Approximation and Interpolation with

C! Quartic Bivariate Splines

Oleg Davydov V) and Larry L. Schumaker 2

Abstract. We show how two recent algorithms [6,7,13] for computing C'! quar-
tic interpolating splines can be stabilized to insure that for smooth functions,
they provide full approximation power with approximation constants depending
only on the smallest angle in the triangulation.

§1. Introduction

Suppose V := {v;}_, is a set of points in the plane. We are interested in the
following

Problem 1.1. Find a triangulation /\ whose vertices contain the points of V, and
an operator () mapping smooth functions into S} (/\) so that

Qf(vi) = f(vi), i=1,...,n, (1.1)

and @) provides optimal order approximation in the sense that if f is in the Sobolev
space W2,(Q), then
If = Qfllse < K|AP|f]5,00- (1.2)

Here |A| is the diameter of the largest triangle in A, |- |5 o is the usual
Sobolev semi-norm, K is a constant depending only on the smallest angle 6 in A,
and SJ(A) is the space of bivariate splines of smoothness r and degree d defined
on the union 2 of the triangles in A.

If we do not insist on full approximation power, then the problem was solved
already in [3], where it was shown how to construct interpolating splines in S} (A)
for arbitrary triangulations A of the set V. On the other hand, it is well known [5]
that S} (A) does not have full approximation power for general triangulations. So
choosing the triangulation is a nontrivial matter, especially if we want an interpo-
lation scheme where the constant K in (1.2) depends only on the smallest angle 64
and is otherwise independent of the geometry of the triangulation A.
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It is well known that great care is required in establishing approximation results
for bivariate splines with constants that depend only on the degree of the splines
and the smallest angle in the triangulation; cf. [8,11,14].

Problem 1.1 was addressed in [6,7,13], where algorithms for converting any
given triangulation into a so-called type-O triangulation are presented, and an
interpolation operator @ satisfying (1.1) and (1.2) was constructed, with constant
K independent of f and |A|. However, it appears to us that to make their operator
(@ satisfy (1.2) with a constant depending only on the smallest angle 6§, one needs
a stable local basis B := {B¢}¢em for S;(A) on arbitrary type-O triangulations.
By this we mean (cf. [8,12,14]) a basis such that

supp (B¢ ) C starf(vg) for some vertex vg, all £ € M, (1.3)
Kl < 1Y eeBelle < Eallelo (1.4)
Lem

where the integer ¢ and constants K, Ky > 0 depend only on the smallest angle
6 in A. Here star(v) = star'(v) is defined to be the union of the triangles with
vertex at v, and starf(v), £ > 2, is defined recursively as the union of the stars of
the vertices in star’~!(v).

It is not difficult to see that the construction of local bases in [6,7] does not
guarantee stability, see Remark 14.1. Moreover, the swapping algorithm in [7] does
not control the size of the smallest angle in the resulting type-O triangulation;
see Example 8.1 below. The purpose of this paper is to improve the construction
by working with a more restricted class of triangulations which we call type-Og
triangulations, modifying the construction of local bases to guarantee stability, and
restructuring the swapping algorithm of [7] to control angles.

The paper is organized as follows. In Sect. 2 we present some standard
Bernstein-Bézier notation, and in Sect. 3 review the concept of minimal deter-
mining sets. Type-Oy triangulations are introduced in Sect. 4, while in Sect. 5
we discuss constructing minimal determining sets on disks for C'! quartic splines.
These results are then used in Sect. 6 to construct stable local bases for S;(A)
on type-Op triangulations. In Sect. 7 we present an algorithm based on Clough-
Tocher refinement for converting an arbitrary triangulation with smallest angle 6
into a type-Og/, triangulation. Sects. 8-10 deal with edge swapping, cells, and
certain special vertices, and in Sect. 11 we present an algorithm based on swap-
ping for converting an arbitrary triangulation with smallest angle 8 into a type-O,g
triangulation with an appropriate £ depending only on 6. In Sects. 12 and 13 we
discuss quasi-interpolation, and Lagrange and Hermite interpolation. We conclude
with several remarks in Sect. 14.

§2. Notation

We make use of standard Bernstein-Bézier techniques for dealing with polynomial
splines on a triangulation. In particular, given a polynomial p of degree d on a
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triangle T := (u,v,w), we use the Bernstein-Bézier representation

where B;ijk are the Bernstein polynomials of degree d associated with 7. It is
standard practice to associate the coefficients C;‘Tjk with the domain points in Dy 7 :=
{fgk = (1u + jv + kw)/d}it j+k=a- The set R} (u) := {fg—f,]‘,f—j}gzo is called the
¢-th ring around u, while D¥ (u) := Uf;l:o RI (u) is called the (-th disk around u.

