L : oEZ (6,0) — o2, is invertible by an application of Proposition 1.
For instance, if 4,0 > 0, this follows from the embedding
OEzo(év U) — 0H2/2(R+7 Wpl_l/p(Rn)) N OW;;_I/QP(R+7 W;S(Rn))v

which is again a consequence of the mixed derivative theorem. Furthermore, Propo-
sition 1 implies the estimate

L7 2 ors 02, 0.0)) + SIL T o, om2 (1,0)) + TN LT |2 om, ok2 0,1)) < C
for 0 < §,0 < R. Altogether this gives us
[9llorz, 5,01 < C (I fller, + lgllowz, + lIRllors,) (35)

for (6,0) € [0, R]?, which yields the desired regularity for n. Observe that u now
can be regarded as the solution of the diffusion equation

(O +rk—cAu = f in (0,00) x R**1
yut = g+l —08(d+K)n on (0,00) x R™,
w(©0) = 0 in R+,

A trivial but important observation now is that this equation itself does not depend
on ¢ and o, but only the data. Therefore also the corresponding solution operator
is independent of § and o. By well-known results (see e.g. [5, Proposition 5.1]) and
in view of (35) we obtain

lullogs, < C(Iflley + lgllorz, + dlnllosz, 1.0) + ollnlloz. 0.1))
< Clf:9.Wllore (00,0 < R).

Similarly we can proceed for ng. Since it satisfies equation (17), we deduce
Inelloer, < Clinllyez, -
By virtue of oE2 (0,0) < oF% and again (35) we conclude that

Inelley, < ClI M. (0< 6,0 <R).

(v) Let Ty > 0 be fixed, and let J := (0,T) with T" < T. We set
Rj: oFr = oF,
(f.g.h) = (7" (Ef) e (Erg), e~ (ErD)),

where &; is defined as

(36)

u(t) if 0<t<T,
Eu(t) ==& put) =< uw@T —t) if T <t<2T,
0 if 2T <t.

It follows from [10, Proposition 6.1] and the fact
(e (&1, (e (Erg), e (Esh))loF < lle™ ™ IBUCr (R ) I(E1 S, Erg: E3h) 0P
that there exists a positive constant ¢y = ¢o(Tp) such that
||R§(fag7h)”0ﬂ70c SCOH(fagvh)Ho]FT ((fvg>h) eUIFT) (37)
for any interval J = (0,T) with T' < Tj.
Let (u,n,nE) € 0Es(d, o) be the solution of (16)—(17), with (f,g,h) replaced by
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(R$(f,g,h)), whose existence has been established in steps (i)—(iv) of the proof. We
note that
||(u?77a77E)||0]Eoo(5,U) < K||R§(fag7h’)|lo]Foo
< KCOH(fvgvh)”oFT
for any (f,g,h) € oFr, 0 < §,0 < R, and any interval J = (0,T) with T < Tp,
where K is a universal constant. Now, let
(/Uﬂ P pE) = (RJ<eKtu)7 RJ(eRtn)u RJ(eRtnE))

where R; denotes the restriction operator, defined by Ryw := w|; for w : Ry — X.
Then it is easy to verify that

(v,p,pE) € 0ET(d,0), (v,p,pE) solves (1)—(2) (38)
and that there is a constant M = M (Ty) such that
||(U7 P pE)HoET(&U) < M”(fa g, h’)HO]FT
for 0 < 0,0 < R, and T < Ty. Finally, uniqueness follows by a direct calculation

which is straight forward and therefore omitted here. This completes the proof. [

We proceed with convergence results for the case of zero time traces. To indicate
the dependence on the parameters § and o we label from now on the corresponding
functions and operators by p, as e.g. L, v*, where p = (4, 0).

Corollary 1. Let 1 <p < oo, R>0,0< ) <0< R, and0 <0y <o < R.
Suppose that a is o function satisfying the conditions in (3), and let L, be the
operator defined in (28) corresponding to the parameter p = (8,0). Then we have

(6 —00)L, " =0 stronly in £ (;F3,,0E2,(1,0)), (39)
(0,1)), (40)

(0 — Uo)L;l — 0 stronly in ZL(;F3,, o E2

and
L;l — L;()l stronly in L (oF>,, 0E2 (10)), (41)
as p — o, where poy = (9o, 09).

