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an be always 
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alled residually (�nite p-)group.Examples. Z, Fk , linear groups are residually �nite. Q , in�nitesimple groups, free Burnside groups of suÆ
iently large exponentsare not residually �nite. Groups a
ting faithfully on rooted lo
ally�nite trees are residually �nite.
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onsider the homomorphism fromAut(T ) to a �nite group restri
ting automorphisms to verti
es oflevels at most n. f survives this homomorphism.
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Linear groups
(A. Mal
ev, 1940) Every �nitely generated linear group is residually�nite.Moreover, it is virtually residually (�nite p-)group for all but�nitely many primes p. Note that a linear group itself may not beresidually (�nite p-)group for any p. Example: SL3(Z) by theMargulis normal subgroup theorem.
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Problems.
Problem. Is every hyperboli
 group residually �nite?Problem. When is a one-relator group hX j R = 1i residually�nite?Problem. (Moldavanskii, Kapovi
h, Wise) Are as
ending HNNextensions of free groups residually �nite?These three problems are related.
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t 1. (Gromov-Olshanskii) Almost every 1-related group ishyperboli
. Almost every mapping torus of the free group ishyperboli
.Fa
t 2. (S., S
hupp) 99.6% of all 1-related group are mappingtori or free group endomorphisms.Example (Magnus pro
edure). Consider the groupha; b0; b1 j a�1b0a = b1b�10 b1b�10 ; a�1b1a = b0i. This is
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ending HNN extension of the free group hb0; b1i.
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The main result
Theorem. Almost surely as n!1, every 1-related group with 3or more generators and relator of length n is inside an as
endingHNN extension of a free group, and so it isI Residually �nite,I Virtually residually (�nite p-)group for all but �nitely manyprimes p,I Coherent (that is all �nitely generated subgroups are �nitelypresented).
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ending HNN extensionsI Every element in an as
ending HNN extension of G 
an berepresented in the form t�kgt` for some k ; ` 2 Z and g 2 G .`� k is an invariant, the representation is unique for a given k .I (Feighn-Handel) If G is free then HNN�(G ) is 
oherent i.e.every f.g. subgroup is f.p.I (Geoghegan-Mihalik-S.-Wise) If G is free then HNN�(G ) isHop�an i.e. every surje
tive endomorphism is inje
tive.I (Wise-S.) An as
ending HNNextension of a residually �nitegroup 
an be non-residually �nite (example - Grigor
uk'sgroup and its Lysenok extension).
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orresponding walk on the plane:aba�1b�1aba�1b�1a�1b�1aMagnus indexes of b's are 
oordinates of the verti
al steps of thewalk.
e�1 0 1

In general:
b e

Problem. What is the probability thata support line of the walkinterse
ts the walk only on
e?Dun�eld and Thurston proved re
ently that this probability isstri
tly between 0 and 1.
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Let G = hx1; :::; xk j R = 1i be a 1-relator group. Let w be the
orresponding walk in Zk, 
onne
ting point O with point M.I If k = 2 and one of the two support lines of w that is parallelto ~OM interse
ts w in a single vertex or a single edge, then Gis an as
ending HNN extension of a free group.I If k > 2 then G is never an as
ending HNN extension of afree group.
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an be embedded into an as
ending HNN extension of a �nitelygenerated free group.The embedding is given by the map xi 7! wi , i = 1; :::; k wherew1 = aba2b:::anban+1ba�n�1ba�nb:::a�2ba�1bwi = abia2bi :::anbia�nbi :::a�2bia�1bi ; for 1 < i < kwk = abka2bk :::anbka�nbk :::a�2bkThe proof uses the fa
t that for n� 1 the words wi satisfy C 0( 112 )and a non-trivial result of Olshanskii about subgroups of freegroups satisfying the 
ongruen
e extension property.
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tions f 2 C su
h that f (ti ) = xi . A measure �on C is 
alled the Wiener's measure if for every Borel set A in Rkand every t < s 2 [0;+1℄ the probability that f (t)� f (s) is in A is1p2�(t � s) ZA e �jxj22(t�s)dx :That is Brownian motion is a 
ontinuous Markov stationarypro
ess with normally distributed in
rements.
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ewiselinear fun
tion Yn(t) : [0; 1℄ ! Rk , where the line segments are
onne
ting points Yn(t) = Snt=pn for t = 0; 1=n; 2=n,: : : ; n=n = 1, where (Sn) has a distribution a

ording to PCRn .Then Yn(t) 
onverges in distribution to a Brownian motion, asn!1.We are using Rivin's Central Limit Theorem for 
y
li
ally redu
edwalks.
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tion. From our theorem above, it followsthat the 1-related group G is inside an as
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es, 
ontinuedStep 1. We prove that the number of verti
es of � is growing(a.s.) with the length of w (here it is used that k � 3). Indeed, ifthe number of verti
es is bounded with positive probability, thenwith positive probability the limit of random walks w 0 (whi
h is aBrownian bridge) would have non-smooth 
onvex hull whi
h isimpossible by a theorem about Brownian motions (Theorem ofCranston-Hsu-Mar
h, 1989).Step 2. For every vertex of � for any `bad" walk w 0 or length r we
onstru
t (in a bije
tive manner) a \good" walk w 0 of lengthr + 4. This implies that the number of verti
es of \bad" walks isbounded if the probability of a \bad" walk is > 0.
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a�1b�1((b�1
b
�1))aab�1
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 (Minasyan). Consider anyw = w(x ; y) 6= 1. We want to �nd  : G ! V with  (w) 6= 1,jV j <1. Suppose that  exists.
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e �t has �nite order in V , for some k , we must have(�k (�x); �k (�y)) = (�x ; �y ):So (�x ; �y ) is a periodi
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 geometry over groups.So if G is residually �nite then for every w(x ; y) 6= 1, we found a�nite group V and a periodi
 point (�x ; �y ) of the map~� : (a; b) 7! (�(a); �(b))on V � V su
h that w(�x ; �y) 6= 1:So the periodi
 point should be outside the \subvariety" given byw = 1.Key observation. The 
onverse statement is also true (thenumber of generators and the 
hoi
e of � do not matter).