We shall also make extensive use of the standard smoothness conditions for
piecewise polynomial functions. Suppose that T' := (uy, ug, us) and T := (u4, us, uz)
are two adjoining triangles that share the edge e := (u3,us). Let p and p be
two polynomials of degree d with B-coefficients ¢;;x and ¢;;; relative to T' and Tv,
respectively. Then it is well known that p and p join with C° continuity across the
edge e if and only if

gO,m,d—m = Co,d—m,m; m = 07 s 7d7 (21)
and that they join with C'! continuity if and only if in addition
61,m—1,d—m = &Cl,d-—m,m—1 ‘I’/B Co,d—m—+1,m—1 + Co,d—m,m> m = 17 s 7d7 (22)

where (a, 3,7) are the barycentric coordinates of u4 relative to the triangle 7'
Given a triangulation A, let Dy A be the union of Dy 7 over all T € A. Then
it is well known that there is a 1-1 correspondence between the space SJ(A) and
the set {c¢}eep, o, Whereby the coeflicients {c¢}eep, o nT are the B-coefficients of
the polynomial s|7.
As usual, we define Ry(v) and D(v) to be the unions of R} (v) and D] (v),

respectively, over all triangles 7" attached to the vertex v.

§3. Minimal determining sets

We recall [4] that if S is a linear subspace of S}(A), then M C Dy A is said to be
a determining set for S provided

A¢s =0 forall £ € M implies s =0,

where \¢ is the linear functional defined on S9(A) that picks off the B-coefficient c.
M is called a minimal determining set (MDS) if there is no smaller determining set.
It is known [4] that if M is a minimal determining set for S, then dimS = #.M.
If M is a MDS for S, then for each £ € M there exists a unique spline B¢ € &
satisfying
/\nt = 55,7)7 all n e M. (31)

The splines B¢ obviously form a basis for S, commonly called the dual basis corre-
sponding to M.



Definition 3.1. [12] A minimal determining set M for a spline space S C S(A) is
called a stable local MDS provided that the corresponding dual basis B := {B¢ }e¢cm
satisfies (1.3), and

[Belloo < K (32)

for all £ € M, where the constant K depends only on d and the smallest angle 6
in A.

It was shown in [12] that if M is a stable local minimal determining set for a
spline space & C S(A), then the dual basis B is a stable local basis for S in the
sense that both (1.3) and (1.4) hold.

For a given spline space §, there are generally many different minimal deter-
mining sets M. However, designing algorithms which produce stable local minimal
determining sets is nontrivial, in general.

§4. Type-0Oy triangulations

Given 6 > 0, let 7y be the set of all triangulations whose smallest angle is at least
6. In order to construct stable local bases for the spline spaces S} (A), we need to
work with a restricted subclass of 7y. First we introduce some terminology.

Definition 4.1. The degree deg(v) of a vertex v is the number of edges attached
to it. A vertex v is a called a good vertex if it is a boundary vertex, an interior
vertex of odd degree, or an interior vertex with deg(v) = 4. Any other vertex is a
bad vertex.

In [3], good and bad vertices are called terminating vertices and propagating
vertices, respectively. A vertex v is bad if and only if it is an interior vertex of even
degree at least 6. In the following we will say that a vertex is odd (even) if deg(v)
is odd (even).

For any three vertices u,v,w, we denote by Z(u,v,w) the smallest of the two
angles made by the edges (v,u) and (v, w) meeting at v.

Definition 4.2. Suppose e := (v, z) is the edge between two triangles (u,v,z) and
(v,w,z). Then e is called 6-near-degenerate at v provided m — /(u,v,w) < 6% /4~.
If v is a bad vertex, z is a good vertex, and e is not 6-near-degenerate at v, we say
that v is B-supported (by z). We call e a 6-supporting edge for v.

Near-degenerate edges were first introduced in [14], and also play a role in
[12]. Our definition here is slightly different. The case where Z(u,v,z) = 7 corre-
sponds to a classical degenerate edge. We are now ready to introduce the class of
triangulations of interest in this paper.

Definition 4.3. We call A € Ty a type-Oy triangulation provided that every bad
vertex v in /A is #-supported.

Type-Oy triangulations form a subclass of the type-O triangulations introduced
in [6,7]. The key difference is that for a type-O triangulation, it is only required
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that supporting edges be non-degenerate. Not all triangulations are of type-Og, of
course, but in Sects. 7 and 11 below we present variants of the methods in [6,7],
which can be used to convert any given triangulation A € 7y into a triangulation of
type-Og/o or type-Oxg respectively, where x is an appropriate constant depending
only on 6.

§5. Minimal determining sets on disks D;(v)

Throughout this section we assume that A is a type-Og-triangulation. Following
[3], as a first step towards building a stable local basis for §;(A), in this section we
focus on the disks Dy (v) surrounding vertices v of A. Given such a disk, we say that
M, C Dy(v) is a MDS for §{(A) on Dy(v) if setting the coefficients {c¢}eem, to
arbitrary real numbers, the coefficients {c¢}eep,(v)\ M, can be uniquely computed
by using those smoothness conditions (2.2) that involve only coefficients ¢¢ with

£ € Dy(v). We call such a MDS stable provided that

max |ce| < K max |c
56Dm)l ¢ < U| el

where K is a constant depending only on 6. Let

Ey :={£ € Ry(v)Ne: eis an edge attached to v}. (5.1)

Throughout the section we suppose that the vertices attached to v are labelled
v1,...,0, 10 counterclockwise order. If v is an interior vertex, we identify v,41 :=
v1. Let T; := (v,v;,vi41). Recall that a vertex is called singular provided that it is
formed by the intersection of two straight lines.

Lemma 5.1. If v is a good vertex of A, then there exists a set A, C Dy(v)\ &,
such that M, := A, UE, is a stable MDS for 8} (/) on Dy (v).