Proof. As pointed out in part (iv) of the proof of Theorem 2.1 the domain of the
operator F in oF3,_ is ¢F% . This implies that

D(FE) = oWi V2 (Ry, Ly(R™)) N Ly(Ry, Wy~ /P(R™)) = 02, (1, 1).
Now pick f € Z(F?%). From Proposition 1 we infer that

1L 2(oma, 0Bz (0,0 < C (m€[0,R]?). (42)
This yields

”(6 - 6O)L;1fH0]E?,O(1,O) < C((S - 60) (H(G + K)3/2L;1f||W;/271/QP(R+7LI](R”))

G+ WL o, wa-rr ey
< 0(5 - 5O)Hf||olEgo(1,1)
- 0 (1 — po)-

Since Z(F?) is dense in (F3,, the uniform boundedness of ||L,;"[| #(,rs, 52 () 0
p € [0, R]* (which yields uniform boundedness of (6 — do)||L,, "l (s x2.(1,0)) for
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0 € [0, R], o € [0, R]) implies (39). In a very similar way (40) can be proved. In
order to see (41) we write

Ly =Lyt = L (L= L) L)'
= L {((6 = 60)(G+ k) + (0 —00) D) (Jox Fy +/c_F_)} L,*
b L (s () — as (Ho))VETFs + (a_ () — a_ (o)) @ F_} L,
In view of L1 € Z(oF3,, 0EZ (10)) this representation shows that (41) is obtained
as a consequence of (39)-(40), and (42) in conjunction with the continuity of ay. O

Based on this result we will now prove convergence of solutions of problem (1)-(2).

Theorem 2.4. Let 3 <p<oo, RT>0,0<§ <6< R, and0 <09 <o <R.
Suppose that a is a function satisfying the conditions in (3) and that

((f*, 9", ")) neiso, R1x[00,R] € OFT.

Furthermore, denote by (v*, p*, ps) the unique solution of (1)-(2) whose existence
is established in Theorem 2.1 and that corresponds to the parameter p = (6,0).
Then, if

(fﬂ)gli’hﬂ) — (fN07gHO’hN0) mn OFT (M — /1'0)7 (43)
we have that
(U‘uv p#7 p%‘) - (Uﬂgv pﬂo’ p%‘o) in oEr (/’[’0) (/-L — ,UO)a (44)

where pg = (8o, 00). In particular, if
St (frg,h) = (V7 ", ply)
denotes the solution operator to system (1), we have that
S;l — 5;01 strongly in L (oFr, oBY x oE% (o) x oEL) (e — po).  (45)

Proof. In view of the arguments in part (v) of the proof of Theorem 2.1 the solution
(vH, p*, ps) can be represented by

(0", 0", plp) == (Ry(e™u), Ry (™ n"), Ry (e nip)), (46)

where R; denotes the restriction operator and (u*,n*,nl) is the solution of (16)—
(17) with right hand side (R§(f*,g", h*)) and RS as defined in (36). Hence we see
that it suffices to prove convergence for the vector (u*,n*, n). Clearly, (43) implies
that

(Ry(f*, 9" 1)) = (R3(f*°, g, h)) in oFee (1 = po)-

Therefore, and for simplicity, we simlpy write (f#,g", h*) for the data instead of
(RS(f*,g*, h*)) in the remaining part of the proof.
Next, recall from (22) that n* is given by

nt = L;lé“ (1 € [0, 00) X [g,00))
with
0 =ht — /we—ﬂs/ﬁ(fﬂﬁ(s)ds — /OO e s IV ()7 (—s)ds
0

0
+ /ey Figh + \Jc—F_g".
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According to (34) we know that Fi € Isom(oF2,, oF2,). This fact and relations (32)
and (33) then imply, by virtue of assumption (43), that
10— o les < O (I = ol + g — 9"l + " — B )
- 0 (1= po).