The idea
Thus in order to prove that the group HNN�(Fk) is residually�nite,



The idea
Thus in order to prove that the group HNN�(Fk) is residually�nite, we need,



The idea
Thus in order to prove that the group HNN�(Fk) is residually�nite, we need, for every word w 6= 1 in Fk ,



The idea
Thus in order to prove that the group HNN�(Fk) is residually�nite, we need, for every word w 6= 1 in Fk ,�nd a �nite group G



The idea
Thus in order to prove that the group HNN�(Fk) is residually�nite, we need, for every word w 6= 1 in Fk ,�nd a �nite group Gand a periodi
 point of the map ~� : G k ! G k



The idea
Thus in order to prove that the group HNN�(Fk) is residually�nite, we need, for every word w 6= 1 in Fk ,�nd a �nite group Gand a periodi
 point of the map ~� : G k ! G koutside the\subvariety" given by the equation w = 1.



ExampleConsider again the group ha; b; t j tat�1 = ab; tbt�1 = bai.



ExampleConsider again the group ha; b; t j tat�1 = ab; tbt�1 = bai.Consider two matri
esU = � 1 20 1 � ;V = � 1 02 1 � :



ExampleConsider again the group ha; b; t j tat�1 = ab; tbt�1 = bai.Consider two matri
esU = � 1 20 1 � ;V = � 1 02 1 � :They generate a free subgroup in SL2(Z) (Sanov, '48).



ExampleConsider again the group ha; b; t j tat�1 = ab; tbt�1 = bai.Consider two matri
esU = � 1 20 1 � ;V = � 1 02 1 � :They generate a free subgroup in SL2(Z) (Sanov, '48). Then thematri
es A = UV = � 5 22 1 � ;B = VU = � 1 22 5 �also generate a free subgroup.



ExampleConsider again the group ha; b; t j tat�1 = ab; tbt�1 = bai.Consider two matri
esU = � 1 20 1 � ;V = � 1 02 1 � :They generate a free subgroup in SL2(Z) (Sanov, '48). Then thematri
es A = UV = � 5 22 1 � ;B = VU = � 1 22 5 �also generate a free subgroup. Now let us iterate the map : (x ; y) ! (xy ; yx) starting with (A;B) mod 5.



ExampleConsider again the group ha; b; t j tat�1 = ab; tbt�1 = bai.Consider two matri
esU = � 1 20 1 � ;V = � 1 02 1 � :They generate a free subgroup in SL2(Z) (Sanov, '48). Then thematri
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Thus the idea for proving that as
ending HNN extensions of freegroups are virtually residually (�nite p-)groups is the following.For a given prime p, we have to �nd a 
olle
tion of k2� 2-matri
es that generate a free group and su
h that modulo pn(n = 1; 2; :::) they form a periodi
 point of the map � with periodof the form apn�1 where a is a 
onstant.In fa
t one is not able to �nd these matri
es in SL2(Z). One needsa bigger ring.
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h that for every X 2 V (Zq) with�(X ) = x we have �apn � X ( mod pn);where a is �xed and n is arbitrary.In parti
ular, the point X is uniformly re
urrent for � in thep�adi
 topology on V (Zq).
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 point mod p to auniformly re
urrent point over p-adi
s.
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 be
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ommutes with P sin
e all
oeÆ
ients of P are integers.Deligne 
onje
ture, proved by Fujiwara and Pink: If P isdominant and quasi-�nite then the set of quasi-�xed points isZariski dense.



Hrushovsky's resultHrushovsky managed to repla
e An in our statement by arbitraryvariety V .



Hrushovsky's resultHrushovsky managed to repla
e An in our statement by arbitraryvariety V .Theorem (Borisov, S.) The as
ending HNN extension of any�nitely generated linear group is residually �nite.



Hrushovsky's resultHrushovsky managed to repla
e An in our statement by arbitraryvariety V .Theorem (Borisov, S.) The as
ending HNN extension of any�nitely generated linear group is residually �nite.For non-linear residually �nite groups this statement is not true (S.and Wise).



Hrushovsky's resultHrushovsky managed to repla
e An in our statement by arbitraryvariety V .Theorem (Borisov, S.) The as
ending HNN extension of any�nitely generated linear group is residually �nite.For non-linear residually �nite groups this statement is not true (S.and Wise).Problem. Is ha; b; t j tat�1 = ab; tbt�1 = bai linear?



Hrushovsky's resultHrushovsky managed to repla
e An in our statement by arbitraryvariety V .Theorem (Borisov, S.) The as
ending HNN extension of any�nitely generated linear group is residually �nite.For non-linear residually �nite groups this statement is not true (S.and Wise).Problem. Is ha; b; t j tat�1 = ab; tbt�1 = bai linear?Conje
ture: No.
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