Proof: We choose the sets M, as in Lemmas 2-5 of [3], but with special care to
insure stability. We divide the proof into four cases. For convenience, we define a;
to be the B-coefficients associated with the domain points €2Tf1 for: =1,...,n, and
let ¢o be the coefficient associated with the domain point at v. In addition, we let
b; and ¢; be the coefficients associated with the domain points at the intersections
of the edges e; := (v,v;) with the rings Ry(v) and Ry(v), respectively, see Fig. 1.

Case 1: If v is a boundary vertex, we choose
[ Tl T1 T1 T1
Ay = {400 E3100 E3010 E211 - (5.2)

Suppose that the coefficients {c¢}eem, of s € S;(A) have been set. Then clearly
using the smoothness conditions (2.2), we can compute all remaining coefficients in
D5(v). Their computation is stable since the size of the multipliers in the smooth-
ness conditions is controlled by the smallest angle in A. Thus M, is a stable MDS
for S}(A) on Dy(v).



Case 2: If v is an interior vertex of odd degree, we choose

Ay = {fzz)lo? z::rllm ??;)11 . (53)

Assume that the coefficients {c¢}eem, of s € S§(A) have been set. The smoothness
conditions stably determine the remaining coefficients in Dq(v). That leaves n
remaining coeflicients ay,...,a, on Ry(v), where a; is associated with the domain
point £17,. Assuming as in [3]

vj = vz + Bivi-1 + 50, (5.4)

then writing down the C' smoothness conditions across each of the edges (v,v;)
leads to the system

0 0 e 0 — 1 al
1 0 0 0 —aQ asz

—ag 1 0 0 0 az | =, (5.5)
0 0 - —ay 1 0 an

where the components of the right-hand side r are just combinations of the known
coefficients involving the factors ; and ~;. As observed in [3], the determinant
of this matrix is 1 — H;lzl a;. It is known (and easy to see) that since n is odd,

H;lzl a; = —1, and thus the determinant is 2. But then applying Cramer’s rule,
we immediately see that the computation of a; is stable, i.e. |a;| is bounded by a
constant times the size of the set coefficients, where the constant depends only on

the smallest angle 64 in A.

Case 3: If v is a singular vertex, we choose A, as in (5.2). Assume that the co-
efficients {c¢}eem, of s € §;(A) have been set. The smoothness conditions (2.2)
stably determine the remaining coefficients in Dy (v). Then there are three remain-
ing coefficients ag, a3, ay, where a; is associated with the domain point szfl As in
Case 1, these coefficients can be stably computed from the smoothness conditions
(2.2). Although there are more conditions than unknowns in this case, az, as, as are
uniquely determined since as shown in [3], A, U &, is a MDS for §}(A) on Dy (v).

Case 4: If v is a nonsingular interior vertex with deg(v) = 4, we choose

Ay = {5%07 ?Tva ;1‘131 ) (5'6)

where, without loss of generality, we suppose that (v,v1) is a “best edge” in the
sense that

Ba| = max, |Bil, (5.7)
and that
73 2> 1. (5.8)
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Fig. 1. B-coefficients in Case 4.

To justify this last inequality, we note that the definition of barycentric coordinates
as ratios of areas implies v1 A3 + v341 = A1 + Ay + As + Ay, where A; is the area
of the triangle T;, ¢ = 1,...,4. Hence,

v1As + v3 A4
> - - - - 1.
max{y1,v3} > 1A, >

Labelling the B-coefficients as in Fig. 1, assume the coefficients {c¢}ecar, =
{as, by, co,c1,ca,c3,c4} of s € S}(A) have been set. (They are marked with black
dots in the figure.) Then as shown in Lemma 5 of [3], the remaining coefficients
associated with domain points in Dy(v) are uniquely determined. We now show
that they can be stably computed.

First, we compute a4 from the C'! smoothness condition

ay = ayag + freq + Y1 ba, (5.9)

across the edge e4. This computation is stable since aq, 31,71 are bounded by a
constant depending only on . Then writing down five of the seven C'! smoothness
conditions involving the unknown coefficients leads to the system

Y2 -1 0 0 0 bl — Q04 — 5261
B2 0 =1 0 0 ay —azby — ya¢0
0 a3 73 -1 0 by = —5302

3 0 /33 0 —1 a —73Co

0 0 0 (&%} Y4 63 ag — 13403

As shown in [3], the determinant of this system is given by D = 2a4327;. Since
oy = —Az/As, || is bounded above by a constant depending only on the smallest
angle in the triangulation, see Lemma 3.2 of [14]. Taking into account (5.8), we
obtain

D7 < Kq|B2]7Y, (5.10)
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where Ky depends only on the smallest angle in the triangulation. (Recall that
Bi = 0 if and only if e;_; is degenerate at v. Since v is nonsingular, we have

B2 #0.)
Using Cramer’s rule, we obtain
by = -D7! (0130145201 + aufB3cy + Bacs + agazayBicy
+ (v27483 + v3(y20a + 74))co + (27453 + azas(y1as + 73)) ba
+ (a1a2a3a4 — 1) Cl3> .