By the uniform boundedness of L[| ¢(,r3 k2 () 0 € [50,(R] X |00, R] (see
Proposition 1) and because (6 — 89)L,;* — 0 strongly in Z(oF%,E7(1,0)) and
(o0 —00)L; " —= 0 strongly in £ (oF%, E7(0,1)) (see Corollary 1) this results in

(6 —do)n* =0 in (EZ(1,0) (47)
and

(0 —oo)n" =0 in (EZ(0,1). (48)
Now, denote by

Ult : (uHﬂ?M) = (fM7gM7 hM)

the operator that maps the solution to the data corresponding to system (16). From
part (iv) of the proof of Theorem 2.1 we infer that

U, € Isom(oEL, x oE2 (1), 0Fw) (1 € [00, R] X [00, R]). (49)
Furthermore, observe that we have

(uh, ) — (uho, nHo)

—1 L —1 0 0
= U;,L (f'u7g'u7h/ ) - UIJ«O (f'u ag“07h'u )

fﬂ — fﬂo
= U | 9" = 9" + (0 = 00) Autp — (6 = 80)(D: + &)
ht — hto + [ev0y(a(p) — alpo))ng]

Relation (49) applied for u = pg then yields

[, ) = (W, 1"0) | oE2L, x0E2, (o)

< C(Il(f“vg“vh") = (10, 9" ) loree + (6 = Go) 17" [l oE2. (1.0

T (0 = ool sz o + lalis) — G(Mo)|||7773|0E1T>-

From Theorem 2.1 we know that ||n/|| oEL 18 uniformly bounded in p € Iy. Thus,
by (3), (47), (48), and assumption (43) we conclude that

(uf,n) — (', n") in oEL x oEZ (o) (k= po).

The convergence of 1l is easily obtained as a consequence of the convergence of
n*. Recall that 7’ is the solution of (2) with p replaced by n*. Denote by T the
solution operator of this diffusion equation which is obviously independent of .
Then by [5, Proposition 5.1] we obtain

g — g gy, = IT(0,n" —n"°,0)| &1,
< Ol —n"lyre,
< Cln" ="l 2. 0,0)

by the just established convergence of n*. Representation (46) then implies (44).
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Obviously (44) is still true for fixed data, i.e., if
(fﬂ’gﬂ’h#) = (fmgvh) EOFT (/”'6 [507R] X [UOaR])'
Hence (45) readily follows from (44). O

2.2. Inhomogeneous time traces. Next we consider the fully inhomogeneous
system (1)—(2) and we will prove Theorem 1.1. By introducing appropriate auxiliary
functions, we will reduce this problem to the situation of Theorem 2.1.

Proof. (of Theorem 1.1.) If § = ¢ = 0 this result is proved in [10, Theorem 3.4]".
So, we may assume that § > 0 or o > 0 which implies that py € Wy */?(R").
Furthermore, it follows from the trace results in [3] that the conditions listed in
(6)—(8) are necessary.

Suppose we had a solution (v, p, pg) of (1)—(2) as claimed in the statement of
Theorem 1.1. Let v1 be the solution of the two-phase diffusion equation

(0, —cAw, = f in J x R+
i = g+e (1781 on J x R, (51)
v1(0) = in R+,
with
¢ = yvo — g(0). (52)
Observe that by compatibility assumption (7) we have
(= (0Azp — 60¢p)|t=0- (53)

Next let p; be an extension function so that

(p1(0),0tp1(0)) 1= (po, h(0) = [e19, (vo — ae™MA=2 )]} - (54)

as constructed in Lemma 3.2, and let p; g be the solution of (2), with p replaced by
p1- For the solvability of (51) and the existence of p; we have to check the required
regularity and compatibility conditions for the data. By construction we have that
g(0) + ¢ = yvo and by the regularity assumptions on g and vy we deduce

¢ =vo — g(0) € W2=3/P(R™),

1/2

hence that
e~(1=8a)te e F2. (55)
Then it follows from [5, Proposition 5.1] that there is a unique solution v; € EL of
(51). Furthermore, if § > 0, we may use compatibility condition (7) to obtain that
_ A \1/2 1 _ n

h(0) — [eyOy(vo — ae lyl(1=Aq) po)] = S(g(O) — g + 0Aypg) € sz 3/1’(R ).

If § = 0, we may impose o > 0 which gives
cvayae_ly‘(l_A”)l/zpo = Fea(l — Az)l/on S WS_?’/Z’(R") — W;‘G/”(R")
in view of py € W;lfg/p(R"). Assumption (8) then implies that
h(0) — [ey0y(vo — aef‘yl(lfAz)l/on)]] € WI?*G/”(R").

Thus, in any case we can satisfy the assumptions of Lemma 3.2 which yields the
existence of p; € E2(4,0) as claimed, and of p; g € EL by virtue of Remark 2(b).

L Actually with g = 0. But by obvious changes in the proof one can obtain the result also for
0+#ge€FZ.
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Now we set

(U27 P2, pQ,E) = (Ua P pE) - (Ula P1, pl,E)'
It is clear that pa g is the extension of py given by (2) with p replaced by pa. Thus,
(va, p2, p2,E) satisfies
(O —cAyvg = 0 in J x R,
Y3 — 0Appa + 60y p2 0Aup1 — 60yp1 — e~ 1722 on J x R™,
O¢p2 + [cy0y(va — apa,p)] h—0ip1 — [ev0y(v1 —ap1,p)] on J x R™,

v2(0) = 0 in R,
p2(0) = 0 in R™,
(56)
and
(O —cN)pap = 0 inJx R+
vai’E = pg onJ xR, (57)
p2p(0) = 0 inR*

By construction, p; € E2(6,0), and by (55) one may readily check that
oAgp1 — 80ip1 — e~ 1A € o FF,
and that
h — 8:p1 — [cy0y(v1 — apy E)] € oFi.

Thus, by Theorem 2.1 the reduced system (56)—(57) is uniquely solvable. This
allows us to reverse the argument. In fact, since the solution v; of (51) and the
extension p; depend on the data only, the right hand side of (56)—(57) so does as
well. Theorem 2.1 now yields a unique solution (vg, p2, p2.£) € oEr(d, o) and

(v, p, pE) = (v2, p2, p2,E) + (V1, p1, P1,E) (58)

then solves the original system (1)—(2) in the reguarity classes required. It remains
to verify estimate (9). Observe that by Theorem 2.1 we know that

[ (v2, p2, p2.E) loEr(5,0)
<cC (llaAzm — §0,p1 — e—(l—Az)tC“OFQT + ||h — Op1 — [eyOy(v1 — ap1,E)]]||oIF§)

with C' > 0 independent of §, 0. By |a(u)| < C for i € [0, R]?> and the facts pointed
out above we can continue this calculation to the result

[(v2, p2, p2,E) | Er (5.0)
< C (ol Aupillig, + 019up1 sz, + Iy a-2/r gy + Illeg
+ 10w ey, + o1 = apr.slley. )

<C (||(v17p1ap1,E)H]ET(5,a) + ||(nga h7’U070)”FT(070)) . (59)

Hence we see that it remains to derive suitable estimates for (v1, p1, p1,). Observe
that equation (51) does not depend on 4, 0. By [5, Proposition 5.1] we deduce

C (Ifllzy, + llg + e =2 Clgg + uolley.)

C (IF ey + lgllss, + lwolles ) — (0O<S0<R).  (60)

IN

[o1lloes,

IN
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By the same argument we also have
CIyl(1—AL)/2
lovsloes < C (ol + e 08" ool pacarpsin))
< C (leHE%(0,0) + ||p0||W§72/p(]R")> (0 <d,0 < R)v (61)

where we used Remark 2(b) and the embeddings sz_z/p(R”) — Wg_?’/p(R”) and
E2.(0,0) < F2.. Lemma 3.2 implies for p1,

|1 HOIE%(O,O)

< C (190l 2-2rn gy + 10(0) = [e10y (09 — ae™ 10 =42)

1/2

A [
< C (190lly2-2rm gy + 1Al + ooy, + 1L = A2)2p0]ll 1275 gy
< C (llo0llyz-210 o, + 1l + ol ) (62)
and
‘7||91H0E2T(o,1)
< C (llpollyys-s/s gy + 111(0) = [0y (v — ae™ M08 g | a1 )
< C (olpollyys-2/sgny + olIBO) = [0, 00] 2075 5 (63)
as well as
5||Pl||01E2T(1,0)
< C (8190l y-0m gy + S11R(0) = [e9y (09 — ae™ 12" )]l oy o)
< C (8pollyys-2rm gy + llglleg. + Ivolles, + olloollyya-2/o gy ) (64)

for 0 < 6,0 < R, where we used in (64) once again compatibility condition (7).
Inserting (62) into (61) we obtain by (60)—(64) that