Since a; = —A;_1/Ai_2,1=1,...,4, we have ayasazay = 1. By using identities
(26) of [3], it is easy to show that

Yoas + s = ay laz ! Ba(vs + Pa72), mas +y = aytay Bi(ye + Bam).
This, together with (5.7) and (5.10) implies
01| < Ky max{ce: £ € My},

where K3 depends only on the smallest angle #. At this point we have computed
ay and by stably. But then we can stably compute the coefficients by, b3 and then
ay, ay directly from the C'' smoothness conditions (2.2). O

Example 5.2. In Case 4 of the above lemma it is essential to choose a “best edge”

satistying (5.7).

Discussion: Let v be a nonsingular interior vertex with deg(v) = 4, and let A,
be the set in (5.6). According to [3], M, = A, U &, is a MDS for §}(A) on Dy(v)
as soon as 32 # 0 and 3 # 0. Suppose that all coefficients {c¢}eem, of s € S;(A)
are zero except ¢4 = 1. Then the calculation in Case 4 shows that

B

/

2

a2a351
25273

sin(93 + 94)
Sin(94 + 91) ’

> ]"{3 > I§—4

bl = | -

where K3, K4 depend only on 6, and 6; := Z(v;,v,vi41), ¢ = 1,...,4. Hence, if A,
were chosen without inforcing (5.7), then |b| could be arbitrarily large, depending
on the exact geometry of the triangles attached to v. O

Lemma 5.1 does not hold in general for bad vertices (see Example 1 of [3]).
In this case we have to be satisfied with a MDS which contains all but one of the
points in (5.1).

Lemma 5.3. Suppose v is a bad vertex of /A that is 6-supported by the vertex vs.
Let A, be the set of domain points in (5.2). Then

M, = A, U (& \ {es N Ry(v)})
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is a stable MDS for 8} (/) on Ds(v).

Proof: Assume that the coefficients of s € §}(A) have been set. Suppose we
number the coefficients in D3(v) as in the proof of Lemma 5.1. Then the smooth-
ness conditions stably determine the remaining coeflicients in D;(v) and all of the
coefficients on Ry(v) except for the coefficient ¢3. Then with ay, 34,74 as in (5.4),
we find that

ag — agaz — Y4bs

B4

Since e3 is a #-supporting edge for v, it follows that |34| is bounded away from 0
by a constant depending only on 6. O

C3 =

It is easy to see that the M, of Lemma 5.3 is not guaranteed to be a stable
MDS if we only assume that e3 is non-degenerate at v. Indeed, in that case |f34]
may be arbitrarily small, thus making |c3| arbitrarily large.

§6. Stable Local Bases for S}(A) on type-Oy triangulations

Theorem 6.1. Suppose A is a type-Oy triangulation, and let M be the union of
the following sets of domain points:

1) for each vertex v of A, include the set A, described in Lemmas 5.1 and 5.3,
depending on whether v is a good or a bad vertex,

2) the point (v 4 u)/2 for each edge (v, u) of A\, except for one 6-supporting edge
e, for every bad vertex v.

Then M is a stable local minimal determining set for S} ().

Proof: First we show that M is a determining set. Suppose that s € S (A) and
that we set all of its coefficients corresponding to domain points in M to zero. Then
by Lemma 5.3 it follows that all coefficients of s must be zero for domain points in
the disks Dy(v) where v is a bad vertex. But then by Lemma 5.1, all coeflicients of
s must also be zero for domain points in the disks D,(v) where v is a good vertex.
This shows that all coefficients of s must be zero, and we conclude that M is a
determining set.
To see that M is minimal, we compare its cardinality with the known dimension
of SI(A). By [3),
dim S} (A) =3V +4Vg + E + o, (6.1)

where V7, Vp are the number of interior and boundary vertices of A, E is the
number of edges, and o is the number of singular vertices. Now each of the sets A,
contains 4 points whenever v is a boundary vertex or a singular interior vertex. It
contains 3 points for all other good vertices, and 4 points for all bad vertices. Since
M includes the center of each edge except for one supporting edge attached to each
bad vertex, we see that the cardinality of M is precisely the number in (6.1). This
implies that M is minimal.



Let {B¢}eem be the corresponding dual basis splines satisfying (3.1). In view
of the nature of M, it is easy to see that the B¢ are locally supported. In particular,

1) if £ is a point in one of the sets A, as in item 1) of the theorem and v is a good
vertex, then B¢ has support on star(v),

2) if £ is a point in one of the sets A, as in item 1) of the theorem and v is a bad
vertex that is f-supported by u, then B¢ has support on star(v) U star(u),

3) if € is a point at the midpoint of an edge (v, u) as in item 2) of the theorem,
then B¢ has support on star(v) U star(u).

This shows that (1.3) holds with ¢ = 2, and completes the proof of locality. Concern-
ing stability, we note that (3.2) follows immediately from the proofs of Lemmas 5.1
and 5.3. O

§7. Creating type-Oy/, triangulations with Clough-Tocher refinement

In this section we show that the following algorithm from [6] can be used to convert
an arbitrary triangulation A in 74 into a type-Og/, triangulation.

Algorithm 7.1. Suppose A € Ty. and let A©) = A,

Do for :=0,...,
Stop if the set U; of bad vertices of AU that are
not #-supported is empty
Choose a vertex v € U,
Choose a triangle 7 attached to v
Split T into three triangles about its centroid, and

let AUTD be the resulting triangulation

Theorem 7.2. Algorithm 7.1 terminates after a finite number of steps, and the
final triangulation is a type-Og/y triangulation.