[(v1, 1, p1,E)lEr 50y < C <||(f,97h, v0, 0)l[E1(0,0) + (0 + )l pollyya-2/ gy
+ l12(0) = [erDyvol lyy2-0/0 g ) (65)

for 0 < §,0 < R. Inserting (65) into (59) we can derive exactly the same estimate
for (ve, p2, p2,r). Combining the estimates for (v1,p1,p01,5) and (va, p2,p2.E) We
finally arrive at (9) and the proof is complete. O

Next we prove convergence for the solutions of problem (1)—(2), that is, Theo-
rem 1.2.

Proof. (of Theorem 1.2.)
We employ the decomposition

P =pi + b
as given in (58). We have to show that
(1) (oo, ok ) — (1, 1%, %) in Er(po),

(i) (vy,ph, Py g) — (V5% ph°, ph%s) in Er(uo).
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(i) We start with proving convergence of p. This function is according to (54) an
extension of the traces
(P1(0),0ep5(0) = (p5 45) »
where we set ,
qb = h*(0) — [ev0y (vl — ae~1W(1=82)Y )] (66)
Since the extension operator in Lemma 3.2 is linear and independent of 1 we can
estimate for all p € Iy,

107 =P le2(uy < C (Ilpﬁ = 00° w5 (uo) + a6 — qé‘”IIFGT(,m)) ,  (67)
where
FS. (1) := WZ}*P’/?’(R") N W;‘g(oo)(%ﬁ/p) R™) N W;g(éo)(273/p)(Rn).
It is clear by (10) that the first term on the right hand side of (67) tends to zero.

In order to see the convergence of the second term we distinguish the three cases
0o =09 =0, and dg > 0,09 > 0, and dg = 0,09 > 0.

The case §g = 09 = 0: Here we have F$. (1) = Wpl_g/p(R”) and we obtain by a
direct estimate and (10) that

Hqg - qgo ”Wpl*?'/P(Rn)

< C (10 = 1 g, + 10§ = o g, + 16§ = P lyya-s1r g )
— 0 (1 — p10)-

The case 5 > 0,00 > 0: Then FS(10) = Wy */P(R™). In this case we can employ
compatibility condition (7) in Theorem 1.1 which results in

”qg - qgo ||W§*3/P(Rn)

1 1
} (9(0) — 7ol + 0 Bapl) — L (g7(0) = yo® + oA, plo)

1) do

‘WZ??’/P(Rn)

1 1
<C Hg“ - =g" - (68)
0 % F5 (po)

In view of g > 0 observe that pfy — ph° in F3.(uo) = Wy 3/P(R™) by (10). This
yields

E M_@ Ho
5 5p0 50p0

1 1
T |5s% — =% +
Fr

F7

g (1)

g
< St = o lego + (= 52) 1 g

F% (po)
- 0 (1 = po).

In the same way we see that the first and the second term on the right hand side

of (68) vanish for u — po.

The case 0g = 0,00 > 0: Since § — 0, here we cannot apply compatibility condition

(7). This leads to condition (11) in the statement of the theorem. In fact, here we

obtain

gt = 662 lyz-o/m gy < C (I1B(0) = [0y = 2 (0) + [erDyof Yy - o,

+ N0t = 52 ly-3r0 gy )

It is clear that for o9 > 0 condition (11) implies that the first term on the right
hand side vanishes, whereas the second term tends to zero again by (10).



SINGULAR LIMITS FOR THE TWO-PHASE STEFAN 5399

Also here the convergence of pi  follows by the convergence of p!’ in view of the
fact that p’f,  is the solution of (2) with p replaced by p{’. If T denotes again the
solution operator of this diffusion equation, by [5, Proposition 5.1] we obtain

_ _ —-1/2
o 5 = p% ller = IIT(0, p = o, e WI=2a) (0t — p50)) [l

_ _ —1/2
< C(llpt = ol + 1le™ MO8 (ot — ) ey )

< Ik~ Al 00+ 10k — PE lya-srm e
- 0 (v — 1o), (69)

by the just proved convergence of pf and (10).