Proof: First we consider a typical step where T := (u, v, w) is the triangle being
split about its centroid z, and v is the bad vertex that is not #-supported. Then
after splitting 7', clearly the smallest angle is at least /2. Moreover, we claim that
each of the vertices u, v, w, z is either good, or i1s a #-supported bad vertex. Indeed,
deg(z) = 3 and v changes from even to odd, and so both z and v are now certainly
good. Now u may have switched from odd to even, so that it is now a bad vertex,
but since /Z(w,u,v) < 7 — 26, it follows that 7= — Z(w,u,v) > 26 > 6? /47, and
thus u is #-supported by z. A similar argument shows that w is either good, or is
f-supported by z.

The fact that the algorithm terminates after a finite number of steps follows
from the observation that at least one nonsupported bad vertex is eliminated in
each step. Clearly, if a triangle is split, then none of its subtriangles will have
to be split in a later step. This guarantees that the smallest angle of the final
triangulation A(M) is at least 6/2. Since every §-supported vertex is automatically
6/2-supported, we conclude that AM) is of type-Og/p. O
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us

Fig. 2. Swapping an edge of a triangulation.

§8. Edge swapping

It was shown in [7] that an arbitrary triangulation can be converted to a type-
O triangulation by performing a finite number of edge swaps. However, as noted
above, the class of type-O triangulations is too large to insure the existence of stable
local bases, and thus in Sect. 11 below we present a related algorithm for converting
triangulations A € 7Ty into type-Oyp triangulations with an appropriate . In this
section we collect several preliminary results about edge swapping.

Given a triangulation A, suppose Ty 1= (uy,uz,us) and Ty := (us, us, uz) are
two triangles in A sharing the interior edge e := (u3,u4). The edge e is called
swappable if replacing the edge e by the edge € := (uy,us) leads to a nontrivial
triangulation Ty = (uy,ug,ug) and T, = (uy,us,uq). Obviously, e is swappable
if and only if the quadrilateral @@ := T} U T3 is convex and e is not degenerate at
either end. Swapping edges in a triangulation A leads to a new triangulation A
with the same vertices.

Example 8.1. Swapping can lead to the introduction of small angles.

Discussion: Let 77,75 be a pair of triangles as shown on the left in Fig. 2.
The smallest angle in this triangulation is 7/4. The result of replacing the edge
e := (ug,us) by € := (uy1,us) is shown on the right. Its smallest angle is also /4.
Now consider the same configuration with us closer to the edge €. The smallest
angle in the triangulation on the left is still 7/4, but the angles 6,, 6, and thus the
smallest angle in the triangulation on the right can be arbitrarily small if u; is close
enough to €. O

It is clear from this example that to prevent the creation of small angles, we
have to restrict the swapping process to quadrilaterals where the angles 6, + 63 and
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0s + 67 in Fig. 2 are bounded away from .

Lemma 8.2. Let Q) be a quadrilateral as shown on the left in Fig. 2. Suppose that
the smallest angle in () is 0, and that 6y + 605 < m — k16 and 65 + 07 < ™ — K20,
where k1, k9 > 0. Then after swapping the interior edge, the smallest angle in the
resulting triangulation is at least k@ where k = min{ry, k2 }/(1 + (7/2)sin"? 8).

Proof: Note that § < 7/3 as /3 is the largest smallest angle any triangle can
have. Let a; and b; be the side lengths indicated in Fig. 2. Applying the law of
sines, we have

sinfy  siné; sin(f; +6g)  sinf; sin(fy + 65)  sinfs

(8.1)

M) M)
aj az bl ai bl az

This implies
sin 6 sinfg sin(6y + Os)

sinfy  sinf; sin(fy +65)

It follows that )
sin? 4 < sin 6, < 1
~ sinfy ~ sin?é

Using the inequality 2z /7 < sinz < z, we get

28iﬂ29<91 < T

T~ 6y 2¢in’6

or equivalently,
01 < (m/2)b4 sin™% 4, 0y < (m/2)64 sin~2 6.
Now the hypothesis implies 61 4+ 64 > k16, and it follows that
01,04 > k16/(1 4 (7/2) sin 2 ).
Using 05 + 03 > k20, a similar argument shows that
05,05 > k26/(1 4 (7/2) sin 2 ),
and the result follows. O

§89. n-Cells

Suppose A, is a triangulation with exactly one interior vertex v and n boundary
vertices. Such a triangulation is commonly called an n-cell. Suppose the boundary
vertices are numbered in counterclockwise order as vy, ..., v,, and identify v, =
vi. Foreach ¢ = 1,...,n, let ¢; := (v,vi), T; := (v, vi,vit1), 6i := L(vi,v,0i41),
@i = L(v,vi,vi41) + L(vic1,vi,v), and w; == 6; + 6;_;.
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Lemma 9.1. Suppose A, is an n-cell with n > 6 whose smallest angle is at least

6. Then
1) at least three of the p; satisfy p; < m —460/(n — 2),
2) at most two of the w; satisfy w; > m — 6,
3) if wj,wj > — 0, then |t — j| = 1, v.e., w; and w; correspond to consecutive

edges.