Observe that v} is, according to (51), the solution of the same diffusion equation
with right hand side (f#, g + e~ (=820t (qulf — g#(0)),vly) for pu € Iy. Moreover, we
have that

le™ =2 (yuff — g"(0) = 40§ + ¢"°(0))]|s2.
< Cllvwg = g*(0) = v5” + 9" (0)lyy2-9/v gy
< C (Il = oblleg, + g — 9" I3 ) -
Hence we obtain
ot —otolley < € (17 = Flly + ek — o8 g + llg* — 97 sz )
— 0 (1 — po)
by (10), and (i) is proved.

(ii) Note that (v, py, ph ;) is the solution of (56)-(57). According to Theorem 2.4
it therefore suffices to prove convergence for the corresponding data. To be precise,
it remains to show that

g — g in (F% (1t — o), (70)
where
7" = 0Duph =60, —em TR,
and that ~ }
PP RP i oFR (u— o), (71)
where

Wt = bt — 0yplf — [y, (v} — a(w)pl )]
First we estimate

| = ool < C (I = By + ol = vl gy
+ a5 = aluo) A%y, + 1104 = ke 0.0))
and we see that (71) follows from (i), (3), and (10). For g* we have
3" —g"lpz. < C (||5P/f = 00p1° lg2.(1,0) + lopt — 00p1°[|E2.(0,1)

16# = ¢ lya-sm g ) - (72)

By employing the convergence assumptions also here we will prove that each single
term on the right hand side of (72) tends to zero for u — po. In view of (52) and
(10) the convergence of the third term in (72) is clear. The first two terms are
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more involved. In fact, this is the point where assumption (12) enters. In analogy
to (i) we again distinguish the three cases o = o¢p = 0, and d9 > 0,09 > 0, and
o = 0,00 > 0.

The case dp = 0g = 0: Note that in this case condition (7) for o turns into
5" — g+ (0) = 0. (73)

By using this fact, Lemma 3.2, (7) for p, and recalling that ¢ still denotes the
function defined in (66) we obtain

||5PT||E2T(1,0)

< C (818 g s-3/m gy + St 2970 g

< C (6“p€||ws—3/1’(]gn) + ”g#(o) - ’ng - glm (0) + 'ngo + O—Arpg”Wp?—Wp(Rn))

< (5 + )k lya-sro g, + 9" = 9"l + 10§ = o4 )
In view of (10) and (12) we conclude that

1607 l2.1,0) = O (1 — po)-
For the second term in (72) Lemma 3.2 yields
look ez 0 < C (1o llyas/oggny + Nz o g )
< C (0o lly-5/s(gmy + IR (0) = [10y0h Ty 2070z ) -

Hence, if § > 0, it follows

oot 1E2.(0,1) = O (v — po) (74)
by (11) and (12). If 6 = 0, we have oA, plj = yvl — g*(0). This yields

|‘0pg||W;_3/p(R") < C (0||pg||wp2—2/P(Rn) + ||UA1pg||W§—3/P(Rn)>
< C(olehllyz-2roggny + 9" — 9 lleg, + ok — s, )

where we used again (73). Observe that ||pf is uniformly bounded in

lwa=ro g
w € Iy by assumption (10). Thus, in this case (74) is obtained as a consequence of
(7), (10), and (11).
The case o = 0,09 > 0: Here we have

Yb® — o Agpp® = g"°(0). (75)
In a similar way as in the previous case we deduce, if § > 0, that

16013 (.01 < C (81168 lya-570 geny + 17y — 00052 - g .

+llg" = g sz, + Iof = vh°lsy.) -
Note that in the case gg > 0 we also have that
ph = o in Fi(uo) = Wy */P(R™) (b — o).

By this fact it is easy to see that the first two terms in (76) vanish for (u — wo),
whereas the convergence of the last two terms follows again by (10). That the
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second term in (72) tends to zero here follows easily from the inequality

o —0p

o
lopt = 00Pt° l52,0,1) < ;Ollp‘f = P lle2.(0,00) + 191 1£2.(0,00)

and the convergence of p} in E2.(ug) = E2(0,00) proved in (i). Observe that the
last argument also implies convergence for the case § = 0, since then the first term
in (72) vanishes completely.