Proof: To prove 1), suppose to the contrary that n — 2 of the ¢; are greater than
m —46/(n — 2). But then

46

n —

(n—Q)W:Zgoi>(n—2)<7T— 2)—|—49:(n—2)7r,

and this contradiction implies 1).

To prove 2), suppose to the contrary that wg,wi,wy > 7 — 6. Then at least
two of these do not overlap, say wg,w;. That leaves n — 4 of the angles 6; that are
not covered by wy or wy, which leads to the contradiction

2n 2w twi+ (n—4)0 > 27 — 20+ (n — 4)8 > 27.
The same argument proves 3) since w;,w; do not overlap unless they correspond to

consecutive edges. [

Corollary 9.2. Suppose A, is an n-cell with n > 6 whose smallest angle is at
least 6. Then at least one of the edges e; is not 6-near-degenerate at either end.

Proof: Lemma 9.1 implies that for some 7, both ¢; < 7—46/(n—2) and w; < 7—6.
Now nfé < 27 implies 4/(n — 2) > 4/n > 26/, and thus

46 262 6? 6?
<rm——<7T—-—, w; <mT—0<7T——.
n—2 T 4 47

w; < T —

We conclude that the edge e; is not #-near-degenerate at either end. O

§10. Special vertices

In this section we introduce a special kind of vertex of importance in the following
section.

Definition 10.1. Given a vertex v and associated n-cell /\,, we say that v is a
f-special vertex provided

1) the smallest angle in A, is at least 6,

2) n > 6 is even,
3) vy and vy are odd while vs, ..., v, are all even,
4) ey and ey are 6-near-degenerate at v,

13



Us U4
Ve U3

U1 U2

Fig. 3. A special vertex v.
5) e; is @-near-degenerate at v; for i =4,...,n — 1.

Fig. 3 shows an n-cell A, associated with a special vertex v of degree n = 6.
If v is a f-special vertex, then Corollary 9.2 implies that either es or e, is not 6-
near-degenerate at either end. By definition of a #-special vertex, we observe that
|7 —wi| < 6?/4m for i = 1,2, and |7 — ;| < 6* /4w for i = 4,...,n — 1. We also
have 6; > 6 for all ¢, and recall that 8 < /3.

Lemma 10.2. Suppose v is a 0-special vertex, and let AU be the triangulation
obtained from A, after first swapping the edge ez, and then the edge (v,v4) of the

new quadrilateral (v,vy,v4) U (v5,v,v4). Then the smallest angle in A\, is at least
k8, where

K= i’
o (14 (7/2) sin 2 wh)

(10.1)

and

W= i
o (14 (7/2) sin 2 9)'

(10.2)

Proof: Corollary 9.2 implies that either e3 or e, is not f-near-degenerate at either
end. Without loss of generality, we assume it is edge e3. In view of Lemma 8.2,
after swapping ez, we get a new triangulation with smallest angle at least wf. Now
let @4 1= Z(vs,04,0) + L(v,04,v3) and @4 := L(v5,0,04) + £(V4,v,02). Since

n—1

Gatwi+ Y 8 =2m, (10.3)

=5
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1t follows that

. 6? 62 6?
w4<27r—(7r——ﬂ_)—9:7r—9—|—5§7r—4—ﬂ_.
Examining the polygon (v, vs,v4,vs,...,v,), We see that
n—1
Pq + Z ©i+ L(Vn—1,0n,v) + (27 —w1) + £L(v,v2,v4) = (n — 3)7. (10.4)

=5

Now w; < 7+ 6* /4w implies wy — 27 < —(7 —6* /4w). Furthermore, @; > 7 — 6% /4~,
i =25,...,n—1, and £(vy—_1,Vn,v) > 6. Substituting this in (10.4), we get
6? nb? 46* 6?
ps<(n—-3r—(n—4)(r——)—0< — =0 — - —
504_(71 3)7T (n )(W 477) ST 4 4 <7 4
since nd < 27. Now Lemma 8.2 implies that after swapping the edge (v,v4), the

smallest angle in the resulting triangulation A, is at least k8 as asserted. O

§11. Creating type-O,y triangulations with edge swapping

Swapping the diagonal of a quadrilateral @ := (u, v, w, z) in a triangulation changes
the degrees of all four vertices of (). Thus, properly applied, swapping can be used to
eliminate bad vertices that are not supported from a triangulation, thus converting
it to a type-O triangulation. An appropriate algorithm can be found in [7], but
it does not guard against creating triangles with arbitrarily small angles. We now
present an algorithm which converts a given triangulation A € 7y into a type-O g
triangulation, where & is given in (10.1). For the remainder of the paper we say that
an edge of a triangulation A is 6-swappable provided that it is not #-near-degenerate
at either end.

Algorithm 11.1. Given a triangulation A € Ty,

(I) Do for :=0,...,

Let U; be the set of bad vertices v of A such that
v is not 6#-supported and there exists a quadrilateral
Q :=(u,v,w,z) formed by two triangles (u,v,z),(v,w,z)
in A% such that u,v,w,z are all even and
e =(v,z) is f-swappable

Stop if the set U; is empty; otherwise, swap e and
let AUTD be the resulting triangulation

(I1) Let AWHD pe the final triangulation of the first loop
Do for :=N+1,...,
Let W, be the set of #-special vertices of A(?
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Stop if W, is empty; otherwise, choose a vertex v e W,,
perform the double swap of Lemma 10.2, and
let AUTD pe the resulting triangulation

Theorem 11.2. Algorithm 11.1 terminates after a finite number of steps, and the
final triangulation is a type-O g triangulation where k is given in (10.1).

Proof: We begin by discussing the first loop. Suppose v € U; and that @ :=
(u,v,w, z) is a quadrilateral with u,v,w, z all even. Then swapping the edge e :=
(v,z) produces a new triangulation AU in which all of the vertices u,v,w, z
are now odd, and thus the vertex v i1s no longer bad. Clearly, the swap does not
introduce any new bad vertices, which also insures that no #-supported bad vertex
of A becomes unsupported. Hence # U;y1 < # U;. By Lemma 8.2 the smallest
angle in AU is now at least wf, where w is given in (10.2). We also note that
since v is now odd, none of the edges attached to v will be swapped in any later
step of the first loop. Since U is finite, it follows that loop I stops after a finite
number of steps.

We now claim that if a bad vertex of AN+ is not #-supported, then it must
be a #-special vertex. To see this, consider such a vertex v, and let v;, ¢;, T}, 6;,
@i, and w; be as in Sect. 9. Note that:

1) If e; is f-swappable, then one of the vertices v;_1,v;,v,41 must be odd, since
otherwise we would have dealt with v in the first loop. The odd vertex cannot
be v;, since otherwise v; would support v.

2) If v; is odd, then the edge e; must be #-near-degenerate at v, since otherwise
v; supports v.

3) By Corollary 9.2, one of the edges e; is -swappable. Without loss of generality
we take it to be e3. Then by 1), vs must be even. It follows that at least one
of the vertices vy or vy must be odd. Without loss of generality, we suppose
that vo is odd. Then by 2) we know that ey is #-near-degenerate at v. This
implies wy > 7 — 62 /47 > 7 — 6 and wy < 7 + 6% /4~.

4) By Lemma 9.1, only one additional w; can be greater than = — 6, and it can
only be wy. Thus, w; <7 —6fori=4,...,n. Hence, by 2), v4,...,v, must be
even. But then by 1), e4,...,e,—1 cannot be f-swappable, which implies that
each of the eq, ..., e,_1 is f-near-degenerate at v;. In particular p; > 7—6%/4r
fore=4,....,n—1.

5) The edge e, is -swappable. We already know that w, < 7 — 6. Let us show
that v, <7 — 6?/4n. By examining the polygon (vi,v,v3,v4,...,0,), We see
that

Zﬁoi + 27 —wy + é(vnvvlav) + A(U7v37v4) = (n - 2)7T (111)
1=4

Using nf < 27, this implies

(n—3)62 n@? 362 362 6?

n<m—26 .
P =T + 4 +47r 47T< 4 4



6) Now by 1) one of the vertices v,,_1, v, v1 must be odd, and it can only be vy.
Then by 2) e; must be f-near-degenerate at v.

This completes the proof that all unsupported bad vertices of ANNT1 are §-special
and thus lie in Wy 4.

Now suppose we perform the double swap of Lemma 10.2 in an n-cell A,
associated with a v € Wy 4. After the double swap, v becomes an even vertex of
degree n — 2, the vertices vy and v5 change from even to odd, vy remains odd, and
v4 remains even. If n = 6, this means that v becomes a good vertex. Otherwise, it
remains a bad vertex, but since

6? 6?
A(v5,v,v1)§27T—w2—29§7r—|—4—7r—29§7r—4—7r, (11.2)
it 1s now @-supported by vs.

We have shown that performing loop II removes the -special vertex v. Obvi-
ously, no new bad vertices are introduced. We now show that no #-supported bad
vertex becomes unsupported. Only the vertices and interior edges of the polygon
(v,v2,v3,v4,v5) are affected by the double swap. Thus, since vz, vs, v5; are now odd,
a new unsupported bad vertex could be introduced only if v4 previously supported
a bad vertex, but no longer does. (Since vy remains even, this could only happen
if vy were of degree four.) But in this case vy could have supported the vertex v
since wy < m — 6, which contradicts our assumption that v was an unsupported bad
vertex.

Since Wy 41 1s finite, and the cardinality of W; is reduced in each pass through
the loop, we conclude that loop II terminates after a finite number of steps. Clearly,
the final triangulation A™) contains only good vertices or f-supported bad ver-
tices, which are automatically kf-supported since k < 1. Lemma 10.2 implies that
the smallest angle in AM) is at least 6, and we conclude that it is a type-Oyg
triangulation. O

§12. Quasi-Interpolation

In this section we construct a quasi-interpolation operator ¢} mapping functions
defined on 2 to the space of splines S;(A) on a type-Oy triangulation of Q. The
operator will produce optimal order approximation of smooth functions.