The case g > 0,09 > 0:  Here the convergence of the first term in (72) follows
completely analogous to the convergence of the second term in the previous case. If
we suppose that also o¢ > 0 the convergence of the second term in (72) follows by
the same argument. In the case that og = 0 also here an application of Lemma 3.2
implies

lopi ez 00) < C<0||Pg\|W;fS/p(Rn)+U||qg||wg—6/p(Rn))

Moreover, we still have F3.(p0) = W, —3/p (R™), which implies o||pf -0

lws=sre o)
for p — po by (10). For the second term on the right hand side of the above
inequality note that from the case dy > 0,0 > 0 in (i) we know that ¢ — ¢}° in
sz —3/p (R™). This implies that this term vanishes as well for  — pg. Hence also
in this case we have that

allp}llez 0,1y = 0 (1 — po)-
The three cases together show that
(0,§",h*) — (0,§", k") in oFr (1 — o),
and therefore Theorem 2.4 implies (ii). O

3. Appendix. The reduction of problem (1)-(2) to the case of vanishing traces in
the proof of Theorem 1.1 was based on the following two results. Observe that
the assertions in Lemma 3.1 follow directly from the general trace result [4, The-
orem 4.5]. However, for the sake of completeness and for a better understanding
of the proof of subsequent Lemma 3.2 we give its proof here. In the following we
adopt the notation of Section 2.2.

Lemma 3.1. Let 1 <p <oo, T € (0,00], and J = (0,T).
(i) For each ng € W;%/p(R”) there exists an extension
n € EF(1,1)
such that n1(0) = o¢ and, if p > 3, also that Oy (0) = 0.
(ii) Suppose p > 3/2. Then for each 1y € W;l_?’/p(R") and m € sz_?’/p(]R”)

there exists an extension n € E2(1,1) satisfying n(0) = no, 9;n(0) = n1 and
the estimate

Il 1,1y < € (oo gy + Iy 2370 gy ) -

(iii) Suppose p > 3. Then for each ng € W;_?’/p(]R”) and m € W§_6/p(R") there
exists an extension n € E2(0,1) satisfying n(0) = no, 0n(0) = 01 and the
estimate

HnH]EzT(OJ) <C (||770||W;1*3/p(Rn) + ||771||W5*6/P(Rn)) .
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Proof. (i) Let 1 < p < co. We claim that
0(t) = (2071178 — 72 =Ry, (77)
satisfies the properties asserted in (i). We have
e MU= Ae)ny € W) (J, W= P(R™) N Ly(J, W~ /P (R™))

for k = 1,2. It is a consequence of the mixed derivative theorem that the latter
space is continuously embedded in Wpl —1/2p (J,WZ(R™)). This implies that

DueHU=2) gy = k(1 = Ay)e R Be) gy € WA=V (], L (RY)).

Consequently,
n e Wz (J, L,(R"))
and we have that

S OHUHW,}(J7W5_1/p(R"))ﬂLp(J,Wﬁ_l/p(R"))'

||77HW13_1/2P(J7LP(RTL
The maximal regularity of (1 — A,) on W, —i/p (R™) and the embedding
EZ(1,1) = W, (J, W=7 (R™))
then yields
||77||1E2;(1,1) < C||770||W373/p(Rn)-
Obviously n(0) = ng. If p > 3, the time trace of 9;n is well defined and we also have
0yn(0) = 0. This proves (i).
(ii) Now suppose p > 3/2. Here we first set
(t) = (778 — eTITAD) (1 — Ag) Ty, (78)
Then for n; € Wg_S/p(R") we have that
e MU= (1 — Ay)hy € Wy (J, W VP (R™)) N Ly (J, Wy~ /P (R™))
for k = 1,2. By virtue of the embedding
W (J,W2EYP(R™)) 0 Ly, (J, W= YP(R™)) — WA~ Y2 (J, W2(R™))
we obtain
Ore FU=8) (1 — A,) "l € W) —H/2P(J, Ly(R™)),
hence that
e FU=R) (1 — Ay) "l € W20, Ly(R™).

By the same arguments as in (i) we obtain the estimate
Illez. 1,1y < Cllmllyyz=s/p gny-
If 77 denotes the extension constructed in (i), then
ni=n+1
satisfies the regularity assertions in (ii). That n(0) = i and 9;n(0) = 1, is obvious.

(iii) Now we set

(t) = (7AD" — e =8 (1 - AL) 2y (79)
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We have to check that e #(1=22)°(1 — A)=2y, € E2(0,1). In view of 1 €
Wg_ﬁ/p(R") we have that
e FA=ADT (1 ALY 2y € W, W22/P(R™) 0 Ly(J, WE—2/P(R™)).
From the embedding
Wy (J W 2P(R™) 0 L (J, W= 2/P(R™)) s Wy /2720 (W H(R™)
we infer
2
Ore MU=B (1 — ALYy € W/2712P(J, L, (R™)),
and therefore that
e MUZA(1 — AL) Py € WR/P7V2P (], Ly(R™)).

Then 7 := 7] + 7] satisfies all the assertions claimed in (iii), where 77 denotes again
the extension obtained in (i). O

Lemma 3.1 in conbination with [10, Lemma 6.4] yields the following result which
provides a simultaneous extension for different regularity assumptions on the traces.

Lemma 3.2. Let 3 < p < o0, T € (0,00], and J = (0,T). For ng and ny there
exists an (simultaneous) extension function n such that n(0) = ng, 9:n(0) = n1, and

Inllez 0.0y < € (Wm0llyg2-2/s gy + I 1570z )
if (m0,m) € Wi /P (B™) > W, P (R,

Illez 0,1y < € (Imolya-or gy + il 2-0/o gy )
if (no,m) € W§73/p(]R”) X ngﬁ/p(]R"), and

Illes 1.1y < € (Wmollyga-2/o gy + I lyy2-5/o gy )

if (no,m) € W;_Wp(R”) X sz_?’/p(R”), with C > 0 independent of ng and n;.

Proof. The idea for obtaining a simultaneous extension function as stated in the
lemma is to employ a combination of the extension operators we used in Lemma 3.1.
More precisely, we claim that

n(t) = <2e7t(1fAI)1/2 _ eth(lfAI)1/2> (264(17%) - ef2t(1fAI)> o

4 e t1-00) (e—t(l—Aw)z _ e—2t(1—Am)2> (1- Aw)_in

satisfies all the properties asserted. Observe that (e_ﬁt(l_AUa)tzo is a bounded
Co-semigroup and (1 — A;)~* is a bounded operator on W (R") for all 7, o, 8 > 0
and 1 < p < co. Hence,

e P8 (1 — A,)™™ € L(Wi(J, W (R™)))

for all s,r,a,8 > 0and 1 < p < oco. If (9,m) € Wg_Q/p(R") X Wpl_?’/p(]R"), we
therfore may estimate

—#(1— 1/2 _ _ 1/2
Inllez 0.0y < C (II@eTt 078" — 22y e 0y

+ ||C7t(17AI)771||]E§,(0,0)) .
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By [10, Lemma 6.4] the remaining extension operators are known to lift the traces
into the class E2.(0,0), which implies

Inllez 0.0y < € (Wm0llyg2-2/s gy + I 1570z ) -

Hence the first estimate is proved. If (ng,n1) € W;L*3/p(R") X ngﬁ/p(]R"), we
interchange the roles of the semigroups in the definition of 7. In fact here we obtain
as in Lemma 3.1 (iii),

||T7||E2T(071) < C(HQe—t(l—Az)_e—zt(l—Am)>n0HE%(0,1)
— — 2 p— — 2 p—
(et 1A — o2 mA) (1 AL )2, B3 (0,1))

< C (Il gy + I lyz-oro gz, ) -

Analogously we proceed in the third case. Here we treat the terms of type
e Bt1=2)"" in front of 7y and the terms e #{1=22)* and (1 — A,)~! in front
of 11 as bounded operators and gain the desired regularity by the remaining opera-
tors as in Lemma 3.1 (ii). A straight forward calculation also shows that 1(0) = ng

and
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