Suppose M is the MDS for the space S} (/) described in Theorem 6.1, and let
{B¢}ecm be the corresponding dual basis splines satisfying (3.1). Then as shown at
the end of Sect. 6, the By satisfy (1.3) with £ = 2. Let A¢ be the linear functionals
defined at the beginning of Sect. 3. Then we define

Qf = Quof == > Ae(dsm) Be, (12.1)

£em

where T¢ is the triangle in which the domain point £ lies, and where for a general
triangle T', ¢ 1 is the polynomial of degree 4 that interpolates f at the domain
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points .f?;k Similarly, we define

Qpf =Y Xe(¢s1.)Be, 1<p< oo, (12.2)
Eem

where for a general triangle T, ¢ 1 is the averaged Taylor polynomial associated
with f and 7', see [14].
By the duality of the basis,

/\5(Qf) = Af(gbf,Tg)v ‘f e M. (12.3)

and

Ae(Qpf) = /\S(ggf,T.s)v £eM, (12.4)
and thus Qf = f and @, f = f whenever f is a polynomial of degree 4.

Theorem 12.1. Let 1 < p < co. Then there exists a constant K depending only
on the smallest angle in A such that for all f in the Sobolev space W]f'"l(Q) with
0 <k <d,

1D D} (f = Qpflly < KA flisn (12.5)

for 0 < v+ 3 < k. If Q is nonconvex, K also depends on the Lipschitz constant
associated with the boundary of Q.

Proof: See the proof of Theorem 1.1 in [14]. O

§13. Interpolation

The quasi-interpolator @ constructed in (12.1) for C! quartic splines on type-Og
triangulations can be used to solve certain Lagrange and Hermite interpolation
problems. Suppose A is a triangulation with vertices {v;}I_;.

Theorem 13.1. Let ) be the operator defined in (12.1). Then for any f defined
on €,

Qf(vi) = f(vi), t=1,...,n. (13.1)

Proof: First we note that for each vertex v of A, M contains the domain point at
v. But it is well-known that if £ is a domain point lying at a vertex v of a triangle,

then A\¢f = f(v). Then (13.1) follows immediately from (12.3). O

To get a result for Hermite interpolation, we replace the Lagrange interpolation
polynomial ¢¢ 7 by a Hermite interpolation polynomial. Given a triangle T in A,
let qgf,T be the polynomial of degree 4 that interpolates gradient information at
each of the three vertices of T along with point values at the domain points {f?;k}
that do not lie in the disks of radius one around the vertices.
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Fig. 4. Type-O triangulations obtained by the algorithms of [6,7].

Theorem 13.2. Let Q be the operator defined as in (12.1) based on q;f’Té. Then
for any f defined on Q, Qf interpolates f at the vertices of /\ as in (13.1), and

DiDJQf(v) = DiD(v), i+ =1, (18.2)

for all vertices v of /A except for those that are nonsingular of degree four.

Proof: By construction, the minimal determining set M contains all vertices v of
A, and also two additional points on the ring Rq(v) for all v € A except for those
vertices that are nonsingular and of degree 4. Thus, if v is not such an exceptional
vertex, then the gradient of Qf at v matches the gradient of qgf’T at v, which in
turn matches the gradient of f there. O

§14. Remarks

Remark 14.1. Although the local bases in [6,7] are stable for certain triangula-
tions (e.g. the three-directional mesh modified by either Clough-Tocher splits or
swapping), they are not stable in general. Consider, for example, the type-O trian-
gulations in Fig. 4 obtained from a slightly deformed three-directional mesh. The
edge e 1s not a supporting edge for the bad vertex v since it is w-near degenerate
at v for a very small w. If w — 0, then some of the basis functions correspond-
ing to the points in Dy(v) are unbounded, which shows that the basis is unstable.
In addition, if a type-O triangulation includes a near-singular vertex w, then ba-
sis functions corresponding to Dy(w) may also be instable unless A4,, are chosen in
accordance with the procedure described in Case 4 of Lemma 5.1 (cf. Example 5.2).

Remark 14.2. For d > 3r + 2, the spaces Sj(A) are well-behaved for arbitrary
triangulations, and there are well-known results [8,12,14] on stable local bases along
with associated interpolants and quasi-interpolants which deliver full approximation
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power. See also [11], where a Hermite interpolation operator with generally non-
stable minimally supported fundamental functions is constructed and shown to
possess full approximation power. If d > 4r + 1, then well-known finite-element
interpolation operators have full approximation power, see e.g. [9].

Remark 14.3. As observed in [7], in converting an arbitrary triangulation with
smallest angle 6 to a type-O triangulation, swapping has a slight advantage over
inserting Clough-Tocher splits in that swapping does not introduce any new vertices
(which for interpolation would require extra data values which might have to be
estimated). The same observation applies to our algorithms, of course.

Remark 14.4. It is possible to solve the Hermite interpolation problem (13.2)
for all vertices of a type-Oy triangulation if “type-Oy” is understood in a slightly
different manner, namely, that all non-singular vertices of degree 4 are also treated
as “bad vertices”, see [6]. Indeed, then the operator @ of Theorem 13.2 satisfies
(13.2) for all vertices. Moreover, any given triangulation with minimal angle € can
be transformed into a type-Og/, triangulation of this kind by using Clough-Tocher
refinement as in Section 5.

Remark 14.5. The methods described here can be adapted to perform interpola-
tion of scattered data on the sphere using the class of spherical splines introduced
and studied in [1,2]. We leave the details for a future paper.

Remark 14.6. A pure Lagrange interpolation scheme for C!' quartic bivariate
splines has been recently constructed in [10].
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